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1 
D. INTRODUCTIOW 
Ίκβ tbesis LÇ corvcernedL WLU const(-acttie Reasoning ih desaaptci/e set üieofy. 
Thg елегоЫь subject of Clescriptt\te set U\eoiry іл/QS dei/eloped ¿η tAe early 
decáeles op this ce^tury, maûilv/ Ь^ Рге»\сК cwd- Russian mathematíctans. 
I t stewbed frow the followinq observation: 
once the class of continuous reaJ fltnetCons has beef» established. One naturally 
comes to think, of the class op reaJ functions Is/Jueh are fi'intts op every where 
convergent seouences of continuous fun citions. 
tñis wider class ccm be extended йл its turn, by the same operation op 
forc ing Iwits of everywhere convergent sequences. 
This goes on a n d on, ev/en into the transfintte. 
Thus a splendid structure ausee, called: Baire's hierarchy. 
The same story inay be told in terms of sets. 
Looking a t the subsets of Batre space ω ω which a r e (breed into exictence 
when we allow for the clopen (= dose.d- ayid - open) neighbourhoods a n d then 
apply the operations op countable imion ayidi intersection again and aga in, 
We way wonder once irvore, because there cs no end of it. 
One after another, the classes op Borei's hierarchy present thewseives, each 
containing subsets of ши> not heord of before. 
Wo Bore! class exhausts the possible subset« op ^u» 
This can be proveoL in a fei/v tines : one shows that each class contains 
a universal element a n d oUaqonaJizes_. (cf. chapter &, eçp. fe.w) 
However, the very ease of the proof arouses suspicion. 
People like Borei, Baire, i-ebesgue, who were the fcrst to raise and answer 
many questions in this Subject, spent much thought on the pjausibility op 
their arguments. 
Dtagonaiizij^g was felt a s cheap reasoning, especially by Batre. 
Avoiding the diagonal argument, only relying on methods „ prom practice" 
one Succeeded in showing up members op the first three o r four c/asses 
of Baire. 
Diagonali zing, of course, was not the worst of all evils. In Lusin's catalogue, 
to be found on page 55 of Lusin І9З0, ¿t comes immediately after 
й
 normal constructive argument" before such horrible things as· the use of 
Wi as a well-defined, completed mathematical set, or, even worse, the 
essentially incomprehensible argument by which Zermelo established a 
well- ordering of any set, from the axiom of choice. 
Wow, for heaven's sake, what might be wrong with the diagonal argument? 
From a clasgical point of view, one cannot bring up much against it. 
Jn fact, a s soon as we a g r e e upon the frieaning of negation С Ρ a n d - · Ρ 
cannot hold together, whatever be the proposition Ρ) we have to accept it-
But in íntuitLonism we may find an explanation for our uneasiness. 
2. 
Let us remarle that, classically, we may build up the Bord sets in ωω from the 
closed- and -open netgbbourhoods, ustng only countable union and inter sect ¿on. 
Complementation сол be missed as an operat ion for maJang new s^ts out op 
already existing ones: as ü\e complement of any c losed-and-open set (s 
closed-and-open, the. complement of any sei baiti from the dosed.- oind-op€|* 
sets by countable anion and intersection, is such a set aqa in . 
Tñtó certainty is gu/en by Such wonderful guardians o f dass i ca l cymrtietry 
as are de Morgan's law/s. 
De Morgan's laws are not acceptable, intuitionisiically, apar t from some very 
çimple situations, prom which tAey were derived by a crude generalization 
We cannot explain away complementation, or, more generodly, the anaiogue 
op logical implication, as methods of constructing sets. 
But we might try to do without them. 
We will do so in this t reat ise. 
When negajtcon a n d implication are put as ide, the possibility o f diagonaltziftg 
is talee* from our hands, a n d the hierarchy problem is open ouqain. 
A Solution is given in chapfcers Ь-{?. 
There is good reason to consider negation a n d implication with soine 
caution. 
Many unsettled questions in intuitionistic logic a r e connected with them-
(Compare the discussion in the appendix, chapter f? We a r e not able to 
decide how far the divergence between dassicaJ a n d intuition is t i c logic goes. 
Also, a CIAJ-IOU.S role is played, by negation in the recent discussion 
of the Cntuitioncsttc Completeness of intuxtionistíc predicate logic, c f 
de Swart I97Í,, Veldman I97Í)). 
The Cntuitionistic hierarchy bas a very delicate structure. 
Ine class of the closed subsets of Botire space, fo r instance, is no 
longer c losed Under the operation of finite union. One has 60 distinguish 
between closed sets, binary unions of closed sets, t e rna ry Urions of 
closed sets, a n d so on. 
This phenomenon is discussed, in chapter k. 
The productive f o r ce o f disjunction a n d conjunction is explored. furCher 
in chapter 11.2.o-2fe a n d chapter 12.0-7·. 
impl icat ion, although absent from chapters fe-9, is not completely forgotten, 
and;, we will see, in chapter 5 omd chapter 12.8-9 ^ ^ ^ shares in Some 
of the properties establisheat f o r disjUnotton and conjunction. 
Distrust op diagonal izatton is one of many points on which early descriptiife 
se£ theorists and intcutiontsts bave similar views. 
Their common bacie concern might be described as- exploring the construciive 
contui/uum. 
Brouwer 's rejection of classical logic is, o f course, a major point of 
difference. 
3 
&ujfc one is tempted, to ask ¿f not tine tnaíK» theorem of this essay, іл/ксіі 
establiç.hes tí« int uit to η is tic AierarcKy (chapter 9, ü\eofe»ns 9.? and g.q) mtcjKt 
Kave delivered ßcure fro »η bis scruples. 
Since ActdtSQW ^55 ¿t Kas become caçtomary among /ogi'cca/is to consider 
descriptine set theory fbr its connection n/ith recursion üieo^y. 
We will bypass Ü\ts de\/e¡opment. 
From an ¿tttaifctonistic point of Wew^  recahsion theory is ал ambtou-ous 
branch on the tree of constructù/fe waJthemaiOcs. 
Ihe deep results of tk's theory depend on i/ery serious applicaübns of 
classical 109(0. 
And. the class icai continuuw, which is a h other obscure thcn9, is accepted. 
without af\y cowenent, as a suitable dowai* of defimtion for effective 
operations. 
Wevertheless, there is an anadogy between recursion theory and the theory 
to be dev/efoped here·· 
Many paradoKicaJ results of elementary recursion theory are due to the fact 
that functions anot functionaJs are finite ob/eets, and , therefore, of the 
same type as natural numbers. 
Wow, functions from Baire space ш^ to wu>y being necessarily continuous, 
are otebermined by a Sequence of neighbourhood functiohs, otnd thus may 
be seet» to be them sel v/es Members of ww. 
Once more, we are in a situation where functions do not differ un type. 
from their arguments and i/alues. 
We also ha^e to admit U a^Jt, "f there is any eJegance ün these, pages, 
tfc partly ¿s due to modern recursion theory. 
Tor instance, the fbllowing concept of many- one reducibJity between subsets 
of ωω ¿s starring 
А* В == 3f f f is a continuous function from ωω to шш and Ус*[и€.И£СЫ)е.8] 
This Co-coiled
 ш
 Midge - reducibility * was made the subject of dassicaJ study 
by some students of Addison's ( cf: Kechris and Moschovakis /978, 
YJadge 198?). 
Their methods, however, are very far fVom constructive. 
We Critroduce this concept tn chapter 2, after a short exposition of the 
principles of intuiti o nistic analysis. 
In the second part of this thesis (chapters ю-|ч) we turn to analytlcaJ sets, 
and the projective hierarchy, (cf. Note 3 on page 216) 
ArvaJyticaJ sets, being dose relaitiVes of good old „ spreads^ get a chapter 
of their own. Л will be seen thatf the dassicaJ ducdity between anaJyticai 
and со-analyticaj sets is сел/егеіу damaged, (.chapter toj. 
Some famous results of Souslin's are partly rescued by Brouwer's 
bar Iheorejn, whith we »vili present here under the name of Brouwer's thesis. 
к 
Ciïus expression tneanç Ь sitggest ал oncibgv to Church's tbests Ín recursive. 
fitnctCoM theot'y^ that ail caJcciiable functions р»-о*и UJ io ω Ore. qe^eraj recursive) 
(d iopter 13). 
I f kve persist in exdudiitg neqatio^ anot ¿mplicaixon, tAe projective /icerarcky 
cioes not exceed its second, level. (diopter Í4) 
This is o. conséquence op Üie axiom AC11 wkcK k i s been in t roduced a n d 
advocafced. in cKapter I . 
In chapter 11 We study the typically mtuittönistic subject of 'quantifying 
over small spreads." 
Ratber surprisingly, quantifying Otfer Ы\е very simple s p r e a d 0^ a l r e a d y 
l e a d s to sets іл/КісК a r e not KyperariUimetical. 
Like some sets in chapter 4, these sets tuJ^ n into more complex ones 
when they a r e given a treatmeAt by means of disjunction, conjunction o r 
implication. 
I n chapter 12 »ve ftwd many other sets which have stmikv properties. 
The proper place of the lasé üo-ee chapters I is-I?) ¿c the morgui. 
In cKapter 15 we ask ourselves what is the domain of validity of the 
principle of reasoning i/vhich we get from the axiom AC0( ) introduced. 
in chapter 1, by "constructive contraposition? 
This principle is vital to many a class icol discourse. 
I t may be seen a s a simple c a s e op the axiom of debermihacy. 
CJiapter Ίβ pursues this (ine op thought a little, further. 
Ir\ chapter If We mention an annoying problevn which we couJd not solve, 
a n d some quasi-solutions. 
The synopsis is an analytical table of contents. 
On the scene of contemporary mathewattcal logic a family reunion is 
being held, a t wluch the different branches op the discipline cooperate 
(л seelcihg for a hei*/ understanding of the beautifuJ prob/ems which 
occupied our grandfathers. 
Recent books like Hinman I9?9 a n d Moschovakis 1^ 80 report about it 
Up to now, intuXtionism has been absent. 
Here it comes, a t last, ignoring the question whether it has been mis s e d , 
o r was invited, a n d raises its voice, somewhat timidly j in the company of 
So much learning. 
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A SHORT APOLOGY FOU IMTUITIONISTIC AWALysIS 
I n tíüs ckiftcr, we ІААЦ^. b gcvte α sketch o f tde conception o f infcuiícontsttc 
analysts tKat gcudes oar tKougKfc 
As mav be expected-^ our togiç. м/tjl be mtuitibwisfcic ; wdùrect a rga^eh t s 
a r e pafc ¿hfco their pf-oper place, a j i d a re see* fco proue (ess tyia* dtrecfc 
Or»es; we clearly dtstingoiisK ---ι^Ρν/α) prow PvQ ; a ^ d . -»^ЗпСАИ] from " З Й С А ^ Ц 
The wain objects of oar cor\$tdera.tcons will be·. ncttaraJ numbers and-
Cnfiintbe seqae*\ces op nataraJ nambers. 
Let its f/^^o- a closer b o l t at fcAewi. 
ш is tbe sei. of naturai numbers, ωω is the. sei o f all infthcfce seoaences 
of natural nambers. 
IVe imagihe such sequences t o be badfc up step by step ϋ\ Course o f time., 
there is no necessity for ¿heir being completely desc r ibed at Softie fíñúte гиошеиС 
One may resfcKcfc the future development of an ÌKOLU/ÌOLUOE seou.e/»ce more o r 
less severely, f rom exdudtng some possible contin-n-atLOnç, u^ to destroying 
ail freedom - sach that the seoaence foliotas a umaaely determined course 
This idea, roughly the one feroaw/er haat m mind, e's o u r point of departure. 
Xn recent exposit ions of intuit ibnism, like Troelstrg I9?7, o*10 sometimes 
prefers another basic concept ·. that of sequences grow/ing ¿n Complete, 
never to be restricted, f reedom. 
These objects are sapposed. to satisfy a very a d d & t o f axioms. 
We do nob like them-
£lnfcuitCon£Sm ¿s trying to qiïe a precise and reasonable account of the contin.uuM/ 
as it is known by the mathematician. 
ίαι,νίεες seouejices are strange things which do not occur in daily li|e. 
Although it is possible to construct something like the continuum from them, 
one somehoiw does not like to be b i d that this is how real numbers really are) 
We cling to the older tradition. 
We introduce a quartet of axiorug op choice cmd continuity and plead for 
them. 
AC00 Let А е ^ ш 
I f л З т Г А М ) ] , Üen Bex VnfA(n,o<(n)fl 
С We use m,n... jbr members of oo, a n d d,&r.. {or members of wtt>). 
We defend AC 0 0 as follows. 
Suppose- Vn3m[A(n,m)3; we then determine, one after another, first, 
a notaraJ number n0 such that А(0,ло), t h ^ a naturai number n, 
such that Α^Ι,η,),-.- a n d so oh. 
"Rxis is nothing but creating step-by-step afe^w such that п[А(п,а.(г№. S 
ь 
Vie emphcKLze tAat A ^ does not SQy tke following: 
IP \/n Зги С Ain,*)]) tken we сол gc/e α few ¿te. ctesc^cpfcion of ал осе шш sad» tKat 
Sorrteii'ne.s, (cf. TroeÎsbtmx ig^f), ¿fc ts give*» h/iis kind of іпЬегргеЬаЬои by ¿rvfciutcontsfctc 
^ati \ emat ісісмі s. 
IRe set A is then subject to the condition that ct, bo, scalci admet of a ftwêife 
descj-iptior». 
12 In окіег b state the next cuaom, ive need a paü-thg function on ω. 
I n view of leuter deuelopnaents, ive do not go the startest way. 
Let < > ·. U *Ίλί >—» w 6e a fixed one-to-one mapptno of the set of 
all finite, séquences of naturai numbers onto the. set of natural numbers. 
< > is a CQottnq of the .finite sequences. 
Every naturai number now stands for a finiòe sequence of ncuturaj numbers. 
•*·.
 2UJ -> ui is the binary function on UJ wkdt corresponds Ь concatenation, 
i.e. for all m^  η e (АД : 
ιγι*η >= the c o d e humber of the. finite sequence üiat one gets 
by concafcenoding the finite Sequence coded, by m and 
the finite sequence c o d e d by η 
We define, for all m.new 
tflin :» the finite sequence coded by η is an initiai part 
of the finite sequence cooled by m, (-е.·. ЗрС»П=Л*р] 
We suppose that our coding fidfils the followtng condition: 
VmVnC w s n -» л4.ml. 
"Iherejbre, the empty sequence ¿s coded by the number O. 
For all otfe^ou a n d neu* we define "OÍ a n d ocn ¿h ш*> by.· 
por all n e u ; : ^ ( m ) ¡ ^ о<(п#т) 
for all η e cu: a n (m) == c*(<n>*m) 
1.3 A C 0 1 U t A s а»*
 ш
ш 
I f WiaocCAÍn^X t^en HoiVnCAin,«»)] 
We defend АС0 1 as fol lows: 
Suppose · \/n ЗаГАЦоі)] 
We first start the creation of an inftrute sequence ot0 such that ΑίΟ,ος) 
TKLS job will ask. for our aatii/e attention enfenttely many times. 
This does not prevent our starting a second infintfe. project in the 
7 
tneaunkcbne. •• tbc creation of an infWë se.^uciice oc.^ such tlvti A d , ^ ) 
From ttwe to time we will have to look after the progress of work cm cy0l 
frow time to time we іл/ill hans to look apfcer tbe progress of work on οΐ
Αί 
bul, stii\, this does not occupy all our mentad powers = we can pui more 
kettles on the. Çurnace. 
Our pro-am for constructing a sequence ot suck tkat Ϋη[Α(η,οΐΛ)] Cs 
as fol lows: 
* Start a project f^  for creating ал infinite sequence «
в
 «иск tkott 
A(0,o<
o
]. Continue work on P0 for one step cmd. atefine = (Κ0(ο)-^^lo) 
κ Start a project P, for creating an ілріпіЕе sequence c^ , cucK thaá 
A¿1,ЫJ.Continue, n/orlc on P0 for one step and oteftrte- oc
0(i) = =^
в
бі) 
Continue work on R, for one step a n d define o^io) ••- οί,(θ) 
« Start a project f> for creating an infinite sequence a
z
 suck fckat 
AC2,oiJ. Continue... 
AppûLrentl^ / we believe in our obiltty to keep several infinite projects 
going ah tke saune time. A good memory is useful in these circuMstonces. 
В 
Like АС00, AC01 kere has a wecming different from the one it has in TroeJstrg /97? 
1.4 TRe ne>cfc Ыо axioms usuoUly go ander the flag of „ principles of continuity" 
Their introduction requires sotne Wore tecknical conventions. 
We define a function ÍQ·· UJ-»UU &TJ·. 
for a i weuj: βα(»η]:= tke Éenatk of the finite sequence coded by m. 
Fbr all oieUJuJ a n d neuJ, we define : 
an ••= ^o((o),....)oi(n-^> 
Remau^c that, for all oie шш •• 5<0 = < > = 0 
ІЛ/е also write t (òr all ae^u» a n d тем. 
at&rn := 3ηΓ5η - m j 
(i.e.·· the infinite sequence oc passes tkrough 
the finite sequence coded by m) 
For all χ&ωω, ote^ou, пеы, we depJ»e·. 
γ a. r-* η := 3mC VpCp^m -» jftäpl = Ol л ^(5m]=n+l7 
For all Je "Ό), we define•· 
/= ^w -» ou (or·· funiyìì ! = лЗпС ¡p a i-»n] 
Let ^ β ω
ω
 be such that funtj·^ a n d cíe " V ІЛ/е then write = 
*[(*] ·= the luiique new suck that v·· осг^п 
& 
15 AC4 0 Let А й ^ ю χ ω 
If VoianCAKnll . then З^Г fun ψ л VÄ [Ai«, ƒ («lì]] 
We depend АС 1 о as f o i b l e 
Sappose - Va 3r\ [ A (OÍ, n i ] 
We have io make a sequence У in %ϋ i^ Kicfi falftls certain concictions/ 
and., as one may guesç, we wdl ob so step by step, fixing оліу one value 
of γ at a tane 
Suppose this woHc Ь have proceeded сцлЫ stage n, i.e.· fio), yd],., up to ^in-i) 
have bee^ determined already 
We now consider the fimfe sequence of natcuaJ numbers which ts coded 
by ft, l«t as say A = <%.n1j... lr\) t> 
This finite secfaence may be thought of as 6e¿no the uiitiaj part of an 
infinite seQuence oí, which ts disdosed to us step by step 
WhiJe listening to the successively Creaied values of СУ we ote. expected. 
Ь find a nataraü rumbea- ρ such that Atoi,p) 
We сол not wait indefinitely a n d hai/e to act ai somfte tune 
When ρ ev/entuaJly is determined, therefore, only a finite part of <* 
will be known to us 
Some finite initial part of ся should contain sufficient information, so t&say, 
(or ρ to 6e calculated 
Looking at л, we »nay ask is this finite sequence long enough as an 
iniiial part of oí so as b enable us to find a rvaturoJ number ρ such tíuxt 
If so, we determine·. \Ы) ·=· p+1, where ρ is such a number 
if not, we put· J(n) = 0 
In this Way the constraction of ^ is Gemo continued 
Now ohe »nay have doubts whether teSnC^Sn} ¿O] 
After all, during the construction of ƒ only such seguences « a r e 
considered, a s are growing step by step in freedom, not bein^ subject 
to any restriction given beforehand, or coming to mind on the way 
This objection »гигу be answered as follows· 
Ar\y segaence from "hi, even a completely determmafe one, caw be ¿magined. 
to be the outcome of a step-by-step- creation 
(We do not want to distinguish between sequences of,β »vhich fuJfil 
пГ«(п\= ft(nì], although one may have had different tilings in mind 
when malung them 
Any sequence is extensionally equal to some sequence growing in 
complete freedoin-
Some modern opinion (cf. "froelstra 197?) holds that this is impossible, 
us "-бета equad to some detern^maie sequence' would conflict with 
"Aetnq created, in freedom·" 
Vexino Questions on freedom may be asked now, but they a r e left 
to the reader, or any philosopher, to fnuse upon ) 
9 
i¿ We now prepare the way for the last op our four axioms, whtck is fcAe wosfc 
debated one. 
For ajl це^ш, ote ω ω
ν
 ft£ ^ ω , we define·. 
ρ ex ι-) p, := г\Г ^ n : oi »->(i(n)] 
fbr all je^w, ive define: 
j : "ω -> wt« (or: FuMj^ == Vnrfu^(j[',l)l (cf Note 2 on pa9c Zlfc) 
Lefc je^oj 6е S Í ^ t^at Р^лі^ anot о1ешш. We У>ел n/rite-. 
уіся == Üie илі^ае p»e ^ω such that ϊ- л»-)^ 
IT- ACM Let A t ^ u í χ "w ' M 
АС
М
 will be defertded by a rather involved Orqiwenk, which has features 
ih сотціои ід/ilii boüi the argument for AC01 ûnd fciie arga^ent for AC10. 
Sappose·. Voi Эр £ A (<*,&)] 
Wè have to wake a seque*ice j· ¿л ^ш which satisfies a certain 
согусиііол. 
In fact, fcks conciition on ƒ is stated iw terms of its subsequences 
О v i A X J · · · 
V\/fe will build up all subcequewces j ' 0 , χ1,··· step by step^ bixfc siwalbweousl-y, 
i.e.·- at staqe к, ail »zalaes ¡["W, J'fn),... w/il' be c(etermined 
lb be sure, only f0,yV-- up to y*1, properly get into focus ot stage л/ 
that is to say·. VmVnlmyn -^ ym(n) = 0] 
Mow/ suppose our work to have progressed so fia*·, that all fegue^ces 
у
0
« Jf^  — bave their values fixed ¿η all points 0,1,—up to n-1. 
WKat about üieir values ih η 1 
Let us look at the finite $едиелсе of hataraJ humbers coded by n, 
say. n = <n
e
,...,nA> 
h/e cohstder tKts sequence togetber witb its predecessors: <>, 
•θ«β># <n O J n 1 > ) -. <nOJn1l...,H4_ i>. Tïie value« of у» у
,
,... at these 
predecessors have Ьееи fixed aJready. 
lA/e caicuJate. t)\e Swallest number ρ Such that. іп[(Лбтлп^і*)-> ^ιη]=0Ϊ 
As \/т[(л^ігг\ л n#mì -> ^[m] -ó], tliis humber may be found. 
We now ùnagine η= <п0,...,и^> Ь 6e the inittaj part of ал infinite 
Secfuence οί; whose values are given to us ohe by one, successively. 
tote Should be able to calculate $ ¡η ωω sucb that AKp) 
We started already a project for creating such a segaence p,, as 
appears from the part of Ϋ which has been completed by flow 
The finite Sequence η turned oui to contam sufficient ¿jiformatCon 
for deciotcng about ^(ol, pCi),-- up to pip-l) 
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We now cocvLnue t^iç same project fbr- creating a sattable partner ^ 
to bhe growmg sequence oc a n d ask ourselves- does л= <л0,пи...ик> 
corttcuji Sufficient information for deciolirxq aboui |iip) ? 
Ip so, we determüie a Member q k\/K(cK may seri/e a s p-tK walue 
op л a n d s a v : у р ( ^ ) · - Я + і 
I f hot, ive p u t : νΡ(η)··= О 
All other subsequehces of ^ оц-е left a b n e now, so = !/€[ i^p-» у^п)*0] 
In this way the construction of ¡e cs being continued-
Wow Suppose оіе^си, o< being given step by step 
B^ repiecting upon the construction op j , ohe realizes successiwely·. 
Hehce.: \/oiVn3(n[jn(5tm) ^ о ] , ας any sequence ot can te thougW: of 
a s beeng given step by step, a n d іл/е see= Funtj) 
In the soune way Ohe persuades oneself obouk ·. VoíCACoíjyloí)] 
1.8 Sometimes, in expositions of intuitionistic analysis, the insigbt which sustains 
AC10/ is given a less bold formulation, in the following continuity principle « 
CP Let A Q ШШ χ uu 
I f САЗПСА(ОІ>П)]) then V(x3m3nVfî.[ а т » Я т -^ AC ^ η il 
Formally, Cp is weaker than АС
Л
о Cef. Howard a n d Kreisel I9b(>) 
As CP easily follows from АС 1 0, We need not defend CP, after all Uiat 
has been said, in fai/our of AC10 
l.q Let ote^w a n d ρ.ε ω ω. We define: 
oc e ρ — VnCfiiòin)=0] 
Let f ie 1 0«, β is called a subspread of ^ш ¿f it fulfils ¿Ae following 
condit ions: 
a) (і(<>) = 0 
00 т Г ftCm) = 0 ^ ί 3 n [ | b ( i n * * n > ) - 0 ] ] 
I f (>» is a s u b s p r e a d of ^w, we a r e interested in the set ^ot [оіе^ы&^І 
which we, a t the risk of some confu-sion, also denote by ƒ*, a n d call 
a sprectd-
I f [î. is a subspreaid. of UJUJ/ the corresponding subset of ωω may be 
t r e a t e d like ωοο itçaJf-
I t makes sense, therefore, to introduce the following „relatevizedL" concepts· 
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Let $>ешш be α subspreod of 4 υ ardi γεω") 
We write- Jf :p-*w Or- fuji„(j) cf ыЕо(е(і -> ЗпГ^аи] ^О]] 
(If ftuufj) and a e ^ , w\/e defmet 
Wo^)
 ; = üie antcjue new sacJi that лаі->п) 
We write- γρ-*ωω ос- Ріля.ф ¿f Vní Çun^Cf")'] 
í l f "^^ ACy) a rvcL Äep>, we define: 
νΊοι := Wie ил^ие η>βωω suck that ^cXh^/i) 
We are able, t\ow, to enanciafce some of our principies of choice and contuiuity 
til Û. more qenenod setting·· 
GrACl0 Let A S ^ O J X W a n d ( i e ^ 6e a subspread of Ш<А) 
I f лЗпГАКп)], then äfCFun^Cj) л *Е | і [А(р( > у ыйІ 
GAC,, Let A Q Чи х^сл) a n d (iewou 6e a subspread of %i 
If о(35ГА(о(,БІ1, tAen З^Г f l u i d i A Vc<6(i[A(o(, ^|«)l] 
&CP Let A Q ^OJ XCU a n d fie^uj бе a subspread of ww 
If \/о<брЭпГА(о(;п1Х the« а е р З т З п VÄ[ І г м ^ л т -^ А(Б,п)] 
We may argue for these generaJized principles ui exactly the same i/vay 
as we did for the (ingenerali zed ones. 
Or, ¿f we, prefer so, we may fbrmaJly dercvb &AC10 from AC1ol 
GAG,., f rom AC^ a n d G-CP from CR 
We do not go into details. 
\.Ю The aboite presentation of the basic acsumpttons of ihtaitionistcc analysis 
owes muck, if not ally to талу d/scaçstons ¿η Wyhieqen ¿h which J-J- d e longh 
and W. Gi'eleti took, the lead (cf. Giejen, de__£wart cind teldman l<}8\, a n d 
Gieten ідэ?) 
(This ¿s not to maJce them responsdJe for any lade of dartty) 
The outcome of otu- considerationg does not differ on any essentiaJ point 
from the aiciom system in к leene and Ifesley l^ fcS, commonly known as FIM 
AC^, for instcwee, corresponds t o *2y. 2 iw ^Іееяе and 1/esley 1965 
TRe names we. have given to the axxonas a r e hew/, a n d differ from 
the names used, in Troelstra I9?3, Troe/sfcra 1977 
We m t r o d u c e d them in (nelep
r
 d e Swart a n d Veldman 1981 
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Ζ AT THE BOTTOM OF THE HIERARCHY A DISCUSSION OF BROUWER- KRIPKE 'S AXIOM 
For some bime post, tt is known, that AC^ is Cnconsisbznt wibh a generalizad 
foi-m of Brouwer - Kripke's а х ю т 
We repeat the simple argument fc/koch shows tKis because У\е Kierarcby 
theorems tKat л/Л appeau- in the following chaptefs fnay be. Viewed a s 
attempts to extend a n d generalize this fact 
|/Ve Lnclude a short discussion of the а х ю т ¿fcse-lf 
2.0 Theorem: - У а З р [ Vn[ot(n] = 0 ] ¿i 3nCfitrt) = o : ] 
Proof Sappose. Va Эр Г Vn[oiífi) = Oj ^ 5η[ρ)(ηί = 0]] 
Usincj АС^, determine Se^oo such thai δ. Ч о -» мм a n d 
VdC Vn[o((nì = 0 ] £ 3nС ( δ Η Μ = θ7] 
Consider tbe speciaj element 0 of Чи vduch is defined by \/n[Qln) = 0] 
We Mow ЗпГ (δ |0)(η|*θ] a n d h/e determine mew, new such that· 
¿ " C Q m W l and рГроп -* п CU ρ) = θ] 
Tben о ( [ 5 г п = б т -» (Slot)(η) = О] 
Therefore Va[5(m=Qi)a -? Vn[o¿H=Ol] 
"Ihis; op coarse, is not true 
В 
2.1 BK Let öl 6e a mathemaUcaJ proposition 
(Brouwer- Kripke's ахют) _ _
 P _ . _, г ,. . _. Ί η 
r
 Then 3oi[Gl ¿i 3nroí(n)=0]J 
In order to see the truth of this principle, I have to remember that, essentially 
I am alone in this worid, doing mathematics 
A theorem is proved only if I myself succeed in making the construction 
in which its truth consists 
(External circumstances (meeting Brouwer, drinlíing coffee) may h a * inflaeflced 
Me substantially, but they haue no place tn Q. picture of the essence of 
native m atical truth) 
A seguence OL from ωω fnay be biu't up step by step in the. course of time, 
a n d this may be done Without any Aoste, although, having determined afn^ 
I have to come With the next value op <*, I aun not to delay this indefinitely 
6u.t fc/h>j should not Γ use the whole of my mathematica.1 future for the 
Construction of οι I 
Then 61, if true, should 6e experienced a s such during the construction of OÍ 
While rvumbermg the stages of my matheinafctcal life 0,1,2,- · Successively, 
I define ot(n) to be 0 tp I succeeded tn proving 61 a t stage it, a n d to te 1, 
η 
¿f Ι oud not. 
(A oLfftcuJfcy ís, in oicr opinion, tKot, somebúnes, we w/anfc to perfonn transftnie 
constructions. How do we sdieoluJe tí\ejn in a future ІУК<Ы\ is only a 
coimtable sequence op stages ?J 
BK in fall generality conpiicts iwctl» AC^, a s is evident from theorem 2 0 
TRe pcrst published prooP of theo»-e»n 2.0 is ¿n MyKiü igby. 
Theorem 2.0 Was a hindrance for people who trfcd. to formalize intuitionistic 
analysis. Sornetimes, they decided to reject AC^ in fb-^our oÇ ßK. 
TbCs seamed to ße. іи a c c o r d a n c e vvith Brouwer's own intentions, as, 
ii\ Brouwer I9<tg , he used khe axiom in Hie qenerali^ed porm. 
An alternative way out of the conflíct ivas shown by J.J. de. longh, 
who Suggested to restrict application of BK to determinajte propositions Öl, 
i.e. propositions about which a/I information has been given and. which do 
dot depend on objects whose construction bas not yet been completed. 
(We are not thinking of objects wlose definition, has still to be „worked out" 
but of objects in whose construction there is some freedom lept.) 
A more extensive diçcusst'on may be found in G-ielen. de Swart and l/eldmon Iffll, 
where BK ha« been used for giving intuitionibtic. parallels to classical 
proofs of the Cantor - Bendixson theorem a n d its extension by Soaslin. 
BK does not figure in the fbllowing/ except that it will sometimes, in a helpful 
whisper, a i d our intuition concerning the truth or falsity of certain propositions. 
(cf. 4.1). 
2.2 Theorem: -Voi3ft [ 3n[oi(n) = 0 ] ¿2 \/r\i^(n\=Ol] 
Proof ·. Suppose. Vol 3p. С 3n Г«(л) = o ] ¿? \/r\ [ ftn\ = ОТ] 
U&tnq AC^, determine Β&ωω suchthat S. шш -> "u, and·. 
Va [ 3n Caín) = 0] ¿ Wi [ (Sla](η) = ОТ] 
Consüder the special element 1 of ^u) which is defined by: Vn[l(«)=!] 
We claim: Vn [ (5| l) (n) = θ ] 
For, suppose·. neoJ and. (5 | l ) (nWO 
We determine M£UJ Such tbat . 6 " ( ϊ » η ^ 0 л 8η[ίη\) + ί к Vpfp<m-» £η(ϊρ)=θ7 
Then: Votfrtw = ï m -> (£U)íni = tf|l)(nll 
and·· WDÍESW = I m -> -. Vhr(S|oi)(n] = 0]] 
so: Va iöLm = I m -* -> Зп[оі(п) = оТІ a n d this is not so. 
Therefore .· Vn f (511 ) (n)=θ] a n d ·· 1 3n [ 1 (n)=o] 
&'s pculare is obvious. Я 
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One co/mot escape tbe fedihg tkafc δ, ike protagomst of this last P'Oop. ^ 
being trapped m a base way One forces hu* to be carefu l abou-fc δ | ί 
a*\d/ later on, this ссиіЛцэи L« Held agaihst Kum 
I n comparison, the play »was more f a i r in tbeorewi Zn. 
2 3 Tîx^t tKeore*n 2 О is not ал isolated (act and imqkt herald the b irth 
of a hew theory, was suggested by J J de ІокдК 
We now prepare (or this more generai theory 
Let А^ В Ce subsets of Ч о ІЛ/е depme 
A ^ B = о(3|і[А(о() g B C p ] 
(A is reducible to ß) 
Using А С ^ , k/e see tbat A tí В if a n d only if 35ГРаг»(5) л о<ГА(оі) ¿? Bí5loi)7] 
I f we cv/aext to avoid the use of AC^ , We migKt defuie A ^ B by 
35fFcu\(5) л Veif А И ^ BCSI*)] (cf Note 3 on page 21b) 
Iht iut ively
 t tbe meaning o f , , Α ^ Β ' migKt be described as· 
We have a method for translating every question іл/Кether some еіе*иело 
of ^ ю belongs to A
 / into a Question и/hether some other element of ^u* 
belong с t o В 
This feducib i l i ty »-dation is , obviously, reflexive c m d trafls<.tive 
Classically, this many-one-i-educibility-rela¿ion LS cal led Madge.- deducibility 
(Cf kechi-is and Mosch&vakis iqjB, Moschovglcis I980, ^ d g e I9S7) 
We introduce tke subsets A1 ound B1 of ωΐΑί by 
for all ο<£ωω A, M = \ /nfoí ín)=0] 
for all лбыш E4(o0 » 1лЫ(п)=0І 
We bai/e seen, ι* theorems 2 0 cxnd 2 2 that - " ( A ^ E j a n d - I Í E ^ A J 
We also need the strict redLuctbilih/ relation 
Let А,В 6e subsets of ωοο. We define· 
A - < B = А ^ В л - « ( B ¿ A ) 
(A is strictly teduc<i>le to B) 
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3 THE SECOND LEVEL OF THE ARlTHMETICftL HIERARCHY 
Two hkeorems will be p ^ v e d which ore α naturai extension of the theoremc 
o f the prestóos cKapter. 
The leaoLCng ideac op their proopc will соліілое to ¿nspüie us, up iö cAapters 
? and 9. 
3.0 We consider the subsets Az and Ez of Чи, vjkick are def ined by. 
For al l ote uOo = 
A 2 M ••- Vm3r\[o(m(nl=o] 
We lea\/e ib to the reaxter fco pro\/e the. follcwino easy facts: 
A 1 ^ A 2 , E 1 d A 2 , Α , ά Ε ^ œ i d E^EZ 
3.1 live followirva i? an Cwvporta^t remark, on Λ
ζ
: 
According to A C 0 0 - VoíCAzCa) ¿ 3j VnaCot^Cj'Ml^O]] 
For all je "ω a n d ые ωω} іл/е define ν· ιχκχ іл ш(*> by·-
For all mea), ne u>·. 
í y ^ i o í ^ C n ) . - О if η * ¿ Ή 
= = <*"» if п4цЫ 
ала-. CftixKx) ( θ ) : = О 
Remark tKoL. Vot[ A 2 M ^ 3y[oi= j MÛÎ7] 
Let us make Se ω ω sucK tKa£ Fun(S) a n d VocC^oc = α " ρ* a 1 1 
Observe tbat = Mui ^U) ¿Ì 3 ^ ^ = 5 1 ^ ] 
Lei us define, for all 8ε"ω, a. subset Ra(6i of ων by. 
Rai5) : - (ot lo ie^uJ | 3( Г 5= |iH>oi7J 
С і-э* Kas been tntrodiLced tn і.У) 
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We bave seen: aSfFunCS) л Α ^ = Κ α ( δ ί ] 
"ÍKis is a useful property, wKicb A z shares wikh many other sets. 
(cf. 7.0 and I0.7). 
ib 
3.1 Theorem = -> ( Α
Α
 < E2) 
Proof: Suppose- A 2 ¿ E Z 1 i.e.: оіЗ(ъt A2(o0 £ Ε^Ώ 
LLs-tno A C ^ , debermine ó іл ^ u j sack that·. Fcu\(&) and. Va[Az(Qtì^E2i5|oì)] 
ConsLoler the tntertwcnina fonction м / mtroduceot ¿η ЗА, and observe: 
у
 с і С Е
а
( & и у х о О ) 1 
Co^SLder Q in ^ u j j the зеооелсе that ¿s def ined by: \/n[Q(n) = 0 ] 
Usina Cf^  determine реи), (¡еш, mew such tbat ·• 
Let us pause for a moment and imagine the sita<xt¿on: 
We are assuLm¿n(j·. о і С Л 2 ( о і 1 ^ E2(Sloiì7 
We think of "oí" in this formula ας being built up step by step by 
a creative subject, whereas Sla ¿s becn^ made by a less creative, 
imitative subject^ who does not make a seouence of bis own, but 
transcribes OÍ, ustnç the method coded into δ. 
The creative subject is not very f o n d of the cnaitative one and. 
plays a trcck on him^ ας follows: 
He calculates r = max(p a) a n d defines a sequence. o¿* in шш by 
ot*(D) = 0 л Vni:(n£r ^ (oi*)*1 =Q) л ( n > r ^ [U*)n = 1 ] 
( i is the SfeC|uence ¿η ωω thai is def ined by·. п [ 1 М = 0 ] ) 
The creative subjeci: will f e e d the tmitattvg one on o(* but 
he does not tell him so. 
The imitative subject never sees more than a finite initiaJ part ofct* 
a n d , therefore, he is kept between hope and fear. 
His anxiety will grow w»th the number of 1's, but all the time, 
he has b reckon with the possibility that things will improve. 
~^ας ; he is f o r c e d to make all values of the cecjuence (Sloi*)^ 
equal to zero 
I? 
For, suppose·· IUw and ${**)* (fc) ^0 
Determine Eew sucM that *С5*=5*4 ^(S |
o t ) m ( t )= CSlol*)mit)J 
Define a sequence ot+ in WCÜ by-. 
ä+i^dJl and VnC η z>l -» ot^i«)^07 
We observe that : A2 (a'*') and 3jf С *Τ - r κι of* 1 
We can say more = a s VnCn^r -» LoL+)n =Qlt also· 
3jfCyp=Öp л oí+= y«oí+J л óTfcf = Ôcj 
ÌRerefore: Vnr(5|Ä+)win] = o] and·. (¿Іоі+РЧИ^О, 
a corvtradiction. 
The imitative sabject lias r»o choice and: \fn Г(5|о(*)т(г\] = 0 ] 
B(bt his caution does not help hiw 
We observe: ^A2(oi*) л E2 (fil**) and. A2(oí*l ^ E2(S|ot*) , 
a coKtradtction 
В 
3.3 Theorem-· -i ( E 2 á A J 
Proof: Suppose: E 2 ¿ A 2 ) I.e.·. о^ЗрС Е 2 Ы ¿t A2C(i)] 
Using AC^, determine S ¿л 'Чи sucktKab Fun (δ) a n d Vot[E2(o(l¿>A2(í!«)] 
Ibis teme, the creative subject, in order to make the imitative subject 
fall on his face, uses very foul means from the realm of darkness. 
He plays tKe good boy for a while, till the imitative subject, 
being impressed, cannot refuse him any longer the first of his 
countably many Wishes. As soon as the imitative subject gives ih, 
tKe creative subject stops playing the good boy. 
But not for long. He soon starts to play another good boy and 
perseveres in it, till tKe imitative subject loses his firmness again, 
and grants him the second of hes wishes. 
Ungratefully, the creative subject bréales off his cpod conduct, 
but chooses, after a moment, a third saint to folloiv, intending to 
fblloHf Kim only So far as is required. (Ы- getting his third іл/is/i 
fiUfilled. 
And so on. 
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In the end, tine creative subject turns out to бе ло oood. boy at all, 
but he has got all he wanted. 
In short, the creative subject makes a sequence o(* such that 
-Έ
ζ
(°ι*) л Α2(.δ|οί*)ί perplexing the tmitative subject, a s follows-. 
First consider o(0 — Q 
Remade·· E
z
(ot0), and determine р0€.ш such that (S|OÍO)O(^0)=0 
Determine neew such that и[ы
о
п0= ôin0 -> CS\oí)0( p0) =0] 
Depine oL^e ωω Ь ·^. 
for all neto, i i ^ f t 0 = ^ ( n ) •= ы0(п) 
« 1(<0,n 0>) -.= 1 
for all neuj, n > n 0 a n d п ^ < 0 , п в > = ^ ( n ) - О 
Remark: EjíoíJ, and determine ρ,εω such that ( ¿к,) ί\>
Λ
)-0 
Determine г\
л
&ш suchthat n^n,, and n 1 ^<0 J n 0 7 and: 
Define o(z « шш by •· 
for ЫІ ntu), nsn,·· of2 (ni : = oí., (η) 
for all neu?, n>n 1 a n d л ^ <і/плу. о 2^(п] = = 0 
Continue as before 
С One may think of the followihq picture·-
ft 
(¿MT 
.0P ' 
L 
1 
«HI 
.0 
j 
P» 
^ 
rO 
^ 
S|a 
As soon as the Imitative subject Ь\ы puts 0 ir\ one of his columns, 
the creative subject answers this move by putting 1 in the 
C-orresponding one of his own columns) 
I h this way one creates successively οί,,,οί,,^,... in шш and. 
Po) по>Рі> п і>Рг/ пх>·- <* w S u c ^ ^ а і : 
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х о(ГЗп
г
 = 5{
г
п1 -> (5|oc)l(pl) = o] 
DePihe o(*e шш Ь^ о(С5»п
г
 = 5
г
п 1 ] 
We observe -іЕ
г
Іоі*) A /^(Sk*) and С2(ы*) ^ Аг(Ыо<*), 
a contradiction. 
зц- Proofs of more generaJ hierarcKy theorems are. now wdhw oar grasp 
We only have Ь look toúk some care irb tiie phoofs of tKts chapter 
When tfe reconsider the proof o f theorem 3 2, that "»(Аг^Е»), ^ «-re 
s t r a c k by ¿ts likeness, from a certouh moment on, to the proof of 
theorem 2 2. (whose conclusion reads -•(E1áA1 ) ) . 
To be. more specific 
Suppose Se^w and Fan(<5) and U*[ А2(о() ¿^ E2 (8|«)1 
Construct numbers hi and r, as in the proof of theorem 3 2 
Continue by makina ε é ww> such that Рил (ε) and 
Vp[ VnCn^r ^ (£l(iin = Q] л Ul(b) r=(b] 
Remark ^ [ Ε , Ι ρ ί ¿? Α
ζ
(εΙρίΊ 
and \/(ьГА
а
(£Ір) ¿? A^t&lfelfr)] 
Iherepore V p C E ^ p ) ί » Α, ((&|(εΐρ,)Γ] ] , i e - Ε, á A, 
TPvus, the proof Ls Seen to reduce the supposition A2 ά Ez to E1 ^ Ал 
I t is not difficult to find a general method |or reduct'no the supposition· 
A s n * E s n ^ £ n ^ A n 
This will be shown in chapter J, when chapter fc has given the necessary 
def ini t ions 
I t bife.es more pouns to get a similar conclusion from the Converse supposiiton. 
ESn ^ ASn , but, again, iwben the work has been done, we see some resemblance 
to tKe proof of theorem 3 3, thai -»(Еа^А^. 
To this proof of theorem 3.3, other useful observations may be made 
Perhaps its most memorable JeaJture is, bon/ it pictures the creative subject 
as a cat bent upon its prey, the urutc<Jt<,t/e subject, mov/m^ only <H response 
to moves of its mousy victim 
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We undersfcafcecl the conclusión op tKis procf 
Gtver\ a secjuence 6 in шии such thai. Fan(6) л \/<x[ Ε2(α) ¿Ï kz(S\ot)']i we set 
ourselves the aim of fûioLcna α sequence, <Х* ш ωω such tbctt ',Е
а
(с<*) л A2(S|oC*). 
Bai tb e sequence a* iwKich iwe consfcructeat, had. a more coMstractuve 
property tKan. -•£_, іл/е Іспои/ that it shows up a nawbet- different from zero 
ir\ each one of its subsequences. 
We cedi tKis property = A^· 
Another important remark on the proof of theorem 3.3 is that We did not 
use the fu-ll spreng bh of the assumption. 
Starting from·· Fttn(5) л \/oí[E2(oi) -> Aa(5|wì], we may reach Uie same 
conclusion. 
A similar thing can be s a id on the proof of theorem 3.Z. 
Tbis sharper view of the constructivity of the arguments used. Will enable 
u.s to extend the theorems into the transfinite, in chapter 9. 
We d e c i d e d not to leave out the more clumsy method op chapter 7, 
although its results a r e properly contained in those of chapter g. 
This method held us capfcii/e Por quite a long time, a n d it deserves op 
some attention, if only for the sajce of comparison. 
35 We may picture the results o f this chapter as follows: 
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^ SOME ACTIVITIES OF DISJUNCTION AND CONJUWCTION 
Both classically QJ\d ¿nttutconistcccLlly, the Lnífersectton o f two open subsets 
of R is an open subset op IR. 
However, only by uscng cJassical logic, one may infer from this the dual 
statement : IKe union op two dosed subsets op IR is a closed, subset of R.. 
I t need not surprise, therefore, that tbis statement £s not t rue, i f 
Cnterpreted. ¿ntuitionistically. 
( Co,Π и С 1,21 , f o r example, £s Mot a dosed subset of IR). 
"ÍRis well-known fac i will be conpirmed by the theorems of this chapter 
We know from chapter 3, that E 2 , the subset of шш »v/hieb іл/е get prom A, 
by cm extstentta! projection, is not reducible to A,, or, for that matter, to A2. 
We Will see now that the same holds t r u e for the subset o f ^ u j wkich we 
qefc from A1 by a cUsjuncttve projection only: DZA1. 
IK\ the axse op A 1 , f inite disjunction suppices to increaffe complexity 
No wonder, then, that the number of disjunefcs is also emportant: the subset 
which we get from A1 by a triple disjunctive projection, is not reotucible 
to the subset We get by a b inary disjunctive project to*, Qfld so on 
Between A1 a n d E2, we may dtstinouish, in tbis manner, countably wany 
levels of complexity 
Conjunction, ©P course, is inactive, if applied to A.,, but it gets productive 
a s soon as we apply it to DM,,, for example. 
Lßfc us consider (Jne dass of aJI Subsets of ω ω which originate from A^ 
when we apply the operations of f inite disjunctive a n d conjunctive projection 
again and again. 
How does the reducibi l i ty r d a t i o n behave on this countable class? 
We part ia l ly answer this nice question at the end of this chapter. 
Ц.о We introduce, for all subsets Pc " U J and new, a subset 0nP of "OJ by: 
for all o i e ^ u j : D n P H ·.= 3c|<n Ш**)] 
ЧЛ Theorem. I t is reckless tt> assume · D i A 1 £ A, 
Proof : Suppose·· Dz\ ¿ A, , i.e.·. Va3(i [ DZA1 (oc) ¿ Α, ίρ.)! 
Remark.·· V^I -.-. п Г ^ ( п ] = 0 ] ^ V n f ^ H = 0 ] ] 
Iherefore- VoiC -•-· DaA1(o() -> D'A^oci l 
This enables us to decide a lot of questions 
Let us turn to the decimal development of rr which earned itself 
a reputat ion in providing counter examples to adi kinds of 
dassically val id but constructivdy untrue statements. 
2 2 
Corvstruct CL sexyjjLAoe. oí Cn шш WKLC^ fu-lfds tKe condction. 
VnC ot(^ = 0 ¿> At place η tn tKe decimal dei/etopwie/it of π stands 
fcKe last 9 of t/v e ferst block of піле^-ліпе 9's] 
Remark: VmVn [(c*(wO = 0 л o<ír\] = o) ->m=nj ) fcberefore: o< 0 ^0-?cy 1 =0 
and-- -»--(«¡"r^O ν ot1^ O)
 J i.e.·. -•-iD'-A^ot) 
The corvclixsion·· Ο^Α,ία), howeuer, ¿s not empty as a conwu-nocatLon on 
the decimai development of n. IVe sAotxld be able Ь exclude exther 
all numbers <0)rf\> or all numbers <l1m> as a possible poiCtibn of 
tbe last Я in Uie first blocic of ninety - nine ^'s in TT'S decima] tail 
But we are not able io do so. 
S 
Tñe axiom of Brouwer and Kripke (cf. diopter 2) increases our doubts concerning. 
. D*A, i A, ' * 
Let 01 fce a determenaie (cf. 2.1), ûs ye£ undecided maUiematical proposition 
such that ·. -nffl -> Q.. 
(One might think of Fermât 's conjecture, or of any otber matbematicaJ proposition 
wKcch оал be brought ¿nb the form = ^ηΓΡ(η)3, wbere F is a determinate propei-ty 
of naturaJ numbers, sucJ-v that ·. \/n С F(n) м -ι F(nìl) 
öl ν σι is a lso a determinaíe propositcon, and, using (SKJ and some 
acrobatics; we determine o( ¿n ww such thctt: 
(Я бі ¿> ЗпГоі(к\] = о ] and·· ffl £Ì 3nCoí0(n)=ol and . 
-'ffl ¿i 3nCot1(n) = o7 and·. ,т\/пГ(о(Н=0 ла(п1=о) ^ т=л} 
Remarli, τ ι Γ)2Α1 («V therefore: D^A,^ ; i.e.: α 0 = ο ν/Όΐ^Ο, and: -іоі т т ^ 
therefore·- -ι ffl ν (Л 
By „ D2A1 ¿ A / ' we are ab/e to decide ; ¿n this way, any determinate, stable 
ptopoSttion. (A propoSttcon öl is ca l led Stable, ijf -nffl -tGi) 
ìbis is a reck/ess a s sumption. 
We constructed a „weak" counterexample to .
 я
 ΰ^,,^Α,*. (In Dateli: 
„ een i/ermetelhecdste^envoorbeeld") 
In many suck cases, a s en this one, tve ore.· able to improve on Uie arguwertb 
a n d to derive a contradtctto«. 
This is a*\ art ІА/ЬІСЙ Kas been practiz-ed fnucl\ by Wim (rielen-
Ihe axiom of Brouwer and. fcriplce does not ftgure in the ev/ientual argument. 
We. also d i d not use it in proving theorem ^.l. 
іг 
TC. . ч «ч ( j j 
к.г І е introduced, m 1 2 , α codina fu>ic-fcion <> U UJ >—»> 
Tivu-s, ел/егу noioroJ number codes α. fu^te secjaence of AOLÍDJ-CÜ hui*ib«*-u 
We also ¿ntrodoced. α Éenqth funciLO« ίθ: UJ->οο suck fcKot, for all necAj, 
Eql/rv) = tbe feiagtb of ¡Me fCmte se^ue*\ee c o d e d by Ή 
ІИ/е t\ow define, por all 'ьДе.и; sacK (λαΐ ^«гЁ^С-лЬ 
the i/ajafc іА/Іі(Ыл the finite secjuence coded. Ь^ ^ nife)^ /n «. Q.ssames С« к, 
ТКегеСоге, (or eacb neu) л= <n{0), лЩ,...,п(,Ыг\\-±.) 7 
We define a. seonence f ¿^ '"UJ sach thai 
VhtrM=o ¿•( 4і:^<«9И-»піІ)<г]л vAvtOL<Í9íh)AÍ< (^fi)Ari(t)+OAn(e)^ o)->Unn 
We remark, thai r is a s absp read . cf 4 J (cf i.g) a ^ d 
Vai d e r · £ (V6.ícx(IL]<2l A И П ^ ^ ^ О ЛОС(«]^О) - * & = * ] ) ] 
The set Г=(сх1о1б ш ы I Vnrríoíni = o3¡ consists of those sequences of O'sondl's 
which have ¿n ^ i
 mosfc one point a value different ff-om 0. 
"The spread, r is very similar to the spread- σ_ which will come ¿o the fore i>» 
chapter 11. 
ЧЪ Theorem·· - і ( 0 г А 1 ^ А 1 ) 
Proop·. Sappose. D^A, 6. A, , i.e. V«*Зр,[D'A,(OÍ) ¿> A.Cji)] 
As ir» the proof of theorem *Н, we observe: VotC-nD^M -» О ^ Ы ] 
Now Voter С -.-•D^.jHJ
 / where τ is the subspreotoL op
 ω
οϋ whidï 
We defined in 4.2 
Therefore. Voter Γ I^A^oO] 
RemaHc.·. 0 e r a n d , applying to the general ized continuity principe 
(rCP, determine te ω a n d й.е(о,і] each thai·. Voter[ötr= o r - > o ^ = o ^ 
But this is not so , a s we nuxy define oi0 in r sacK thai. 
Ы0г , O r a n d : ( o O * ( r ) = 1 
Η 
We feel content thai, in provenq this theorem, we did not use AC^ o r AC t e 
but G-Cp only. 
2Λ 
ЧН For all η,ηεω we deptne Zjnìtn to be tine, code number of the ю-& subsequence 
op the Finite Sequence coded by η 
"TherePore, for all (Leu), IIn3m(g.) is defined t'f a n d onl\/ if ¿.my*l. <ta(r\) 
and, in that case. 1>Зт(&) = пб<»п-?«-М 
for every mew we define a seouence f
m
 iw ^w such thai;·. 
л С г
т
( п ) = о ^ O e C n ^ T 
ІЛ/е remark, that, for all inew, T
m
 is a subspread oÇ ^ω (cf. i.g) a n d : 
Voi С o ( e r
w
 ¿^  * " = Ol 
Ые also obser/e: жМхС D^AJot) <4 З п < т С а е Г
м
З І 
.^5 "Iñeorem·. " Ч ^ Х 1 D^A'i) 
Proof: Suppose: D*A1 ά D % , i.e.: А З ^ С О ^ С ^ ^ » D^A, i(bìl 
Usina AC,,, we pinot δ іл ^w su.ch thai ·· 
PaniS) and·. лГ D ' A » ¿? D^iSlocì] 
We observe·· Vni<3 о(Го(ег
т
 -» (S|o( e r
o
 ν І І л е г , ) ] 
and: Vmo Γ 0 e r
m
3 
(TKe spreads T
m
 bave been defined ¿n 4M) 
Apply ino üie qenecalízed continuity principle GCP three times, 
We find natural ncmbers ρο,ρ^ρ^ a n d k0, іл, ^ such thaí: 
Vm<3 Г і
т
= 0 ν 1
Л
- П 
and·· Vm<:b Voteciыр^=Ор
т
 _? Slot é г . ] 
ІЛ/ithouí; loss of generality, іл/е may ass-ame: t 0 = R, 
Let p · - max (р 0 ,р„р г ) 
We determine ζ in "'w such that. Fu* (ξ) a n d , for all ote^uj, iw,heu): 
(?loi)m(n) : - 0 if n<p ν m> 2 
: - oim(n-p) ¿f n ^ p A m<2 
·. — 1 if n ^ p л m =2. 
Now, suppose-, oife^ oi» a n d DzA1ioi)J then- 4 |оіеГ 0 ν %\оі е л 
and» ЙІоі) ρ = Qp, so: 1Ц2,\а) e г ^ 
Conversely, suppose <*ешм a n d &|UM érK o > ¿ken 0^ , (51 |^o<i¡) 
So·. D3A1(4|o<)( and: D^AJoi) 
Therefor VdCD'A^oi) ¿> A j ^ l ß H ) 1 1 · ) ! , i.e.- 0гА1 <A 1 
This contradectç theorem Й.З. IS 
25 
We confess tínaL·, ùì provinq tKeoí-em ^5, we did not succeed in av^otdtna AC^ 
Mikoufc dCffccuJty, we may extend theorem 4.5 tt>·-
Й.Ь Theorem. Vmi ^ ( D ^ 1 ^ ^ D^A^l 
4.? We introduce, for all subsets Pe Ujco) a subset Un(P) of ^co b^· 
for all о(еЧи= (Un(Ρ)) M : = ж С Р і а * ) ! 
ІЛ/е now show/ Uiat , cboos^ng one-out-of- fcAree* is not to be reduced. 
to
 )( οΚοο5<1ηα one-oui;-of-two", even ¿f we cu-e alloiwedL to do the latter 
infinitely/ tnary times. 
4.8 Theorem·. -» ( D ^ 6 1^ (04 , ) ) 
Proof-, Sappose·. DaA1 ά Uw(0lA4), i.e.: УосЗ^СО'А^а) г? (Un(DzA,K(b)l 
Using AC^ , we find S in ω ω such that· 
Fun(5) a n d V d Í D X M ¿* (ÜnCD^^CÄIocil 
Let t- be tbe spread whidi we introduced in 4.2-
ІЛ/e want to show-. Voier рГ D ^ ( ( 5 М Р П 
Let u.ç assume^ to this end: ые a n d pew 
We observe, as in the proof of 4.5 : 
Vm<3 Vper
m
 [ Ο Χ ί ρ Π 
and·· п о О С О е т ^ ] 
^
τ
ο·
τ
' ΐ ) ΐ 2ΐ· • a r e ^ e spf^c^s wKich made their first appearomce 
in 44.. г» <*Г « е г ^ ^» ot* '- Q l ) 
B^ a Uvreefold invocation of the generalized continuity principle GCP 
we find natural numbers q 0 / q ( ) q z owdL к0,1с,,кг such that·. 
Vm<3C l t
w
= o ν k ^ - i l 
and·. Vm<3 V ¡ i e r m [ ^ m = 5 q m ^ (&1р1ретг
т
1 
Without loss of generality, we may assume·. Ic0=k1. 
Lei q -.- maxCq,,,^,,^). 
We oUstinguish two cases: 
Case 1 ; σίη4 Sc| 
As ocer^ we may determine, in this case, m<:3 
such that ·· ex €fm , and, thus, we know·. D'A, ((S|oí)p) 
2É> 
Case 2·. otcj 4 Ûq 
We- Г\о(л/ tum tip otu- tramp card·. 
a e r ^ therepore: -!-.(oier0 vocêt.,) and -n ( (5 | ^ P e г^  ) 
so·. (δ|ο(ίΡ€Γ
Κο
 arid: D*A1((í|oOP) 
In anv case·. ЬгА, líSlotf) 
We have proved nov*/: \/otet Vp£ DzA/) ίίδΙοι)*5)] jí.e.·. 
оіегГ ( Μ Ο ^ Π ^ Ι ο ί Π , and therefore: Voter С D ^ ( a i ] 
We. observe·· Q e r, and^ applying to GCf^  we determine reuj 
and iLefo,1 y2^ sacb that·. Vo(éfrótr = Or -» <*•* = Q"] 
Bui this ¿ς not so, .as іл/е enay deftne o(0 і^ r such thai: 
<V· = Or and: («(.^(r) = 1 
m 
The readeh will have remarked that the proof op theore»ri 48 is sltgWIy more 
economicaJ than the proof of theorem Ц.5 ала no longer leans ои theorem 4.3 
In the same іл/а^  one may prove: 
4.g Theorem·. V m r - ( D , n + 1 A 1 ^ Ü n í D ^ A j í ] 
We may sharpen the conclus ion of theorem 4.3 also in this manner: 
14.10 Theorem: т ( DZA1 ^ A j 
Proof, Suppose·. Ь гА1 ά Α 2 ι i.e.: ^ З р С Ь ' А ^ л ) ¿? АаСр)] 
Us^no АС^, we fuid ¿ in 4u sucK that: fim(&) and VdCD^W^AJflodl 
Let r -be the spread which we introduced in 4.2: 
We wank to show Voter Г А2(5ІоіУ] 
Lei us assume^ to this end* oie.v and pfeuj 
We observe: D4A1 ( ο ) , therefore: A i ( 5 | o ) ) a n d : £^lS\Q)f) 
We determine t e w such that ($|θ)Ρ (fe.)
 β
 0 
And we determine cjew such thai = VjiC(i<j = Q<j -> í5|ft*)píí:) = o ] 
We now dCstCnauish two cases: 
Case 1 ·. δη =f Qcj 
As oier, we. may determáie in this c a s e , tn<2. such üoi 
o ^ O , therefore·. D'A^ot) a^d.Ai(Slotl, β$ρ. Ε^ίθΜ?) 
г ? 
Case 2= ÄCJ φ Öa 
"ben·. Ε,αδΙοΟΊ 
In алу case- Е
л
 ( (S|o(ìP) 
^е bave proved., now = \/oie r Vp [ E 1Ш*)*!, ί·β.·· Voterf A 1(S|^] 
Therefore: а е г Г DMjoOJ 
This will lead to a contraaUctton, as ія the proof op theorem 4.3 
E 
ТЬе proofs oP Üie tbeorems ^.8 and 4.10 are variations upon one theme, 
the latter being the more simple of the two 
Ihe conclusion of theorem Mio mcxrfc.s an improvement upon theorem 3.3, 
wbich said : -> (E2 Χ Α
ζ
). 
I n order to see this, one observes, u-sing theorem Ч.Ь- b'nCDnA1-<Dn+,Ai ^ Ε Ζ 7 (We defined „•<"* 2.3·. A ^ B 4 (А^ В A -. (Bá ΑΪ 
The reader's task, reduces to proving: Vn[:onA1 6 Ezl). 
Ч.ІІ We introduce, for all subsets PQ ω ω and neou, a subset CnP op ωίυ by: 
ibr all <χ£ωω. C"PIOL) := ЦсгпГР^Ч)] 
4iz Wilbout difficultv/, irt/e establish the folbiA/ing facts. ΟΆ^Α,, Ο ' Ε , ^ Ε , oud C f
 1 iE,. 
Rrst, we determúwi δεωω such that: Fun(6) cwd VbiWi[(6|a)i2n)-d0W л í5|oi)í2rn-0»«Vni] 
Then: лГСА.И ¿? Assied] and о с Е О ^ И ¿* Е^ШП 
Wext, we determine Se%u sud» that: Fun[6) and· VMfa[í6MM=0¿» (Р9(п]=2ло(0(п(о11=«к>(і\)=0)] 
Then: ^ С С Е . И ¿? Е
л
Що(\] 
This seems to be a good place b mention an important difPerence between 
tbe resuJts op this chapter and tbe resodts oP chapter 3. 
When we. sei out to prove: -«(^^^ζί ι w e c ^ , f t o t ¿Mtend to prove as 
much as ift/e did, ewe t^uallvy, 
Startúvj from a Sequence S, pu/filling onlvy. Гил(6) and·. bfeiEA
z
H -) Е 2 ^ І О І П 
We (»vere able to point out a Sequence oí* sucj\ thai » ^А^^*) л Ε 2 (Slot*-) 
When provino·. " ' (Еі^А^, we also exceeded our own expectations. 
(cf. the discussion ¿и 3.4) 
There is no Коре for a similar reCnforceme^ fc o p a conclusion lite' T Í D ^ A ^ A , ) 
In order b see tbis, We consider üie subset E* of ωω which ¿s defined by--
forali α€ωα>·. E*M : = ЗпЫп)- ±1 
We easily fLnd Se0 0« suck tKat • Fun (δ) and Wxf С2£*(ы) £ Ε *(δ |αϊ] 
This same S also satisfies·· VotГ -•СгЕ1*М ¿? -ι£*ίδ|οιΠ and, tberefbre-
Ы ι - ν Α , Μ ί* A,(Sloti] 
2.8 
Remarli that Va [ DM,, la) -» ^ Шл\1 and t^at ¿t i« Lmposscble to f W of*6 ωω 
suc^ the* ι Ο ^ , Ι « * ) к A^SIot*) 
This phenomenon is put into perspective іл/her we hecûgnize tAat there are 
dasçicaJ factç corresponding to the results of chapter 3 wherea-S, in this chapter, 
t ruly intiutionisttc idiosyncrastes come to the suJ-foce. 
i j . i i \Ne introduce^ for all natural nionbers ιη,η,.α. finite subset Expínyt] of CAJ by-. 
Explm/0 - ( f | f £U) | fcjiFI*»! A VllUn - » f i t ) < m 3 } 
(Ехр(т
у
п) is the se.t op al l functions (гоиі η to m, іл/here, folloivin^ 
Set- theoretical habits, *i and и are identifte-d l^th the sets of their predecessore). 
We define, for each f e w , a subset Ал of ωω by-
for all αεωω: A f (ot) — V n C h < ^ ( f ) -> ( o ( , , ) F W = 0 7 
We leave it to the r e a d e r to verify. V f f A ^ A j and- VÇ£f4<> - í A ^ A ^ J 
I n this last Sentence aood o ld Α., ¿β »néant, wh¿d\ we met fo r tAe 
first time in 23. 
|/\fe are guilty o f a sligkt inaccuracy by having chtroduced, here, nainesaiies 
for A1 and A 2 l (c f З.о), but it will not harm us. 
ЧІЧ Theorem-· п т Г С ^ А , , ) а Ъ™" A, 7 
Proof- Remark ·. por all cxe ω ω . 
Cbm^H £ Vk<n3t<* [(μΙ)* » 0 7 
2 ЭрГ f e ΕχρΚη) л Af(ot)7 
Also observe thaJt^  for aJI fe ω, и/е may define δ» é ^ w sucA that 
Fu*[S f) and Va i A f H ^ A, ( 5 f | o i n 
As Exp(in,n) has Упл members, tlve cohsb-itctcoh o f a Se^u) suchthat 
Fan (5) a n d О І С С Г Р ^ А ^ О О g Ρ ^ Α , ί δ Ν Ι ¿i now an easy matter-
•^^ s Theorem-· VnVm V^ \/p E CnD'nA1 ¿ CqDpA1 - • m ^ p ^ ] 
Proof: (The reader has understood probablvj that . C O * " A , " Stands for· 
. С Ч 0 " А 1 Г ) 
Suppose. m V p ^ and CO^A, á C V A , ,ί.β.·. осЗрГС А, ДО ^ C V A / j * ) ] 
iLsin^ A C M ) determine ¿ e ^ such that Рил(6)апаІ \к[СлОт^Ш CW^M 
19 
For every pe Exp[m,n), consider Ap, as depûiect ¿η Ч.ІЗ 
Remark . Vf e Exp (m, η) Va [ Af (л) ч С n Dm Ал (л)] 
There-fore: Vf? e Εχρ(m,n) Wx Г Ар (о<) -» C^ßP А1 (δ|ο01 
oud- Vf 6 Expím.n) лС Ар H -» зЦ [ Re H^pip^ì л А^(SldîlJ 
Observe tKat, fot every fe Εχρ^,κι), Ar (Ο), and·· АР I'S CL subspfead 
of ω(Λ) (cf. 1.9) so tKoit fc/ie generalized continutty priinciple (?CP applies. 
Appl^Lho ¿b for ey/ery f e Expían) separately and. keeping ¿n mind 
fcbat mn > c^ P one ftndç fe ЕхрКи), g e Ε.χ.ρ(*η,η)
ι
 be Εχρίρ,^) a n d ^eMJ 
Sudi fcbafc-. P ^ Í J A ОІГСО(Г= Or л ^ А ^ І А о И ) -* A Ä f S M ] 
W^ now a g a i n Have r e c o u r s e to f, tke. subspreoipt of ωϋϋ wkek 
We introduced tr\ 4.2 to serve as, in this chapter, as a ¿rue 
Sorcerer's apprentice. Cr-tocjoce*1«! Vftfo(illJ<2] А 4 РГ^Й^ОЛОІ(0^О)->£-4]() 
As f ^ g we may determine L·η such that f(l)4q[l)_ 
Therefore·, t faef Γ - 4 érf*)fíl1 - Q v i o l ^ U o ) ] 
Let u s restrict our attention to r * · - (ot jaef | \ / fC i^£ -^oi^-QlJ 
r * is aqain a subsp read of %j a n d : \/оі€г*Г τ« (Ар И ν А„ И ) ] 
Therefor · \/oL£T*[ötr= Ör -*Α^(Η|σΐΠ and·. 
А б г ^ С а г в б г - ^ ^ О ^ С Б / . в ^ а п о І :
 0 ( е т * [ А г = б г •*C , ,D"A 1 («Π, 
especially Voler* Γ « г = Or -* DmA, ( л 1 ) ] 
^/e now proceed easily to ü\e contradiction lAfe wanted to reacA, 
following tbe pattern of the proof of theorem Ч. : 
We observe. 0 e r * and, applv^q ^ 5 ^^P/ determi/ie seu> such that 
r<s: a n d 2eu> sudt that·. V(X£r*[Ss = Ôs -> (a6-)* = Q l 
This is not so, for we. fruxy define o(0 ù\ τ* such that· . 
ï 0 s = Os and: ( (о(
о
ь ) е )(5)= i . 
EI 
«fife Theorem: ^mVp Γ D^A, < IÀAID*^) -^ »n<p7 
Proof
 : This follows from tkeorem 4.g. 
Assuwe·. m>p ou\d Ь т А
л
 ^ U n i D ^ J . 
fewoLrt: DP + 1 A 1 < D^A, , t^erefbre: DP^'-A, ^ U n ^ A j . 
Τκίς es o^fc so^ a c c o r d i n g to theorem 4.9. IS 
30 
H.IT Lemma, VnVmf D^A, ά С" 1 " 1 DWA, 4 C ^ D ^ A , á Un ¿О"Aj í 
Proof: Easy. В 
H.I8 Iheorem: Vh Vin Vcj VpС C n + 1 D" , A 1 ^ C D ^ A , -» m ^ p ] 
Propp. Immediate^ Prow *Ufc OL*»OI ЧІ^. Й 
'H.ig Малу cjaestionç are answered by theorems Ч.ІЧ -l81 bat some nasty problems 
remain ho be solved. 
Conjancfcti/e роіл/ег demonstrates cfcselp (/» se^i^ences iïlce Ute folloivi'ng ·. 
D^A, ^ C2D*A i < С Ъгк
л
<... 
We Itnow tbat no set fro*n tbe second sequence can be heduced to any set 
Prow the ptKt seqiL&nce. 
The converse tKtnq sometL»nes Koppens, as пГСлР гА 1 -i Ο"0
3
Α,3 
E>ab ivhoi about the cjaestton if C^o^A^ d Cí-D*A1 Í 
Wo heoatCve answer may be r ead off prom Ikeorems Ч./Ч-І8. 
Nei/ertKeless, ^ e ouvswer ¿ς negative^ as you. will suspect a f ter a. short in/alk. 
Mote generally, ntfe may aslc, |oi- any set pi-om the fink sequence: 
n/hat is the fïrsfc s^t in the Second Seauence to (д/КісК et Cs hedacibíe? 
And: do you. bow ¿f C3D3A1 d C ^ A , , or, cf C5D3A1 á C^O^A, ? 
In order bo tamdle these and similar questions iwe introcLtce a new notojtion. 
We «topine, Por each new a subset CCD)n A1 op "UÍ by·. 
for all «€%>•• (ςο^Α,Μ == V t r ^ ^ W ^ D ^ V j a ^ l 
C3D*A1 reappears as ÍCD)<Z22>A1 , a n d CVA, К now cdled CCD)^^ A, 
i ^ make a few observations, without strivino (or completeness ·· 
ip the finite seouence codec/, by n' is a permatcxtton op the ріиіЬе seauence 
codeöL by n, the«·. (CD^A, < (COJ^ , A, 
Ip t ^ l = t^U,) and * < ^ о о Ы & и п ' ( т , ЬАеи (CD^A, ¿ fCD)n, A, 
ttD)<p#<rAi á D P Q ^ 
More 9enerallv> if η - ^ „ , η , , - , η ^ ,Ui«i-. t C D ) ^ ^ . , ^ A ^ ^ ^ n . n , , ^ . , n / l 
(The proofs of the last two statements ore simdar to the proof of theorem Ч./ч) 
The following notion wUl oJ&o be usepcJ 
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We define, fbr all f>euu: 
Pen : - ftyif J- «gin) л V|rfc<fy(n) -^ Γί6:ί<η(β.)] 
If П=<«0,л11.../ n^> j tKen the number of elements of iF|f€U)|Pcti} is ηο·ηΛ•....•n¿ 
We ase scjuare bracltets Γ 3 to devote Wie ent «ir-рил etto л from Hi1" to ы, 
wìr\<d\ assois fco eacK positive rationaJ wamber its integrca.) p a r t . 
Safpicientlv/ wcxn^  pref>aration$ Kave Ьвгп made now far-
Ч.20 Ткеогдт·. leb m,л be natu.ra| numbers, Μ= < ni0,w1,.,w¿> ot^ot rv= <п
с>)п<|...,и^> 
' " о 
Pr2o£=ü) First suppose: h*l л m o <n t л ( C D )< W l l ...,w f e > А ^ ( θ θ ) < : ν , [ ^ 1 ν · Λ > Α ι 
A moment's hepiecfcion sboivs: 
( C D ^ A , - CC0Uwmi l . . . ,W4l>A1á(CD)4£A le i% i . . . í I : g t l l . . .>n€>A1 ^ 
(cb)<n0)-..J»«om],..v^>A ld(CD)<:n()l..,n t,...,n,>A1 = CCD)nAl 
OD Mow suppose-· (CDJ^A^^ ÍCD)n A^ ,ί.β.-. суЗрГ Í C D ^ H ^ f C D ^ f l ^ p ) ! 
Apply to AC*, and cteiermine 8ешш sucb tKat: Fun(6) and 
Vki:CCD)„A(oO ¿? (С0)
П
АЛ5Ы] 
Observe ·· Vol [ (CD),, A, [*) ¿ ЗР с »η С Ар (ci)]] 
(We ¿ntroalacedL, m 4.0, for eou* pew, the sefc Ap= [οί\οΆωω\νΐ<Ιρ)Ιί*ψ1]
=
θϊ\) 
Call to mtnoL that, for every Р^Ч Ар is a subspread of "ω (cf. 1.9) and·· Af(0) 
Remark: Vp t w Vot Γ ApM -» ЗдгпС A ? (SloOl]. 
Invoke the gejieralized continuity principle GCP and conclude-. 
Vf с м З д с * 3 s о(Г(««= Qs AAf (оО) -> Ад ( 5 Ы І 
We wa^ construct a ßmetton I : (p/fetulPc-w} -> j[g|(jei*í|<JCÍIJ 
OAd a number se ω sud» fcAat^ 
Vpcm VoiC [ a ç - Q s л A f M ^ Aj-^tSIoiì] 
К/г vehtu-re the following 
CloLi^  : 3t < Ц(п) Vpcm Яс mf Ffo]^ Я(о) ^ 1(f) ft) 4 іШ)1 
ІЛ/е prove this deum as folows' 
іг 
Suppose, to Ure c o n t r a r y : Ь < ^ м З р с і п 3 ^ с і і і Г р ( о ] ^ ^ 0 } л ^ Р М ^ М ^ 
I n tKis d.¿PP¿cüJfc Sitaaixon, ufe need oar fr¿e«ct Ргоги 4 2 -
Г = f o í l o í e ^ u ) ) Μ Γ « ί * ) < 2 ] л V £ V f f í a a ) ^ O A 0 c í « ) ¥ o ) ^ b í l / 
WttK Kis Kelp, iwe deftne a subset В o f ^оо, 
We hernoHf. Voie Ь Vf с »и \/АстГ pío) ^ Aio) -^ -.-. (Ар И у/ A ¿ M ) ] 
tKet-efbrc: VOÎÊB Vb<ec î (n)3pc»nrâS = Q s -^ £ ( 5 Н Ь ] М ) Л ) « Q l 
and: VoieB fô ts -Qs -*СС0)
а
А<!(А|АП 
so·. \/ο(β& [ 5 s = Ö i -> Í.CD)m A1 íot)] 
Also = Vote В Г Ss^í Qs -> ( с о ^ А ^ л П 
lhere(ore·. Vde &Г(СЬ)
т
 Α,ίοΐΠ, especuxlly: \ / О ( Е В [ 0 И О , А , ( a 0 ) ! , a n d : 
оіет Γ Ο ^ ^ Α , Μ ] · l^is ¿s not so, as We have seen on severed 
occa&tons (cf. the end o f the proof of 4.is). 
Our claim has been establish e d , no tv, a n d the argument is 
construetive, although it does not appear so, because we a re 
dealing ц/ifch f tmte oUsjunctioHs a n d conj'un ctcons of decidoble 
propositions. 
We calcdafce t < tyn) such thab ·. р и т к ж Г р Г о ^ М -? (Kpìjft) 4 [ЦЩі\\ 
Remark thai this ¿»wplíes·· « 0 ¿ n t 
We mo-V piOfc't, how, Rom our tramine} in combinatorics ( i f k\te hoctanyV 
И/Ä define a mapp<nû on { p | peco \р<т0}-
ρ H> { q l g e o o l З р с т Г Р ( о ) = р л ( і # Jit) = с, l) 
To oUfPerent numbers, disjoint decidable subsets of ш ore associated. 
fofe determine ρ such thaJt = ρ < m0 anot the number of elements of 
(;q|geu>|3pcmrP(o)=p л ( О Д ft) = 9 ] } ¿ca t most, [ £ ¿ 1 
We define a subset E o f % i - E =- [ot\ <*€ ωοο\ (ο<0)Ρ = OJ 
Without Çeaur, we make a second Claim : we may construct ζ ε 1 ^ 
such that: FunU) a n d . деЕ [ ( C D ^ A . M ^ ^ ^ ^ ^ . , , - ^ ^ . . . ^ ^ , ^ 1 ^ ] 
We d o not 90 into a d e t a i l e d construction of ζ but i t should be 
d e a r that 2, may be obtained by a suxtable rearrangement of δ 
Finally, we maJce η e w w suchthat Fu*ít\\ and ШСг\\«)0=о^Сг\\а)РК<*1]] 
The«·. Vît r\\*eS л С CCD)<m^ . _ i M A, И ¿ ico),» И^Щ*))! 
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Putting all ttungç tcxjetW we see 
On.,,. ,wt> 1 <n0,n1,-., L ^ J,·-·,«<> ι 
в 
Η.ίί Theorem H.lo delivers as from молу problems. 
It provides as with ал aJgoribiw fbr üie set [m|m£ui|(o(m|-2 ^íCD)ni(o)fti-íCD^n^ Í 
We refrain frorn a general formulation of (Jits algorithm, cwd 
only CaJcuJate some specioJ cases 
Suppose С 'ОЧ, á С ^ ; ¡e, Í C D ^ ^ A , d T C D ^ ^ f l , 
tben: (CD^^A, < (CD)^3>A1 and 4 < 3 : contradiction. 
Suppose C^D^A, 6 ¿ ^ ^ , ••е.: ¿ D ^ , , А, ^ ^ 0 ^ 6 | 6 > А< 
fcW Í C D ^ A , á í C D ^ A ^ ' f c b w - Í C D ^ f l , á ÍCD)<V> A, -
contradtction - there ¿s no entry in <2,27 at least as big as 3. 
Suppose C5D3A., á C V A , , i.e.- ( C D j ^ ^ ^ A , 4 iCD) < 4 S 4 > A, 
then·. CC0)^333, A, < ^ с , ) Ц ч л ч > А 1 ' а п с 1 1 8 | = Э Ч ¿ 4 a = í > 4 : 
contradtction. 
1Л/е may ргоие^ inductively = VwVnC C,nDzA1 < C D ^ A , £ m<n7. 
Thecurem 4 2.0 ¿ς a very general statement, which embraces earlier results 
like theorem Ч.І8. 
We might enter a new fieJd of guesttons ПОІЛ/, by formina , disjunctions" of sets 
(CD)
n
A1,and then again , conjunctions* of these- new dcsjunctions, and so on. 
We could consider the class of all Subsets of шш Which are built from A,, 
b^ a finitfe tree of disjunctions and conjunctions. 
But We are getting tired and prefer to talee the bus home. 
There is sucK a choice of playthings her€J n/e cannot go and try them all. 
Many problems will be left alone, por, tomomoiA/, We are visiting another 
part of the country. 
This is a pity, but there are more thinos ¿n heaven and есхИЖ, than 
ore dreamt of in chapter if. HD9A. 
ЦЛ2 Before leaving, however, we buy аяоі send 
a postcard to oar dearest friend = 
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5. AN ASIDE OW IMPUCAriOtí 
Yk leave the Hiou'n (¿ne of oitr c^scourse and iook Odt Some subsets 0f ω 
wluxk are builfc from A1 and Ел by weans of c'mplfcaic'on. 
As we an^ou-hcedl ¿η tfce cntroo(uct¿oM; ive do cons-t'der impíícaííoH to be íno^e 
hiystertous owd less well uwclerstooct fckw> cttsjaflction оі^  conju^chbw, and we 
bry to build a kierardiy of Subsats of шш n/ttAoat US4.>IQ ¿t. 
Someone ЫуМЬ be índiHed. to say to fchis tluat Í091C ^eally starts ©«(у іл/йеи 
unpdaxtion cognes ¿fl-
TTits cdomter offers kt'w some соияэ/абсои. 
We fcrfft skow low to e>-ect, by repeated use of implication., sowe toilers 
of subsets cjf ^w of ever increasing complexity. 
Kb tlien ffdortly discuss tfce dtffìcuAè question of how to cofttpa/e ¿Aese /teu/ 
SubseJbs with subsets of ШІА> wkek are artti^eticai ύι ош- res^Kctecí ílZiise. 
5.0 Wz define a Se^ueyice ^ 1 , , - of £"b«*s of ыа* by: 
For eyery o(e %J
 : I Ö M ·. = f»1 
For every ρ β to : 
For every oie ^ы: IGJU) : = ^pM -> Α^οίΡ) 
As tisuol, 9 denotes tke successor fuhcfcic#\ ои UJ. 
I^J (or example, wíB tum out to be: 
Voi.) : - [Ы0=0. -» ο ί 1 »©') ~* о < г = о ) -> *** о 
5.i Theorem·. y p C l p á l s p l 
Phögf: Detemine St HÜ sadv üvJt Рця(Б) and VocLC15!*)0- 2 л tyC^/P =oípJ] 
Т>ел: VpVA[ IpfrO «¿ IspCS^O. 
В 
As Uie teadet Ичд.у suspect
 ; we are goOig b рпеле ·· рС-» (і$р ^ Ір) ] 
We iwdl d o tías tnductti/ely, and. Meed Some аихЛсалу concepts. 
5.1 Let A be a Subset of ш«л We άφκ. ike subset Μβ^ (Α) of шю by·. 
For all a é 4 j · . Neq(A)H — - Ά ^ ) 
Let A be a Subset of ωω. A is called a stable subset of ωω if. 
Weg(Mfea(AÌÌ« A , 1.*. ^ А С А ( О І ) ^ І -»-»AWl 
S-Î j-emma·. (i»/¿fcJiout proof): 
FbraJI sab«ts A ^ of »& .. Ц M^ tke* Neq ¿A) ¿ ЦгЩ hd-
is 
for all stable subsete A,ß of %, ·. I p Weg (A) ¿ We^  (В)
 # t/ien A ^ ß 
Letnma · Vp C l ¿ s a stoble saJaset of ^ U J ] 
Proof_ . I t is a ivell-lchoi»/* foot (УОЖ Шай»ц£к<с logic, tliaJt A1 ¿s Q. ^ЫзІе 
siitset of шси
у
 олоі tkut tlíe class of sAable Suisefe o f ω ω üs 
do sect cuide»- (J»e opettxtco^s of (conianefcibn a-ndt) СтрІіса>ЬіЬи. 
Si 
l ^ u n a = р\/
Я
 С r S p ^ I S ( ? - > - " ( N a j f í l p ) ά W e ^ ^ ) ^ ] 
Proof: Ц з р о ^ р , Я е і 0 " ^ ^ р ^ Ц » ' 6 · ^ З ^ Г Г ^ И ^ ^ С ( * ) 1 
Ustn^ АС^ , d e t e r s o l e ΑΕωα> Sueiv t^dut Рап(5) a n d : b^Clj íod^Isbftk)] 
CoHSícler oí^ . e ^ U J , wde^ OÍ^ (uiflls tfie cohdUtionç·. 
^ р С о і І · 0^1 and·- «J - ,1 
( 1 Cs tbe сесрексе ok " u , w<(tódv IS dep^ed b y · ^ Г і ( п 1 = 1 і ) 
Remau-lc: - * I C p ( o i * ] , Uei-efoKe·· -i l s (¿ lot# l , awd·· ( S l ^ ^ S 
А«сше ЙСЯА/, (DIT ÜIC sbLke o f argumefvt · · Зи Г ( 5 | « # ) ^ ^ ] ¿ó] 
Dete-rnune неси sack fc^at • (βίοί^\^ (r\] ¿О 
(BotA (У^ a*\d 5Jo(+ noiA/ Ka«e a /fuseiecs- las-t s-uirseaae^ice, 
o ^ , hasp. ( S l o f ^ K&epùq ttus ¿н. іпСкіс/, оие ^ s no ctifíicuflty 
lA. fi.11dU.n9 tke íVidüctíHB step :) 
DeJbermiKe ?€ OÜ Sock ü o t . л[ al-«*l - > ( 8 і Л ] = ( 5 | ^ ) 9 ( п } ] 
( I f we kive to wo-fefc oiin. ω ω s o a r i n g · . Я 2 * 3 ^ o u r options 
for t j« ( ^ ρ sabfeoUAdces o f OÍ are aiwapt 0 0 ^ : ) 
Dephe η€ ^w suck fcfcaJt fimííjl аксі • (or all ле ^ .· 
ν^ρίίψ)! = Ql*oiì] and-. ( q H ' - r l . 
(For all me uJ a n d oie^yo, »п*оі demotes tke sequence Я ^ÍAJ b/Uck 
Оле аеЛі by сомсаіСакд>Ьслд tkc fceute se^ußitce coûieoÎ by m a^d. t¿e 
Lhfìvufce АС|и.елсе. oc] 
Ufe fiave ehçureoL tkxJt-- Ы Ь\^)І'^П ord. VOL í L&lü[l4%HÓ¡ 
Moheoi/et, |oh a l l oté шил: 
(MBÍJ CIpl) CA) ¿ ^ІрИ 
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^ 
^ cw««jcic(ìì ( а д « ) ) 
Therefbre. We^  Cip) ^ Wejf CI^Ì 
lUfe »-ecxcííect ϋας COKCÌUSÌÒW by assuíning : 3n Г р І * ^ ) (n) = θ ] 
Therefore, pom·, - π ЭиС ^ ( o t ^ f H Ì f o l іл/е Way come to·. 
-»-»(Μ»! Cip) ά ЫеуОс^ 
Sfe Ткергеиі, Цэ Г І р Ч Ι ς ] 
Ptepf-. Frew 51 ·• Vp[ I p ^ I ç p ] 
In o rde r to proie = V p [ - CIçp < ί ρ ) ] , и/е, start fî-om He obi/ibus fact: 
^ ίΧ,:^.Ι0) j ar\aL pKoceect by LndtLctxon, us-tM^ lemmas 5.3-5 
(Let U.S pro»« ^ -"Clisp < Isp) (TOW, -I ( i sp ¿ lp) 
Sofpose, Ι
ς ί ρ
 < Ι ^ ; tke*, by 5.5, - n ( ^ ( I s p ) ¿ M e ^ d p i l , 
therefore, by S-3 a-rtci. 5.4 ·. -ι-ι ( ΐ χ ρ ^ Ι ρ ) . CohtradUdcLo*) 
У.7 We define a feoaence ^ , 1 0 . . . of o ^ s e t c of
 w
co by· 
Fbr every ¿ь ωω ·. J0(OÍ) · = ^ = 1 
For eve^y реы
у 
for ел/ery
 Л
€ 4 A J : í j>M - J p H - ^ £iCo¿p) 
5-9 Theorem : Ур [ J p ^ J S S p ] 
Рпэор·. Like tke ptoof of ff.i. Deiermihe 6 e % J suck tka i Fan (δ) amef. 
^ Г ( 5 Ы 0 = l л V p E C í k ) s P = 0 í P ] ] . Тке«: l/p Voi С Jp (OÍ] ¿? JSpCSM7 
№ want fco prove jioiA/·. Ур С -»(Jyp^Jplî, and, again, \ue will do Jo by mdudion. 
g-9 Lemma- Vp [ J ^ ^ J^ -» -.-« 3q<Sp [ J ^ ^ ^ Я 
Ргоо^ ·. Sappose pew a n d Jfsj, á Jsp , '"e· Voi Эр С Т^ (к) ¿> \ifì~l 
3? 
lU¿n<£ AC,, , determine. Se "bu sack thai Far(5) олоі ^CJf r„H¿? ^рГМ«)] 
Observe : JyÇp Ci Ì ¿f - J^í i ) аиоі : - ( J Ä p (1 ) ^ Jyp fi)) 
TTierejohe: 6(1 ^ l , and, b be inore precise: -i Vfr<Sp ^п С(.Щ)0(Н^С)] 
Assume мо , (òr tKe Sai» of arçcune*^ 3t<Sp 3 n [ ί δ Ι ί ^ Μ « 0] 
Detei-wune t.neu) SucK tbaJt- Cilì)fc^ì = 0 
Deterwtne ^ u , r<xcK tKat:
 л
С 5 е = і £ - ^ ííMfc(n] = ^ / 1 ) Ε Μ ] 
ϋ ψ κ β η 6 "'t« s-ucK fcílctt Рил (η) , and, for ad a€ ωι»·-
^чкр С (η|ο()ί = і е ^ oti] 
In (Jus iway , we ыыхге.. ы С Cr]|otJ-í = T ¿ ] ала: Votini С η Μ) (H=ol 
Моі-ео «*·, рог all <*€ H J = 
J
^ W à TsspfnH 
¿? (..-( E, ((ясцм)ь^) -> E, (CSKnH^1') -* Éi (tflû|Hlp) 
Vk reacKeoL fcíus Cowdixsion Ь у afcawun^·· 3fc<Çf> С (δ| і)е(п) = o l 
But: -. \/t<Sp Vn Cíí l i^ínl^oJ , i.e. -i-f 3fc<Sp 3 η [ £ δ | 1 ^ ί η ί - ο 7 
tKere^te: πτ 3q<:Çp [ J ? î ^ JqT. 
4 L e m ^ : рГ J ^ i J ^ -» „ ( J Ç p ^ J p i ] 
Proof: Suppose peui cwid Х^ъ^Тур. By S.8, we ltnon/= -n 3^<SpC J
s
 ^ J^] 
AsscLmt/ only for a NîiTienfc·· 3^<Гр С Jfo,^ JQ] and determine 
c| ¿ íp sudi tßai Іщ é J9 . Remark ·. Jíf) ¿ JÍSp ^ J^ ¿ І
р
 , and .· 
Jo, < Jp. Tìierejore, mditùvg ло oddtfcionaí asampfibv, We /iaue: 
M 
5.10 Ткеоиг»г», Vp С Jp -<. Ы 
P№of . Ггощ y.S , we Icnoiv·. р С Т р ^ З Ц , ! 
In order to prove ·. l/pC-rfJ^ d Jp i ] , we use induct сои, 
starting (то«п t<^ ob^iòu.s fact·, -i С J, ^ J 0 ) , and app^inq Ь 
S.9 for U«e tnclacbü/e r-tep. Tte arqam&vb к siwiaur b іке. аидимЫ: 
for S'è, and wiU hot be с^иеп. ¿n ctefcul. Я 
38 
A dassicol spectaior wtqKt (Jaess thai all part-tctpants m ike two processions 
г
о, ^і » ·
 OL
^
dL
 ί»ι^ι>-·- ajr€ redoctble Ь botk A2 a*d E±· 
Lat as fcry a n d see if tlws ¿s fcme. 
5.14 "fkeptnemj \ ¿ A2 
Pro^ : Nobe t k t t , fur oil o(e w Uu. 
¿» т Г о ( 0 М = о -^ 3»ιΓ(*» = ο:ΐ] 
^ ^ Эл[о<0(т] = 0 -? о<Чи)=о7 
Defthe Se'"ω suck tKcU Fout (δ) a n d . 
taVmVnC (SM"1 (и) β O ¿ i C O Í ° W = O - ^ o í Y n U o ) ! 
The*t·. VkCJ^oi) ^ A^CSlocH, cmc(; 3 ¿ ^ A 2 
Η 
5.12 Theohew. A. ¿ J- a n d E« i L 
Proof- DeP-ne ? Ê " W such that Fun (ζ) cwd, Val п[(?|о() 0(п)=0^(п^о7л(?|а)іі] 
Then·· \/ot С A, M ^ J
a
 С 4 Ы 3 a n d : A, 4 І
г 
"Define Г\е ω ίο Sack t k a t FunO]) and·. WxC (η|β()0= О л ( ^ ( а ) 1 - ^ ] 
Th€fi, А С Е ^ О С ) ^ J 2 C^c( ì : arvd, E ^ J ^ 
SI 
Proof. Suppose ·. D 'A^J^ , i.e.: лЗрІдЧ^а) ¿ì І2(р)3, Ond, U.sii^ ACf<i 
determine Se ωα» suc* tfcxfc FaAÍ6) o^d- ^ С ^ И ^ J
a
( 5 W ] 
IWe how dahe to make tte follo win^ claún·. 
For^ suppose ·. οΐ€%υ a n d D^A^ot) a n d E
л
 [ ¿SU)*-) 
Determine neuj s«d\ tRoUb (¿W^CMtrO, and also îew sack that 
V p r ¡ S | e s ! -» (&І(Ь)1(п)=ОІ 
Therefore·, νμ μ = *1 -» E^íffl^n , and- ^CjSÍ^at-» - ζ ί ψ ΐ 
and: tfp>[jU- at -* DeA/ftì]. 
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As there are Seoaences (¿Ice (1= 3?* ^ , litis ¿ς contfaoU'cfcory 
lAfe kaA/e f»-oved «oiv: V<*Z D^A^oi) - ) C-· E, С í S W 1 ) П , cmot »ic».y 
Comode. V Ä C D M ^ O I ) ¿^ ι £ 1 ( С 5 М 0 П , anot: Их [D'Addi«» V n C i i W ^ l ^ o ] ] 
Tkts wûtUoL rnea^v: I>ZA1 ¿ А 1 , iwktck м/е KOVÄ с^ри^ёс^ Ut tbeoi-e»! 4 3 
В 
5.ІЧ Tiicore»*-. . -> ( А2 ¿ Ji) 
Proof·. S appose. •• A 2 i ^ ; í-e.·. \/ο<3βΓ Aafcí] ¿^ JkCp)7 , ar>d , u-S-tna ЛС,.,, cfet-ennùte. 
ІИе piDof how proceeots [¿te tAe proof of tlieofem 5.ß 
lAfe fint remark ІАаЬ: 1/
А
ГА2(сх) -> -. £, ¿ G M 1 ) ] , a n d 
tlien conclude A 2 ^ .A 1 , Дьск. das bee<t he[uied, m chapter 3. 
As DM, ¿ Е
г
 a n d - (DM, á J j , aÄso-. -« ( Ε
χ
ί І ) . AcfcaaK^ Е2 a n d J2 are 
¿л comparable: 
5.K Theorem: - ( Jz -L E j 
P r ^ f -. This reçoit rechfbrces tbeorewi 3.2 and ¿s proved ί*\ a sigilar ivay. 
femcxHt tKoJt, (о»* all d e ыи) . 
4 M ¿* Vm Эк» С o t 0 H = О -• oc1 (n)= о ] 
£* 9f V»n Г o t 0 H = 0 -> (3néH« Co(A(n)=o] ι/ o i^ i^HÌ^) ] 
For- ail je ω ω a«id οίέωω we define У®)«* іл ωαί by·. 
Fbr ail b,té ω·· 
Q-cS^oO^M · = 0 tf (3fn<nrj f(m)in АО<*(Ж)«О] 
a*>d: -· 3m<n [ ί^©οΐ)*Ή-ο>ΐ) 
.- — o( ^ ín] otWwäe 
(jfS>ot) ío) = - ocfcí 
[The. dejùufccoh e»f (^©ot)1 apparert^j goes by ùtductioh]. 
Wc observe: Vdl Iz(fA «2 3^ Co< - £<5><*7] 
Mow suppose·. J2 ^ E2 j /-e·· Vc4 3 ^ £ J 2 U ì £? E^Cjrtl, c ^ d , 
Чо 
ustng АС
Я) deteriwie. &ε
ω
ω suck fc£a¿ Fu^(5)omd·. Vo([JafotJ¿?E2fíío£|] 
Remark. VdVfCE^CMi-®«*)], ¿.е. л У^  Эт CA, (CS Ι ^ ο Ο " 1 ) ] . 
IXs-ina С^ defcerhune weou, реЫ/Оеи) suck tßxxtr 
iThe creaJtLV€ Subject, ςϋΆ mastKo Ufon lue exploits іл chapter 3l 
now kas о. poss-cbi&ty of revL^ma lus old g bruii). 
Calcuîdife h := талеру] exhd defbie a special sequence oí*" tk ши/ 
Sack t k a t : Coi*ì0 = I r л-û a^d. (¿л*")1 = 1 олсі ôT? г = ΐ κ 
CUot s-uppresiôtû a. Sober sovile, tlie creative subject points to tke. 
folio iA/C^ q factç 0 
Mow: -. tJ^Cot*)) a^d·. А Д ^ І о с ^ Г ) 
For; s-uppose new a/»d C5[o[f)wW^o. 
Déteme ^eai «дсК tftat·- осГзе«^^ -> (М«У>НМ<**)>)] 
ЬеЬггтСпе (Χ speaJaí Яес^еясе. |ì ¿п. шсл> suck tÄaf jl£= öc7^ 
ОМ·- • p ' r - z V r - j i r ^ i » - oud.·· Е
л
Ср>) and·. Ε^ίρ1} 
Reir>ark fckajb: J^pO , and,vvkajt is inore : 3^Γ^ρ = Ορ л (І=^в»й1 
Fí-om tkts, and ·- ^ q * Γ α , we infer•• A1 (CSlji)^), iwKefeas/ 
(Vowv·. f i - M we know/ : C5l(i)mM^O. ContracttctLon. 
Therefbhe·. -. J
z
(o<*) and·. E
a
 (Sb*). 
(Tte imitative subject bows kes dead, and goes ta way ¿и si/еисе). 
Tivcs pnoof bei^ç us fco рош-с^  and reflect a little. 
I t seems fckut tke distinction we рюро$есі tö toate ¿n Ч.І2 between „strong" 
res-ufits, wluck. cue backed, up by solid ciaçsrtcai reaCifcy, ahct
 п
шо.ак" 
reexxflts, ckaracteristic of tke Subtle ^pirU: of і*іш.ііоіи$т, ¿ζ not tenable, 
Since, if tke logic were claçsical/ J2 Woafict be heducible to Е
г
, cwd tkeotb* 
5.15 refujtes tl^S in fcke strongest possCWe Way. 
A second, remark is, tkat it is tke same ana. &|tcs of tde true nature of ϊ
ζ
* 
wlwlck, on fcke оке kanaL, inabes one See tkat: ifc ίς reducible to AZI and / 
on tke otker kand, fckaJt it is hot heducible to E2. One cannot kóu/e it 
botk ways. 
Thirdly
 ι
 as a special casfe. of tkeorem. 5.^ we kctve fjictt tke (^doivina 
statfewent leads to a coHJtracUction' 
VoiV^ [ [3ηΓο(ίηί=ο1 -> 3nC[iifiì=ol) - • (VnUtnì^o] ν ЪС^Ы)=ОІ)1 
™.s need, not sxw-prise.^  becouise, if we p4it d-*|i i*\ tKis formuia^ іме sea. 
tkat it entails·· лС пС<у(п)=,іо1 ν Зп Со<(п)=о1І, wluckj by CP (ç obvioiísly untrue 
Ml 
We how turn to the task of сокцраКид І
г
, the suhsei of ^w tvktck іл/е út^odacei 
ih 5.0, */¿tk some otK.er subsete of "ΊΑΙ-
Remember that ОІС І
г
И ¿? (\МГ<*»
 =
 0 ] -^ и Г л ^ я Ь о і ) ! 
An irnpiicojtCoH whose antecedeiis is universal, is /ess accessible fco иис1еі-5£алс&и9 
than аи і»п()Іісаііои w/hoSe antecede«s is ела&ЬгпііаИ. 
Wkereas іл/е obser*e ai a gla/ce · A1 ¿ I , £ J^ , ¿h stud-yincj ü»e ^tiesítOH of 
l^iethe*- E, ¿s heduccble Ы 2 , імг гил υφ ινΰλ a deep rixiaíe of LAÍuxfcto tusíCc 
ouvalystí. 
Cowçider tKe statemefvt: ы [ -η Зи[о<И=о7 -» 3»ICOÍOI)=O1]. 
TK¿S siandç foi- a very recWess OLSSK n^ptioH/ indeed. 
I f ive shouJot accept it togetíiej- witk ike. restricted Broitwer- Kripke- ахіои, 
(cíí 2·<) , wß и/ouid be able fco decade, any detertiunate peopo£¿tcat алсі, 
рюЬаЫу, would be, asked more questions ϋιαη we a r « пои/· 
(Let 01 Ье a detewnmaíe pmopos^ttbn. 
"ГКел·. GH-OL ¿s also a detormAKoie рюро^сбйэи, a n d μ« way 
coKsfcru-cfc «еЧи SttcA tuai.· 01 ν-«GL ¿ * 3«Γοίίη)=οΤ 
As -»-»(оі бі], cuso·, τ · 3ηΓοίίη|=ο] , Uei-eíbí·«·. апГ<*(Н=сД 
a*id ·. ся ν-ι σι). 
We^ erfcheless, (we a r e not abíe fco phove tAos statement to be confr-adíptory. 
Broujvei- hùtisejp once stttmbled ah tìds sione, usiflq an UM-esb-ictedL 
broitw«*·- lO-ipke- a^iow in orde«· to get absurdity. 
Clt is not cUpptcuJfc to guess how Ke d o « tia'ç. 
As Aoiw ouiy proposition, not o^<y au determÁfiote. one, íticxy b e 
asscLweoí. to be dectdable, we lvcive/ for üiííctfice·. VVCV = Q V-I^—Q.ÌT, 
wUcJi, wiüi kelp of Cpy l e a d s tt> a co^rad ic t ioh) . 
In Uie fòlloiwth^ и/е call·. Vói E -·•· ЭпС&Ы) =о1 -> Зи [^(п) = о ] ] a» enigma. 
a n d we reserve the scurie title ( U any propositioi wfuick we с а л prov« 
to be ecfiavaJeitt to Ci. ' 
5.1b Theorenj : « E i ^ ^ і ^ С Е і Ч i s om enüjwa. 
PíOof: SuppOBb : Voi [ 1-. Зи TolWeO] -> З п Г о » М - о і ] 
fcbent VCÍC 3n[o¿(nl = o l ^ -ι-· 3 η Γ ο ί Ν = ο 1 / ала·. E"^ WeoTwœCe.i) 
Kfow sappose·. E1 ^  Weg(we^ÍE^), í.e: Voc З р С £,,(<*) ¿> -,η E^íp,)] . 
Let ote ωΐϋ a n d assume τ · E1 (OÍÍ Determine /ie ^ш such thotf: 
^М g -.-.E.Cjl)- Then-. - . - . ^ ( ^ , Md- EJot) 
"fherelbre·. t^X С -·-· 3n [o<(nl = 0 3 -» 3n Го/(л]вОі] 
S 
fewark. that, Си thtó proof, we did not have recourse to AC^. 
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5.1? Theorem : „ Neq (.K/cg(Ε,ΪΙ ^ E., ¿s ал елсдгяа, 
Propf: Suppose: Voc[ - η Зи Coi(h) = O l -) 3nCo((n)=Ol] 
Ue«: ы С -,-. ЗпІыЫ =ol ¿5 3n COÍW=O37 , and·. НеуШеуСЕ,))* Е.
л 
taw suppo«: toejCMejCE.lUE,, , i.e.: о { 3 | і [ - . - . Е > |
г
* E^jt ìJ.cuid, 
u&ùv^ AC1fJ determùie Se 4 J s/id» tÄoi = Рая-(S) a n d : 
Va Г - τ ,Ε,Μ i > E , ( & k ì ] 
Let (Уе wu) eind assume τ» Ε, Η } tken E/Slot). ualcußaie ne ou sucíi 
tKat ·. (6U)(h) = o and deter-»itwe ie ω s^ ucK tÄctt-. 
\/р,С^е-аг -^ [SlfufoU (δΜίηΐΙ C(xbid&- οι*:» ййхі , and 
tematk: ( δ | « * ) ( ^ « ο , therefb^e ·- - π Ε,,Ι«**), and·. 3w<£ Coturni =afinl = o7 
i.e.: E.foO. 
kVc proved·. t^C -n3n[o<(n] = o 7 -> ЗпСы(л)=оЯ 
El 
„ E, < І
г
 ¿s ал enigma. 
Defüte ? e ^ sudi tKa£ Γαη(ζ) and^ Vo( VnC (4М(п) = 0 ^ сУ(л]^о7 
ТЬе·-. Voi С (Waj (E^íoil ^ Α-,ί^ΜΙ, and^ teg (E,) á A, 
B^jìhe i i e^ iu sitdv tHat РцпЦ) and-. ыГ C |^c5i)0 = ot A (lUY = i ] 
Tkeh : Voi [ ¿Meg(Α,ϋ) (οι) ^ I 2 С η Μ ί , Ofld·· teg (Α,) ά І г 
TKet-ejor«: tegíMegCe,)) < teg (A,) ^ I2 and·- teg (A/egíE,)) ^ 1
г
. 
Sitppose ·. Voi [ -η 3MCOÍH=O1 -> ЗпСог(»\]
 =
 о]] , tíien ^ccoh-dtng ¿о 
theorem 5.iÉ> : E, ;< Nieg (teg (E.,)) and, Сок$ес|ііе)а£ / = E ^ I ^ 
Conversely suppose·. Ε , ^ Ι ^ » '•«·•• о і З р Г £
Л
Ц p ^ípl 
Lat осе ωω a n d ass<iwe = -»"Έ-,Μ. Deterhune | i e ωι*; sack tÄat ·. 
Ε,,ίοί,Ι ^ Ι 2 ( Α ) . Then.·· τ» IzCfì, otnd, a s we noted ¿к lewwa S.4: IaCft). 
7bci-e(oine-· E^OÍ). 
y\fe proved: Vex Γ-η Зи [&[п)=о1 -> ЗмГ^(п)=о1]. 
5.18 TPteorer»: 
Phoof: 
А С, kas been ccrcumveitteot once mote. 
4-3 
S.ig theoretr^.
 и
 Jz ^ Ι / ís om enigma. 
Proof = Suppose: о с Г т і SnCaifhissO"] —> ΈηΖοΐ(η\ = οΊί 
Гьвп = Voíf (Ε,ίοί·) - » £ , И ) ¿? (.-·-• Е ^ л 0 ) -^ -.-· Е ^ л 1 ) ) ] 
As, obviously, №e<jtE-,)á A , , ive condado: Jz x Г
г 
λ/οι«, assume·. J 2 ^ I 2 , ЫглетЬ&г pOW 5.(2: Ê1 á J^, tíxerefoe·. 
Ε1 ί<ΙΛ, cmoL, accoheling to 5.ι8 : Voi Γ ι-· ЗлГо<(п)-о] -» 3 « U Ì A Ì = O ] ] 
5.20 Theorem = i(I2¿ E2) 
Proof. We prove blu« Ц ге-едсоииіліпд Ue proof o f tAeorem, 5.15 
The argume*^: given tbere may be seen to show tbe fbHo^^g· 
For all Ьешш} if Fu^i5) and УыСі2С^) ->E2(S\»)lt 
Uier« is οί*Εωϋϋ sucK tKaA -i^fct«) aK»d E
z
(5lot*) 
Wow, ossame I 2 ^ E 2 , i.e.·. Voi Эр, Г І а (о() ¿ ? ^2(р»Д влсі, us¿n<j ACW, 
Ctßterrrvwie Sé^üJ >^cLcK tÄaüt Fun (δ) and: Voi Ε І
а
 («Ι ί ? Ê ^ S W ] 
Rework kKat лССЗп[0(^)^0]^ Э^Гсх»^0])-) ( пГо<('(п)=о] -> VnCoíVn)=OJ)] 
i-e.·. VaE (ЗлСосЧпІ^оІ -» 3nEoí0W^o7) -> I , И ] 
Uere(bre·. Voi Г (З η E o i » , / o í -> 3nEoí0(ni^o]) -> Е 2 ( 5 И ] 
As іл fcke proof of tkeot-em 5.1c, и/« may Consfruct o¿* ^ ^ou 
Suck blok.. -.( З п Е С о і ^ Н о ] ^ З я Е М 7 п ) 4 о ] and- Е
г
(Цл*) 
»e-
!
 -
,
- '3«E^*) 0 (hVo] A Vní^*) 0 M=ol) а м і о І : Е
г
( 5 И 
a"d= -liai«*) ^01··· Е
г
( 5 И . 
Iws is tke i-coaireoL contt^aflUctiòn. 
We are apprt)acking^ Ио% tlie Ь'иик of oui- knowledge. Questions frite , I 2 á J2" 
or^Ij-áA^" око Wave a· ring of ¿mprobabi&ty bat seem to belong to 
a oUfPbre*vfc level of rnysteriousriess tiüauiu tkßLr predeoesso«. 
H/e do not pursue this tine of research any further 
lA/e Ob not see й reason tvhy these annoying enigmas are true, and, tAere|b»e, 
iwe do not want to make axtomç of thecn, although, such things are 
sometimeç done, if only by way of experimeirt (cf. TroeJstrg 197a). 
Ή 
We lATOwfc to conclude Üvs cAopier by α sAort comment on tkc subsets Ρ onci a 
of ^u», wkick a-re оІе(ілеоІ by. 
For cdl « с ω ι ^ : 
Piot)
 : = Ε, ίαο) - > АДа«) 
We leave ¿fc b ü\e header to verify ·. Ρ ^ A,. I n conb-ast to tlus, we kave-
„ 0. ά E," ís схи е ж ^ 
^ 
«? 
Theorem ·. 
Proof·. Suppose ftt-st: л С - η Зг\Гс((п]=о] -ν 3nCo<(n)=0]] 
Ltnder tkis ass<jLmpt(0^ for ел/егу ott ωΐΛΐ Ь»е /ОІІОИАИ^ Ao/ds-. 
A, Cd0) -* --^E^oc4) 
, -.-.(Α,Μ -> ЕДы1)) 
¿^ 3η Γοί0(Λ)^0 ν ο ΐ » = ο 7 
Fcow tKis, We may conclude·. U ^ E 1 
Mbw acsttme . Q ^ E ^ By ал argument suniCar to the. one gti^n ¿n. 
tkeore*n. 5.18·. M^CWe^CE^ ^ Q, c w ^ bke*-efor«; ^eg(M«^tE^ ¿ £ v 
According to tbeo^ew. 5".if, tlvi« implieç. WxC-n Эп[о((л)=о]-) ЭЙГ«(Л1=ОІ] 
В 
lAfe sfcouidL b« C a r e f u l , i« fUtw.rev not to get e^tcmgled ¡Л tk« wei) of mysteris, 
but occastoKolly, a n d especially vn. ckapter <0 and. ¿л tkefast cívapte^, ц/е iwìl/ 
hOA/e to герг»- to tfc. 
The (blbwcng ptcfcare samknarczes üie posCtive results oÇ tíits е^а^-^ег·. 
A , - I , J i - E , 
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Ь. ARITHMETICftL SETS IMTRODU-CED. 
Having plodded Keai/ifc/ tkroagK Це last paqes cÇ chapter 5 where, we зам/ 
mack tkaJt we cUd hob really imolerstcuid^ we now enter a glade w/liere. 
sCmpli'ccÎ^  reigns and tAe SUA is shinuvg. 
The ciass of all subsets of ^a» whick ore reducible to Ε,,, es iKtrocLu.ceat keire. 
and- baptiz-eot Σ^. 
Likewise П^ ou)pea>rs, U»e dass £pp all iubcets of ^ n/Jack. are reduccble to /A1. 
Wß veKfy bKotb tkef«· dasses bekave as one skouJd expect. 
BotK of tkewi cot*tatw a UK-CuerggJ. clemenb 
The с?У ег dasíes of fcKe aritkmettcaj hierarchy, 2»*, Π*, Σ ° ; П з , - . · a r e 
¿«tr-oditced m a stratùjkfcfbrw/ard и/а*/, a n d turr» o a t to ЬеЬал/е рГорА#-ву. 
A sKorfc dUscas^ov» eyplaxns wKy fcH« dlta^onaj arqumertt docs hot prove 
tkaJt eack of fcKese classes ts properly ¿ncluded ¿n one of tke, foKoivi'ng 
das jes. 
6.0 /fe alep>\e DEC tp be tke (Ыіоц/ікд daçs of Sabsets o f to·. 
DEC
 ; = [ Л [Ae.u>[ VnCneA ν - . ( r e A ) ] } 
CMemben of PEC are Coiled •· degdabie. SuhçeJts of ы). 
Ohe hruqkt p-own a t (Jus nottoh , as we do not Аал/е, ¿η (> (;аі£іонх5»л a set o f 
6ЦІ sabsets of ω. 
Bujt n/itk tire kelp of AC00 we ¿an get ϋ ¿кЬ oar grasp. 
Ш rrvay recarle·. 
for ail s-ubsetc A of ы·· 
I f AeOEC , ікел 3<* Vn [ ne A ^ o¿(n)=o] 
a id , I f Зоі пГлеА ¿ « ^ 1 = 0 1 , tker» А с DEC 
ІМе. kave ev/ery reason Ь »-есо^піге DEC as soon as we accept шш/ 
or} fbr tkat maxter, σ2 [.·= { o i l o i e ^ l л Е ^ 1 = о ^ ο < Μ = ΐ ψ 
Ь.і We etefinc 2 ° Ь be tke /ollon/mg class of sables of 4 Ü : 
Σ ; . - f P | P b w u . | P i E , } 
Once w o r e , one nugkt fee| índíned ia object. lAte are tfery jcvr, wdeecst 
(Vowi s u r g i n g all possible iubsets of ωυϋ. 
However^ as in tke case of PEC
 j h/e will be able (0 reascare ourselves 
¿л a- Vnomertt. 
t.2 Theorem : Let Pc ^ 
Ρ s Σ ^ ¿f and only if there exts-ts a decidab/e subîefc A of «^ 
Suck ü o t V o i C P H ^ SwCSmeA] ] 
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Proof: (¡J Suppose ? < £ , , i.e.·· КіЗрГРЫ г? £,(pil 11<*Λ^ АС^, jetenwe 5c "cu 
suc* fckut: Rxn(5) anal· оіСРИ ^ Ε,,ί 5lo()] 
Define a dec¿dable subsek A oÇ ш by-. 
For aJl 6-e uj: 
G-eA ¿? З т Г т < ^ A З а Г б - С а л § ж Ы = 1 л Vcfaçc л а ^ с ^ δ - ^ , ο ] ] ! 
"iïierefore, A ÍU^fy5 tAe recjuAreme^ts. 
0¡) Let A be a decidaWe subset of ш suck Uout , Vot [ P ^ l «^ ЗжГамеА"]] 
Deterimne 5é "UJ suck tlaM Fan (δ) ал<^· 
For aJÍÍ oíe^íAJ omdL we ou 
(eMíw) - - - о if »me А 
. -в i obhervJi&e, 
Remark·. ыСРСвО г» Е ^ ^ И І , tberefbre. P^E, 
В 
t.3 Theorem·. Ш Let Ρ and. Q be subseb of ^UJ. 
IF Pe 2 ¡ and. Q e S « , tU* Pnu e ZJ . 
(¡¡) Let P0, Р
и
 Ρ
ζι
._. be a Secjuence of s-absets of шы 
I f V n C R . f i Z ? ] , tkerx U P
rt £ 2 1 . 
Proof (i) LUinq ihe. joreqoìiiq [\\<гогет, сіеЫггліпе. decxdable subsets A a n d В of ω, 
sud* tkat ·. Voi [ PÉ*) г? З т С a w e A]] a n d : л [ Q(oi) ¿ t 3ml>m e β]] 
Defihe a Subffet С of ου by: 
For aM í r e OÍ: 
A' eC ¿i 3p3c|[A-&f) л fr£cj л р б А л ^ е б ] 
Mow = W t e С ν -.(íreC)] a»d · Voc С(РЙ л Û M ¿? З ^ Г»« e С]] 
Therefbr«·. Pn а € 2 ° . 
(.¡'0 Using tke fof-eooi^ Uieorem., detzrmme a secjaenee AOJA1) _. of 
dectdoble subsets of uo, such tkat = Wi Voc С FJ, И ^ :3m Cam e A „I l 
Define α subset A of со by · 
For aJUL freu»· 
^GA ^ 3n3p[ ná^fe-) л ^ср л ρ€Α
η
α 
Then- W f r e A ν -'(«-бAil cundí. а [ ЗпСР^^)! 5 ? Brnfsm еМ] 
kJ 
THerefcre. U Р
и
 e 2 * 
Me Icnow, (rom theorem 3.2, tKoJb Σ® ¿s not doseci Luider the орет&о* op 
coupable intersectibn. 
We need a pau-ing PunctCon on ωω 
In order to spare tedwcaí Motions, we use our COCLÙIQ cf .^'»иЬг seouefices of 
nabu-al лаи Ьегв (cp 1.2} a/»d define < >.· ^y,
 x
 ω^ _+<»
ω
 ¿у. 
For aM ^ p e ^ w · . 
^oí f t^ . so í cmot <of;ft>4: = |i and \/пГп>1 ->• <<yl|i>n = oT 
ала. ¿af А > ( < > 1 - = 0 
Thé fiuictioh Kas ike disadvoKta^e of hot beava sorjedtive, but tKt's ivt'íí not do 
any Karm 
Ь-Ч Рб(Ыссп·· Let Oft te a dass of subsets of %u cwá U 6e a wember of M. 
U is called a universal ele went· of 04 , if iwe a re able, to ргоиг--
Le¿ Р^ ωω 
I f Pe Κ , then Эр> оіГР(о<) ^ Щ<ы^>)1 
Ihe carefuj wordirq of (Jas defthtttoM is Ь wajce ¿t appöy е ел ¿м cases шкеъ. 
we do not uet (Uow tRat 04 теш te yuieiœd as CL set. 
fcs Theoirern·. 2 * cof^ fcachs a. ant^ersaJ elemervt 
Proof·· Depute tUe subset Lt of WCAJ by-. 
For ai£ o(6 WUJ •• ЫМ ¿ З т Гаг * ( ^ т ) =d3 
а л а лоЬе Üiat Lt beloKQS to Σ° 
Let Ρ & ω υ υ a^d P e 2 ° 
Pollowtnq tkeorem (,.2, determine a decidab/e S«j>set A of u) SÍÍGÍI tAa^^ 
VoctPCoil ¿? З т [ Sm e A]] Determine pe ^ ω s<xdi tÄafc ·. \/η[|*Μ=ο;?η*Α] 
Ткел·. Voi [ PCoi) ¿» З т Г ( І Г S m ) = oJ¡, i.e.·· л Γ P M ¿ ? Ι Χ ^ ο ί , ρ ) ! 
SI 
^ are ifccKcng to dia^oivili'ze. 
Corcíde«- tke s<4)SeJt U* of ^UJ Ш± ts defied- by: 
For аЯ осе wui ·• Ü.* M · = Vm С OÍ ( М ф Oj 
One easily verwes, usv\q tkeorem G.S.: U^ φ Σ^ . 
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As IA* < λ ^ (Jus confirms theorem 2.0, iwKich scud IKot -«(A^E,)· 
Ы> We. define iï° Ь be tbe follon/aig class op ïubseês of % и . 
Like Σ*, tl«s class is manageable 
67 Ifteorew Lei P£ " w 
Р е П ^ ¿f aw l orly ¿f tftere exists a сІесусЫэІе subset A of 00 
ÍVoof- (i) Suppose P ^ A ^ i e . : Voi3(1 [ P M ¿? А ^ р Ц Usúi^ AC,«, determine Se4o 
suck tkaJb . Fuii(SÌ and V*ZPl«)ä Α - , Ο Μ 
Define a dectdable subset A of ω by 
For aJI ire UJ-
Ire К ¿? V m ^ r í m ^ ^ A t c a A S ^ f a j ^ O A V c [ ( a s c A a i t c b 5 7 c ) = o l b 5 m ^ i ] 
Wow, Voi[ \/h[(S|oO(n)aO] ¿> м Г а т е А і ] 
Therefore, A fuifils tKe rec^urements. 
(HlLet A te a desdoble S4ibse¿ of ou S4XCK tkut : МхСРЙ *? VmfameAfl 
Determine Se ши) sucK Ьюк TunlS) and-
For all oté^u» and Meui: 
( Б М Н = 0 if 5 w e A 
• - 1 if ¿in» 4 A 
Rework Voi С Wot) 4 Α,ίΪΙοΟΙ , t K e ^ r e P^A,. 
El 
¿8 Theorem • Let Ρ,,,Ρ,, Р
г1-. ê* a secjuence of Subsets o f ωω. 
i f п С Р . б П о ] , tKen n^Pn e π?. 
Proof • U.sv\g Uè (oreçoir^ fclieorem, аёхгимле a íe<yaence Α,,,Α^ Ax,._ of 
decidable subîejts of w, sudt tKat· t/h л Г f^íoc] ζ} \/ml*m€ A n ] ] 
Peftne a subset A of u j by-
Fbr all ft-6 ω ·• 
й-еА ^ Vm Va. С Ь яа л w^ Cf (fr) -> a e A^T 
í f9 
Then: Ve-CC-eA -і(б-еА)] and· Vuí пІР^ы)] £ b'mfSmeAlî 
We кпо^, o^»n tAeorew И , Uta* f «(oíe^l «У0 = o ¡ и f * | « e ω ω \d0= i } αοβς nofc 
belong to Tl?, arxcl, henee/ tkaJt it may »ccar that a union of Tio-sets· ¿ε not 
a Tl0- s«*. 
4-9 Tkeor€»n ·· ïï^ contains a universa.! dement. 
Proof: DefÒK tke subset U of %, by·. 
For aU «с ««ui« UCo() ^ V^C^iö^wijsoJ 
and note bkai LL belong to TIJ. 
Let Pc»*, and Ре Π». 
Follou/¿n9 tkeoí-em Ь.?, detehhune a decidoble Subiet A of w sud» t/iof 
Vot[PÍ¡j(i¿í VmfôifneA]] üeternvne д е ^ s«^ tAat, \/пГй(п]=о^ леА]. 
The^ ·. Voi[PM¿ т [ р ( 5 ( т ) = о Д i.e.: te С PM ¿í IXÍ<^p)7. 
SI 
Lei us try and dogonalize олсе »nore. 
Consider Uè subset li.* of ш ы wíucK is de^'/ied by· 
for ail «c "w: Uffot) == 3mCoi(5m)^o] 
One easily verifies, using Uveo rem fc.g., uf ^ П° 
As lij 4E,, Üvis confirms fcAeorem 2.2, wkich said Üia£ -. (E, а A,). 
bio DeMton' Let Ρ Ce a Subset of "Λ« 
yvte define tke subsets UK(P) and Βκ(Ρ) of ^ by. 
For all a e '"UJ = 
ІАлІР)И -= VmCpfoi·»«)] 
E.<(P)Ui =- 3m [PG*·")] 
Ь-іі Pefinihon·. We define a sequence, Α,,,Ε,, А2,Ег,... of subsets of ^WJ by: 
Ç) For all «еші»: А ^ ы ) : . Vn ГоіМ-О] 
E 1 M •- ЗпСл(п)=о] 
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(lij For oll new· А ^ .= ΐΧη.(Ε
Λ
) 
E t n · - Ex (A J 
We define α sequence Π°, 2 ° , Π®,2Ξ , · . oÇ classes of s « W s of %, 
bv 
For ЫІ л е ю . πο
Λ
 = { P| Pc ыоо| Ρ ч A r t ( 
Σ : . - { P | P ç ^ | P d E n } 
fc 12. "íhgprg^ Let Ρ£ω(Α> a n d n e w , n ^ l 
Ре ГТ^ if and only if there exists a secjaence Qo.Q,,,· · of subsets 
of ^ U J suck fcdaJb V m C Q ^ f e Z ! , ] a n d Р = П GL·. 
Ρ e Σ ί
η
 Lf O"43*- ^ ί ^ ^ ^ ^ 5 a sequence Q 0 ) Q „ .. ofscxbseis 
of ωω Suc>» tKat V w [ Q w 6 n ° ] a « d P - U Q w 
Weil) 
Proof. We pro ve the first part 
Suppose : Ре П ^ , cxnd oleterw.u\e S É ^ U J sack tfvat Fun (δ) a n d 
VotC PL*) g AÇh ( δ Ι ^ Ι Define, (οι- eacK WÊLÜ, a ffubsiat Q w of ы ш 
т Г 0
т
б 2 ^ and· P . J ^ Q , 
K/OKV/ sappose. QoìQ1t... LS a. sequence of members o f 2 * , and , 
using AC^ and АС1о ,determine Sewuü suck tltok 
BeJberffvave Ιε^ω suck èkaJb Fu^(4) and VdVm Γ fe M * - И * ! 
and remarli Vet [ V M , [ Q M M <ii A ^ Í ^ M l , i e . Ρ = £
ы
й
т
 е П5п· 
L.ke Σ ^ a n d TT?, all dosses Σ 0
η
, ΓΤ° are surveyabíe : 
ЬіЗ Theorem. All classes S J, Π ° , 2 ° , Π°,... do possess a universal element 
Proof Use theorems Ь 5 a * d ¿-9 and Construct a universal element 
U^ of Σ ^ a n d a universal element U,,, of TT*. 
We wtll exktbit uiúversoJ dements for the oik&r dosses b^ induction 
Let n e w and Suppose· U<f, and U0|^ a re aniverçod dements o f 
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Σ
0
η
 and ÏÏ° , respectiyely. 
Defòie subsets U-,^ a»»ct (XoSt1 of ωα) by^  
For a(l ote ωω . 
U4ÇllM : - 3m Γ U 0 ^ ( < ос", (рсГ > ) 1 
lt 1 S l t awol U 0 ? # l oto ÍK!br\<| (b Σ ^ a n d iï^ , respectively 
We claim UíQut tKey are Lüii^ e.rsaí ej€(«e»\ts m their classes 
Let us prove •· U1Ça is a universal eiemert of 2 |
м
. 
IP Ρ is amy in&mh&r of 2 s
n
 , &em) usina the foreoot-ño 
theorem ajui ACof , we may (W. be ωω sack tkai. 
ЫНл) ¿ ЗтС ^ р * » ^ ] ] , ue.: VotCPíoc) ¿ i U ^ ( < ч р ) 7 
El 
Members of U Σ - wiH be. called. ari.fcJ\metica| sabsats of ^w 
(cf Note 1 oh page 2U,). 
An immediate consß^aence of theorem Ь M is ·. bViC2^eTTj
n
 A Π® e 2 ^
η
1 
Verif^í^: VníZ^QZ^ л П
в
0
с Г Т !
и
] ¿ς not oUfPicuít. 
6./Ч Tïieoremç Ь.5 omet ¿ 9 о^л/е rebirth to the resuûfcs of cKapter 2. 
№ may ask. , n^hetho- theorem Ь.із is also Pe«-tdie vn {Jus s^/ise, oihd 
Cf U may be .see* to confi»-»* the conclusioKs of chapte*- 3, and, 
hopefxlly, to leact us on Ь new vistas. 
I t is not, kowe/er. Let as tn/ a n d cui the classicaj capers wi order to fW 
the coutse of fcKe trouble. 
Cons-idei- U 1 2 , the uiu/ersal eie^enfc of the doss S J which has bce*i coMstructed 
іи the piTDof of b^Dtem ¿ і з 
*iïiei,/ for OLII Ы,^€ "ω -. U t o í<io/;ji>) ¿ З т Vn Γ Ji w (5n)= θ7 
Defbie a s/4)sefr U ^ of ωαϋ bv : 
Foral i ο(Εωω·. U* И · * Vm Зл Го«*1 (Ял] ^О] 
I t is obvious, now, thoUb \f
oz beiongs to TT° ,bu* ¿$ tot so obviouç that 
II*
 г
 does not beioKç to 2 ^ 
Suppose. U ^ e 2 ° . Detej-fmhe (ie wa) s<*ch that : 1/о{Г u£(ct) ¿? U ^ p i j 
Assume: ^ ( ( i ) , tken U ^ ^ ^ ^ ) , i-e.: тЗпС ( i ^ í ^ f o ] ам<Л-. ЗтУл C^ífn)^] 
Contradiettoft· There(bre-. ^(jÇ-tji) ahd: -i (X42 [<р,р>) ; ¡e.-· 
-» тЗмГр.
т(рп) ¿ о ] and: -· 3wVnC(i ,r,ijîn)=ol 
Meeting such a a w>tld be α very тетогаЫе eve«t^  encieed, but, as 
matte« jjtäund. now/, we a r e not afc^ Ilice dassxeaA Hiajthe»iaivu:a>nsy to 
exdude the poss-iility of us existence. 
5Z 
We сите remcnded of Ita masteries wKicK we encoiuitered ¿n ckipter 5. 
If i^ e assuwe tKe ehigmaitúiai \/л[-'-» 3η[ο(ίη) =o] -> 3ηΓο({ιι]=θ1]/ ive may 
carrvj kKroagK fcKe dasç-ica] o^uwiewt·. 
-. Г П З П С ^ ^ Й І ^ О ] , i.e.·· -. \/m-<-i3ni^mif>n)4o] , i.e.-. п^Эт VnZfPípUól 
Тке same bwn of ttau-gHt would save us a t all flaure stages of fcKe 
aritKfnetical Кіел-агск .^ 
In oKapte»- 3, vie. cùramvetfted, tine myffie»-yf ¿f only рзг tíie case of fAe ACOHOÍ 
level and долге a truly construeftve сыдсипв*^. 
tote will hcwe ho peace till we Aove extended tías to OH levels of the 
hierarcki). 
6.15 We could bave starfed the hïejrancKy ¿^K the dass of ail ctecidabíe subsets 
of "UJ, 
We haay define a p^ec¿aÄ subset D of ω^ Ьу = 
For all oiewui·. ЪС*) •= cvío)-o 
and №mark: Δ° .·= { Р | р £ ы ц і | Ρ ¿ D} and·. 
and A1 ά Un(D) á A, a n d . E1 ^ fxíD) ¿ Ê1 
On tke other hand, Δ° does not hawe a universal element, fbi·, ¿n thaJt 
Case, we would hot survcve dia^onalízaíion. 
Ifc is (or this reason thai iwe mention Δ° only nou* 
I n this сопл eetion, we a re brouoht to heconsider t^e classical fbct : 
Τΐ° л ZJ = Δ° (cf. Note Ч on раэе lit). 
This ÍS improbable , ¿h View of the fbllowinç·-
Fermât's last theoretn »па^ be ivritbe* ih the fcwn·- л£С(п\вОІ, tohere. f 
is a primitive- recurstve pxhctcon from w Ь (o, i} 
Biot, using the Brouwer - Kripke - axiom, WÄ may construct p» from ω to fail 
such thaJt Fermais last theorem ¿s équivalent tö: 3nC|4(n)=oI 
Cons-ider CF := f ο(|ο<€ωυϋ| VnCfMsoJJ a*d assxone·. ïïfn2°^A° 
Then·. С ρ is a dectdable subset of ω ω , and. Fermai 's last theorem has 
been proved or refÎuted , a btq surprise, ¿ndeed. 
<>it> A telafced question, wli¿J» feews of Some interest, rcfei-s Ь the structure <Σ^4> 
Roth Ъ and £,, bebng to Σ " and : D -< E1 
Is it possible to (гкаі p 6 2 ° Such that·. D-<P •<£1 ? 
lb be s ^ e , We bave no method, (or deciding, (br all ρ , ^ β Σ 0 : PiiQ ^ Q^ Ρ 
^Define P : » C F a n d Û - ^ C Q . _, wiiere F, a s ¿n Ь.і5 stands fbr Fermata 
bsfc theorem, a n d G (or some other unsolved proposition, wh¿cí»/ as 
pa/r as m know, has hotiung >^ do with F; i.e. we do not know hotv 
to cuvswer CFw-F") -> (&ит fr) or (&^-·&) -» ( F v F)) 
But we would like to see a Ρ fVom 2 ^ sfccA that Öe steutewenis 
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„ ?ά D' ard. , E14 Ρ" are boüi contt-adictory cwd not tout reckless. 
The dual problem asks if there e#¿sts Ре П^ such thai D ^ P - Í A , 
Lice iis cohripanton, Uus phobtein seews rather inaccessible. 
Classically , boti» questions have to be ouis<*werecl in the nâaatiwe. 
О Let us clefW, (or all p e ^ : E* . - f Q(|oíeü'üJ | 3 η [ ρ ί 5 η ) = ο 1 J 
According b theorem ¿.2 a * d AC01 • Σ ° - ( Ел| ße ^ ы ) 
Remark tha i , fbr all (be «"ω-. 
E1 4 Ел ¿? 3o( Vnf (ь(5п)^о л 3 m í S a n f p ( w ) = o 7 ] 
Suppose. -ι ίΕ^^Ε«) a n d condude-. Vol3nCß(Sn)=0 ν \/mQ5in[fbím)4o7¡ 
i.e.: 3SEr(ui(S) A Vd С Ertoli ¿ ЫЪЫХП, i*-- E ^ D 
^**) Let as de|lne f far all р е " * ·. Λ ρ : - [ o t j e x e ^ J Vn Гр^5Ы=о7} 
Accondxn^ to theore*n Lj a n d AC01 ·. ТТ^ ~ ( A ^ l p e ^ u u } 
Remark tkat, for al l ( ΐΕ ω ω 
Suppose^  -,(A16Aft) and (and ApáD. 
We d i d not succeed ¡л proving similar Conclusions by mtuitiomsfìc wectns, 
ar»d the semi-clascical assumptio*!·. ^йГт-Эп Caini=oD -» 3 > ι Γ ο Ή = θ 7 ] aito 
d ü hot bring a/rvy relief-
t · ^ We dose this chapter by tivo Minor reworks. 
The f irst one is , that spreads, as they have been introduced иі 1-9 
do belong to 17° ,bu,fr t k x t , cohversejy, not every d e m e n t o f П^ is a spread. 
The second one says, t h a i , i* correspondence Ьо chapter 4 , we fmgfut have 
¿produced a dase like ·. 
{P| Ps-^jPa D^} 
and r e m a r k e d , that a subset of ^м belongs Ь Uis das? t'f and only ¿f 
i£ is the union of tiAto £ejts/ eack bdor\gi/»g to 11° 
We cannot deny , that in b. 14-16, Ц\е sky Kas been douded SÍighífy 
Our pcKt concern will He b wake the artthmetical Qadder, now ßutng down, 
sto,,<1 Ύ
 ^ .? ,r- .У .£ д .•« 
Πί 
πι n\ и; и; iç π; 
ç t 
7. THE ARITHMETICAL HIERARCHY ESTABLISHED 
ІЛіе extend (Jie resalts of chapter 3, in wluldi ne /eornt ^ o * А
л
 ouid E¿ 
are incomparable, a ^ d И/е рюие , ЦлС-» ( Α
η
^ Ε
η
) Λ - Ι ^ Ε ^ ^ Α , , Π . 
TKÍS conclusion Way b-e fVawed a s ft>lioiA/s: \/Λ Γ ^ ( 1 7 ^ 2 ° ) л "»(Σ* S Γ7° )1 
Ihe argiLnietut ¿s cw irvductCv/e оие, a n d develapç ¡deas from cbapíer 3 . 
7-£> W^  will make use of th« facfc Uajt есьсЯ one cf tke. seis А ^ Е ^ A2, E2,..-
is, - Os we tfttend to call Ck [rom chapter Ίο owaurds--. str£cf&y analvticaj t 
ι β..: 
Vn36[Fun(&) A>A„=ROL(S)] A V«35EFuniS) AEM = Rat<S)] 
Ih chapter θ, we. saw/ tkat А
г
 kas ¿kis property. 
Tks is not tJ\e pull (¡ale. 
l ^ indeed construct for eacK Ah (resp. E„) a special sequence S suck tkat 
Fü*itS) and. A„ (resp е
л
) = Ra (5). 
Buut tke proof of the kierarcky tkeohem also uses otker properties of tke^e 
seouences S. 
Let us not talk too muck a n d ao iworktuo. 
We pirst feeail a n d extend some nofcationa/ conv/entioMs ivJuck iwe ùitroctuced ài 
tke ckaptcrs 1 a ^ d f. (Cf ^г). 
For all п Д е о и suck t k a t i U й^п]·. 
n(fe.) •- — He •·*• tke value ivkck tke (Wfe Sequence coded by n, 
assumes LU ^ 
"¡7\еге(о»тг/ (c»r eack neuu: n = < »,\(0)/ n ( l ) , . . . , h ( Éo(nì - 1") > 
For all пДеии suck tkout t ^ ^ a ^ ) 
R-^ fe.^  · = U e c o d e nutf^ber of tka t f^ mfce s e q u e n c e of 
/engtfc fc, wkock. ¿ς a n L*utCci¿ pct r t of tke fi>uf:e 
s«cjue>Hce, c o d e d \oy n-
Thehefbre, for eacU new· . ñ(£a(n^ = n . 
Let ^fe 4 u 
1MB introduce Ы о subsets S j t y a n d S^Cyi of ω by • 
2
Е Ф ·" tnl v* с ¿uz ¿ в^ ы -> naM^yí^^**1^} 
Thesfe defbtctCons oio need some eyplanaíton ·· 
Players L and IE Ore doina a cjame ¿ц l^ujck tkey сКооыг, alteniatejy, 
a n a t u r a i munber. 
TKLU f^ vifce secjuewces of n a t u r a i Hui*\be*s tepresei^t possible positions іи one 
of tkeir pIcaL s^. 
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Sj-lj) is the set of positions wkcd ma^ be t-eacheci ¿f player I ¿s fklbwctg 
the síroie^^ guerL by ξ. 
Σ , Ы ¿s ü»e se£ of positiohs И/lucb ma^ be readied if player I ís (ЬНоіл/ьил 
tke atrcttëgy qcvçj* by к 
We rernaHc. ·. fy Vi 3J «χ Vn С ал β ^ ф л 2 ^ ( 5 ) 1 
(H/henever boB\ player I a n d player E Kave decided upoh Уіеіг ítrctfcegies/ 
Ьівге is a (OU^UÄ ^esxlitt^a play). 
For ЫІ песо, ar\d ^ o t é ^ w we define Y^n^ иг ^OJ by· 
For all p e w : 
( j p ^ a H p i = = 0 if peXj-Cj) arvdL ^ ( p ) » n, 
:=.ocCp) i f p ^ Z j C j ) or i j (p] ^ n 
Ibr all r\c cu, a « d ^оіе^ии we oleftne ^ с х ^ а іл ωΐΑί by: 
Гог οΆ. ре ш: 
^ ^ e c ì C p ) . - о if р е 2
д
ф and ^ р ] = «к 
:=сУСр) if p ¿ S^Cfj ©Г e^Cp^t l 
Appealing repeoutedly fco АС
о 1 , Os we olid ik 3 .1, Ive may nertfy : 
Vn \/oi С EhCot) ^ Щ f G( = у s r w o t 3 1 
and: Vu Ven C A n M ¿ i з ^ С ot« j f ^ « ^ 
The iViterbwinino fu^cfcior» M 2 Cs hone o t W Уіап fcKe ftinetíoM IXJ (vlwSe. 
uccjuaiKtojice vve itwide ü* Ä.1. 
To spara tbe header arvcl ourselves, we do not go uvto üie trouble of 
giving a detailed pi-oof of tlie just tnentio^ed fixcis, и/І ісК should go by ілсЫіои. 
For еасіл η, we may иЫе. i e ^ u j suck t(kxt Fan (5) a n d VÄ [ S|a = o<0sKioí1] 
We observe: Voc [ En Μ ¿* 3 ^ [ α = SI(il 
and: 3 S C F a n ( S l к £ r t = RafSH 
For еаЫ»
 П ) W e way »naJcé 5 fe4ü suck tÄaJb Fan(Sl a n d bOíí^loi = οί0ρ<ΐη«^ 
K/e observe·. Voi С A n 1<A £ 3 ( i Ы= i l p i ] 
and: 3S[FaniSi A Ah = их (5)1 
These remarlts vindícate tAe sta>te*nent Шск орел аі ¿Ais section
 j anöL 
conclude Uve prepctraticxis we bad b ma¿e for·. 
7.1 Lewmq= \/rv>0[lp ASn 4 ^ , Uie^ Eh :< A j 
Proof·· Suppose neuJ, r\>0 a n d A j n ^ - ^ s n 
Usino AC41, deteorUne <5б%и ^члск ЬКсй·· FtortfS) and·. MacCA^MtfE^ttMl 
S(, 
Remou-k. : Vj' л 11 A S n С f x> i n o(U 
Therefbre: Vj- V* С E£n С « l í f ^ ^ l ал*-- ty\/oi3m С А^ С tf К|Гі>ч5лві)Г } ] 
ÍThe comerá focuses ои ihe creative subject wliicK is suppfywg 
у алі o( stcj)- by-steh, αηοί tKen sv/¿tcbes to the ¿mifcatii/e iobjecfc, 
wkciv is responsible for íKifp-asoi) and. has fco wicxJce a ckoi'ce 
abouut Ct, notwithstanoUng fc^e fíaot Üiat kis biowleâlge c^out 
У аиа ot ¿s, and ¿s to remaùi, widely CHSU-Çftciervt. The. OrecttCve 
subject, of cowse, can not boUt expfout tías sfcUe of affau-s:) 
Hs^ ng CP determine m,pew such that: bj'bbtC fp=Sp»ap-• А
П
^ ^ * П ] 
Determine s e w sud» Mat <s> > p. 
I he creative cabject ctid not pbce Aimself u^der an^ oblfgatiori 
as regards the sec^ue^ce ois j he s^ ill may choose ctnv^hg <ιβ likes 
(or ct. 
DcfW ? € '"с« such that РапЙ) and: |іГеір)5-/іл V e K ^ - ^ ^ l ^ o ï ] 
Let pe ωι« and suppose·. £„ ((b), Уіеж·- Asn ί^ψ), Q*^' 
in асШъоп·. 3jf3otC ^p=5p=Qp Α ξΐρ« f p*snaí'l · 
Therefore.. An ( CS|(4lpìr) 
Cowersely, suf pose: А
К
( ( « І С ^ Г )
І
 Ы«#і: E^CSI^I^), 
tkîrejote: A j n U l ^ , o M EnCp^ 
We have seen·. Vp Г д д ^ ¿ ? А
и
 ί ( 5 Ι β | ^ Γ ) 3 , •'€-·- Ε
η
 ά Ah. 
A siraW rejùiemeivjfc of the argument (òr lemma 7-1 leads Ь tbt conclusion· Aj^A^, 
(Defcne ? е ^ ш SUcb UcU Fu i^C?) a n d - V(bV£[^<s -» ^ l ^ = Q ) АС?ІрГ*»а«] 
ThtS Construction brings out that fche problem if a given feguence has 
the property hçn , is not düntncskcd by any knowledge which re(e*s to 
onlvj (ifvctely irvxn.y of its subsequences) 
But »tfe ігчху do ivithoujt the stronger concluston in ou/r cwLu-cfcive scheine-
An ÍAdíspehsable eíement ¿к tkis scheme ¿ι 
7.2 Lemma •. Vn С If £Sh ч А ^ , Ü\cn Ah ^ EnT 
5? 
Proof : Suppose : п&ш and ESn ^ ASf, 
IUUKJ. AC^ , determine Se "ω ялсй that Fa*v(5) cu«i . Vot[Ej
n
(oii^ Α^ίδΙ*)] 
We H/il  prove wo»«, than the tfieorem annoujices, viz. A
n
^A t,_1 
(We acçame: n ^ l . TCe cases n-0, n = l bai/e been taken care, of ¿" 
theorems 2.2 and. 3.3, respectively, and. will wot be treaifed. /іе^ altbo^k, 
Wttk Some precautions, they might be subsamed under t t a »»юге general tAeorcm). 
I n order to ai/otd- the sproutina of too икхлу pare^tAeses, м/е 
Will sometimes wriife ·. di*^ in stead of·, (OÍ*) 
We are to construct ? e %ο such that Fun (ή), and, for each ft, 
?l(l bolts as folloivs: 
II -β „<
 Λ
* - - - Ι
|Γ 
ο ο ο 
The ftrst - order- sxAbse^aences op ?l(i are ; all of theen, very similar to the 
sequence ft: for each Ц^ы, Ue subseoue*ices of (?l|i) fc a r e : 
fxnttely mouny (і/іг. р
к
) times the sequence Q , and, t f ie feaf ter , the 
Su¿sec|U.ei\cec of ft, i*\ due. order. 
Ohe obsenfes·. ( І [ k^) ¿ 5 ^ ( 2 1 ^ 1 
The numbers pe,pii— olepe#id. on fi i (or each Псы, the choice o f 
pK will be »nade such fckaJt ·· Αη((Μ - ^ Б и С (SIUl(i))k) 
Moreover, и/he*» caJculatina p f e ) we ctfso сІеЬеглгіке a number m^ 
suchthout: AnCf,i - > A n . 1 C t S | i 4 i j b « l ' , n * ) 
Carrv/inq out this program will bring us a rich W v e s t , a n d lye 
will merrily 90 round a s fblloi^J: 
An(|i) - ^ і Г А ^ ( (siai^)1··"*)] 
I 
ASn Ulteljtf) 
J, 
E s n ^ l f i ) 
"herede, A ^ ^ ¿^ V tCA, ,^ ( i5U?lpi) f c 'm t ] 
This looks verv/ much like the conclu&ion м/е a r e ci^as^ng afte*-. 
58 
Construction oÇ i 
Let β>6ωΐο; α seûu-ance n/làcA. ¿ς to loe. heid fixed. du.r¿r\q tke rath&r 
involi/ed constrcLûtt'ort of ?lp. 
kfe will woJce a йсціелсе οΌι^)^?--· 0Ρ ^eQite«ces , eacJi depehdUnci 
ои ft, wíUch converges, wv tAe naJturd SZASÄ of títe MOÍ-CÍ. ?l ji is defìneoL 
as the limit of tíus S¿qiLef\ce. 
Let f0:= 0 a ^ d ος·· = Q 
First step-- Reimrlt·- EÇ(|(^0 ^ : 5 Λ Ο < 0 ) , and, USAKQ CP; detei-inc>ie »n0,po*^^ 
suci, tKajt: ЦК* Hf p
e
= f0po л δρ0-5βρβ) -> k^ULUï^«))0'**)-] 
Uow def-'hé «1 a s folloivs·. 
( ^ 0 ' г - . = . Q ¿f ί<ρ0 
CotO^Po*1.., ^ р,г all U* 
Μ
η
 := О tf и* ί-
Remark.·. 5^,,= «
о
р 0. 
BetemLrie f,*"" ^исЯ t W ^(<>) = 1 a r d VfcCfcf <••>-» fiftî-o7-
Remarie - et, = ƒ, S S n 0 ' 1 
Sü.ppose-· «€ " ω A οί0-(οί,)0 л οϊρ,,-^Ρβ Λ AMt(i) 
"Ihe/fì·· A^íoC0), ariQ(y wKai; ¿s More· 
^ ^ P o ^ f o P o л ^Ро=^оРо * « - J f S ' s n 0 1 1 
Tberôfbre·. Αη^ίίδΜ 0^«) 
Wg keep tkis ih »ntr\d·. 
Voi [[oc0 = ^0° A Sp
o
=^p 0 A Vjtì) -* A^JiSla)0'*»)] 
Secowdsfep RemaHt: ES|iC^ X ^ ^ ) , Ond, ust»^  Cp; detemine Λ,,ρ,ει*!,ρ^ρ
β
, 
such ü.at-. VfVotCtNN-yip, Λ 5 Ρ ι β ^Р,) - » Α ^ α δ Ι ^ χ ^ · · ) ] 
Wow dep-he о^ as (ollows: 
C^0 .- кг 
ад
1
»« - Q ¿f ^ р , 
ад
1
'^ : - . |Ь( (bh ОД ««UI 
(о<
г
) ^  . = о tf m » 2. 
Remcu-k·. ^ ρ, « ^ р , . 
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Defo-moie ^ е ^ SacK tílat и<?) = 2 and VtCt^o -^jkftWoJ 
ßemai-k.: о(
г
 = ^ « S n o i 2 . 
Suppose·· Aé^w л ос0- (ы
г
)0 л - К ^ л З/ϋ,-ο^ρ, \ Α
η
(ρ) 
"ІКел·· A
n
(oiM ,ûrtd^ wkat Cs more: 
^ ΓΡΙ
 = 7 1 h л « ρ , - ^ ρ , A oc= ^ s S n ^ l 
iMfe keep tKis ¿f\ nunot·. 
Sfe-tKstep.. IfoncM-b E^Cj^s^^ot^), and, ctstn^ Cl> detenrune т
К і
р
к
€и;
у 
sucKtkai: p4>,pi_1 and·- V| О С ^ - ^ А ^ - Я ^ - » Α,,^Ι^»^)*·"-*)] 
How defbie o(
sfc as pslbwc: 
^ t ì l ' P l * l : * J i l í^ r Oíd ί
€
0 . 
Petermtne ^ 4 é ωα/ suck tfo^ K^H β St а^ гсС VtCt^o -»^H«ol 
Pappose•• Л£ш*) * VicÇl Г ОІ^  = (βί
Λ
^] Α öip^^p^ к A
n
( А) 
Then·. AníocS, сигм*, vvkat is тоіч»·. 
Therefore- A„.4 Í ^М1'""*-) 
We Äeep tbes ¿h minet: 
lAfe conclacíe fcke defbufcioh of Щ by рюс/аЫло·· 
vie u\^k .- садЧ 
We make fcke followcrxo obserwattoMs ·. 
ІГ Ui(0P4 - ^ P i l «d. Α
η
ψ -> V t C A ^ S i a i ^ ) ] 
"Піе huinbe^ s Μ
β
, «,,,... oto depend o*\ ρ,, le* as (»Л-сіе Уіеіл ал *ι<Ν4,№)~· 
bo 
We debernúne це ^ω such tkxjt Рцл(к|) ouid. 
femctrlc: Vp í Α
η
ψ ί ^ V i С A, ,^ ( ί η | | ΐ . ^ ) ] ] , i.e.: 
But ·. ^ ( A n _ 1 ) ^ Aw_ , as may be see* [гож tAe p-^viou-s ciiafyfer 
(cf. 6.12), omd tkerefw-e: A n ¿ A | | _ 1 . 
SI 
I n retrospect, lenwa 7.1 іксіу be Seeh to follow (rom l«wwa 7-2 
For, sappoÄ-. AS r ,4ES h ; tKen ÊSSr) áES w > and . ESSn í A^ n , fcfeerejor«·. ASn ^ А
и
, 
a ^ d Е
и
 ά. ASri ¿ А^. 
We rnouivtpüMeoL lewrncx 7 1 , because its shoKer pf-oof «vcgkt s-eri^ e Ь prepoue 
the k-eadtr (or the proof of Іеі^ию. 7-2 
And here we fchd ¿t standing ¿к all üs glory. 
73 TTieorew·. íArttKwetícal Híerarc^ Theorem)1 
Vr>>o[ - i f A ^ ^ Ì A. - C E ^ A J ] 
Proof Theorems 2.1 cmd 2.2 toucgW; U& ^ои/ to pat a. fint fbot on t)i« 
ladder. (^)ou ma^ choose a n d start ivifck yoar kpfc foot or ivitk. you^ 
rigltt foot). 
Lerrtmas 7 · ^ «"«*• 7-2 taugKb us fvour to pcxss tfe left fijot ои 
Ь tke next Ittgker ^ е л , if we I earn OK tKe ^¿}Kt one, and kow 
bo pass khe KqKt foot on lo tiie next kcglier Step, if ive l-ecu* ои 
tke left one. 
And so we cJiJnby a ^ d cUnub, a n d ctdl dimb. 
IS 
The (olbwing Dictare vtsu.aJíies tlie resuJM: of o u r efpjrts: 
^\Q Ar 
Г/ 
A«d we dreana of fligker tdinqs ... 
t l 
8 H^PEßARITHMericAL SETS IWTRODUCED 
We contChue Ьіе coKis^deKxtcons of the previous diopters, and now елгигг 
fcbe domain of the J;raiis{W(fe. 
We ha«e to develop SoinetluKg oP a t/\eot-y of сооиіЫзІе ordtwotic 
Wz (will ¡cteivtifv Coimtafcle ordthoJs a n d tAeir r^prese*itcut(ons as vMl- iD-der-ed 
Stamos wv ^w. 
After tltis, »^ badd kyp€ra>rcfcíiiii€í ícoi safe owd proie their wocfr obi/i'ous 
properties. 
80 For ед/егу ι»ΐ£ω OLnd every subset Aguj ^ и ^ define α suiisxt m*-A oÇ UÌ by.. 
m*· A ··=• i[ m*p | pfcA^ 
(* has been ¿»vti-octiiced (>\ Ί.2, a n d demotes соисоіеиаі іои). 
We define the set $ of well-ordered stu-wvps иі ^Ίυ by b-ansfuute. inòULctt'on· 
(i) ^ e $ 
W I f Ao,A 1 ,A 2 ,— is a seqae*\ce of ekitiewts op $ , tlien A belongs 
to $ , wdere A- .= f<r>J и ^ <n?*-A„ 
ino I f ar>y subset A of ш does belong to ψ, it does so because of (ocmd 0') 
Ifc is dipfu;uJU to ¿uiiqe, ¿f tbe cç^inuaJIy exfcefidüia stccic of n/ell- o rde red 
stamps ¿s a totoÄtty wíad» deser/es of beino coiled a ffiatkeaiatcca/ ^ei, 
on a paw itfitft. u> or ωω. Some wem-bers of Wie Ргеисй sd^od of cjescrüstitte-
sei- tbeorcsts s:Kra*il¿ bock (row dcK>ia so. 
Do we sicrvey {Jus tofex&ty so well, tKaut propositionsí obtained by Qua*tttf^ina 
over i t , a re теапсиорлі? 
t LE. J ßroarter d i d not anawbioaoasly express biwseif on tlic's point.(cf. Mote 8 on 
page 4'?^· 
lAfe accept tlie depLfution^ but keep ύκ wiiwd, tbcU ^ aJfckïugb a £<гі, ¿s 
very imcíi a MJt of its о um. ÍUnd, lí iarkedly cUffererU; prom botti ш (x+d 
Because of the defbution 's secowi clou/se.
 ; members of $, йг genera i , 
Ccwnot be ascuined to be deter»yUnciLte objeots f i e . objects whicK adwut ûf 
a fttute desariftion, cf. І.А\ 
Once it bas Ьеаи a c c e p t e d , $ way be liandled by toe ^letl iod of 
trcLnsftnÀte induction, i.e.: геЫюяс a n d ope^aiüons on $ way be d e f i e d , owd 
деяе/аі statements about all members of ^ «iay be p r o v e d , by "(Ыіоім'*? 
U e definition" 
8.1 Мг will ase Greck let ter »,τ,... to ш-у оиеі- $ 
Ь2 
Е ег^  <ге $ ís α deadable subset of w 
Moreover, fot- oll ere φ . VmVn[(tne<T л tnQn) -> he&l 
cwöl·. Voidní dn φ vi 
lufe »nay verify these facts by transfinite induction 
^ог ail (τe $ and пеш, we define cixbcets "a" anot ση of ω by·· 
"σ- ·.-. [m | и*іп e er) 
б"* .· =
 <η>
σ- = f m j<n>**n ecrj 
/hese defitutíews cc»\fi>ri»i Ь the ar^emge^e^ts made ik 1.2 
One prove? easily.· for all <г€ φ cmd neu»: "σ а»чі «τ·1 do agaùi belong b £ 
life defW σ. binary pnedicaie ^ ои φ by trowspKtfce ¡ЛСЬІС£/ОИ: 
(ι) For all (re $ ·. σ-< φ ¿> σ·= 0 
tu) forali σ - , Γ δ Ι , Γ ^ φ : « r s r ^ плЗг\[ σ-^^τ" 4] 
Wfe »nake the following observajtíons: 
For all σε $ σ-^σ* 
Fbr ajl «Γ,Γ,^βφ: (о-аглт^ср) -> (Г^р 
For all а е ^ и в ш : σ " < σ A V . e ^ ' , 0 ) , , - - ) n ^ W " l ) ) <cr 
Lefc A ол<1 В le dectdaWe. sabstìts of ω and ^е ww. 
Wfe def ine: 
jf·· A F-* & ·= Vn Γ ^ ( η ή
β
 ^ Ы л Vtoto [men^ƒ(*)£ƒ("}] AWÌD IÉA- Ì ^BJ 
(Ohé should Uink. cf / os a« attempt to e*nbed A irio £) 
We also define·. 
A <* В -.* 3¿f Г ƒ·. A e-» Bi 
8.2 "Iheonem ·. For all σ,Γ€ φ σ-<; г ^> < τ < * τ 
Proof » Remark.: <г[σ-£*φ ¿> <г= φ] , therefbre: »[ σ< ή> ¿? σ - ^ * φ 3 
Oar proof (A/JU be by transfWfe ¿ndjuctiow. 
A««we, therejüre· σ-,-c e φ cmd сгаТ^г^ф· We Kaue b prove:<г^*т. 
Vite кпол/= i/m ЗпГ^' ' " ¿ τ " ] , <xnd may s<JLppcc«= УгнЗиГт* < * r " l 
ьз 
It&cno АС00 and АС01 , идг determine t\e
 ш
и Gutd p>r eacU me OJ a seyaM«. 
v
m
 e ^OJ sucK tkctt = 
We define a new se^uÄ*ice ye ω ( ^ by·. 
(I) ƒ£<>) :« <:> 
OD (òr all hi^netü: ^<ιη> #n) « — < η Μ > * fin (Ό 
ІКги·· г- <г f-^r, and <г<*т 
WoiV assume o-s*-r andL detenruhe /e^w cacK Bwat ^•(тс-^т 
Let Se^iü be s<xcA tAat Vw Г fi<m->) - < í (w)> l 
Remark·. Vm Г O4"1 ¿* Γ δ ί , Τ ι Ί ] , ûnd use t/ie induction QssoLwpíioK 
b conclude·. т Г т ^ ^ r 5íwlIIy a n d : c r¿ r 
Ü (s и.се|кд.| Ь consider üie cctre^oYdJürq strict oi-c/er or\ ^•· 
For all σ^τε $ <г<-г- . =· 3 η Γ σ < Γ η ] 
We tajee note of tKe |olb wtoa·· 
For all σ , τ β ^ σ < Γ -> С Г О Г 
For all σ, г, с e $ : (σ <£ г л г < ю) —» (г < (р 
For all < г , г ю е 4 : (<r¿r А г^<р) -> о- < ір 
For all (г,г
у
ое$·. Ccr<r л t-^dfl -^ <г^ (р 
For all <ге $ : er f ^ -^ -»(σ<σ) 
One possible *va^  to prove the las* - menttbfiedt |b.et fs tbis one·. 
Suppose·, eré φ ало. σ<σ. Deíermcne ne ου sucA üiat 0'<an , ctud, 
o-pp^ina to biieo^m 8.2
 ( détermine ^шм Sodi tloJt ^: σ f-xr" 
Let елв^ш be sueb tKaJb·. VnL 5rCSni= 017 ν· ^(δΐη)^ and assume·, в-^ф 
We ma'y estatíisti Ь^ induction-. Vnl оі η € ^ І, contrary to . Vß 3n i ßn ^ ç] . 
І^ SüLze B»e oppof-tunÁt^  (or an explicit ítctfeme^t of tKe рсілсіріе cf 
tra^sfviuite ¿nductton, wliccii^  fco be sar?, lias been prece** for sowe tif^e already. 
83 (Principle of transftnife induction) 
CO A first (ohnulattoit, Lefc P t Φ 
If ΗΦ) and Vir[VnCP(ff»]]-»p(<r)] tliw ΜΡ(σ)]. 
6Ц 
00 A fécond fòrmulctfioM: Let p£ ^ 
IF Prandi·.Va[Vr[r^-^PfrJI^P(^l, then bfrtPfr)] 
8я ІЛё do not wurt to develop окімаі aritKmeti'c ·, Üifs stump tkougít ùivctinQ subject 
pall ς ouJtside tke scope of1 tkes treaütise. 
Wß h/Ш plOp-'t by Lutrodact/iQ a £pecLa\ kihd of fc/efl-orcjered slumps. 
DùCua so, we bave lo ase a paü-ino junctton •· < > : itAj >—» a» 
lAfe de(i;he tbe set Hl^ op heredtbarc^ ¿temttne stamps by tra/is(We wductibn: 
(!)(< >} e H I ^ 
(Hj If Αο,Α^ A 2 ,- ¿ς a. se^u.e«ce of dements of Ні^", Уіел A beionqs 
to HIÍ, whete A = * f < >\ υ U < « h / h ^ > * An 
HeKiditarily iterative stumps O^e Q u ^ as nice as ordmxry stui^s ouid t/i€y 
елю^ owe adoUtioKcd pTOperty. 
fbr all ere НІ^ \/пЗт[иі>л л σ * =
σ
' » ] 
We Witt h/r¿te: © ·•= fc?} 
V\fe define, by trans(inib2. indactioii, |or each σβ НІ^ , a subset AT and a. 
subset E J- of "V. 
(О For all oie ωω = A ^ M •  - Vn [ o( (<n>,)= O] 
Ε
φ
Μ
 :
= 3hCoi(<ft>)=o] 
(H) Foi- all a e HI^ , suc* that σ^(3) and afl ы βωω--
Ohe wight ask why uwe ctid hot include φ ¿uto Ні£ and introduce 
D : = £ , : = А^ by: for Oll 0<€ωω: fyoi] : = 0( (<>) = Ο , bu¿ ϋ»6Γβ 
a r e disaxdA/cunJtciges: fco this pirocedwre, as en üie Case of tAe (Xrithmetical 
hierarchy, (q . fcis) 
Hfe defrwi, (of each σ-G Hl£ , a dasç Π° emd a class Σ^. of subsets 
of ^w by· 
l i ; = « { P | Pc««« | Ρ < Α
σ
} 
Σ
0
σ
 = = ( P | Psuu) |P4 Ε
σ
} 
Ь5 
Eûck one of Ü\eSe dasçes ís eacy to gras-p as a wliole. 
8 5 Гьеокеж : For all ae Ні^ П .^ ала. Σ° οίο йа\/е a luuVereaJ de^€nfc. 
Pmcf. As ГТ° = П^ awct 2 ^ = Σ° , wkerc Π° a n d Σ ° cue our p-íe^ols 
( ол сКар^ел· G, //e ICAOW (Vom (>.5 otwot ¿ 9 Аоіл/ to consttudt 
uuuversal demerits [oh these classes. 
VJe. proceed, bv induction. 
Suppose, tft«re(oi-e •· <re Η ΐ φ , σ ^ © амоі Jet U0 o, L(01, UMI... otnot 
^ ю . ^ , ^іг» — ^ ^
0
 Sequences of ÇabSJits of %υ ςο ι^ that: 
тГи 0 | Г І is a uniHzrsaJ elemei^ of ГТ
0
^ ord U4 is a unû/ersad elemetit of 2 ° ^ ] 
V(fe define subsets U0 and. U, of ωω Ь 
РОГ all 0<€ ШМ: 
Idioti - 3h,cuo>n(<o(°ío(ir>)l 
We claim fcKat (A0 and. U1 are universd eleine^ts of Г7° a n d 
2J-, i-espectt^ely, and p^oi^ e олі / lialf of tías claini/ as ^ e 
otKer kaJf »nay be ßsfcablisbed ій a s-cwilar імлу. 
Lfit as fi>£·^  see to it tKai U0 does belong to iï£ 
USÙVQ ACot, we find a sequence ¿β,^,-ορ elements of ωω sacA tí»o(£: 
V« С Fun ( S J ] and \/ίη V«l ILim І<Ы0, (d<)m>) & £„.« (S^ ld ) ] 
Lei; Je ш .и be sucb tAaJt ·. Fan (S) a*d. Vn Vet Г ^Іо«Г « 4,1 «З 
Refnctrk: ^ Г U0(oi) ^ A ^ U l o O ] ; i.e.: ¿(0é iïj 
Leb ms prove пои/, fctait Up ¿s a UALve/-saj element of П°. 
Suppose- Ρ € ω ω and·- P e i ï 0 . Determine St^uJ sucK fclvaJt: 
Fu^(5] and. Voii ? (a) g Ag-( SloO} 
C o l d e r , (or eacb м е ы , tfce Se£: f o<| «¿"ω] Е ^ ( ( i l ^ i j 
and remark í W Üiis set does be/ong to Z 0 m . 
^
s
 ^ iw ^ 0L " ^û^sa j eJemeM of Σ °
Μ
, we "ray determine 
asen^ A C 0 1 , »we P;nd 0 6 ω ω s>ud, ¿Ы · · 
гл аС E
< 7 m ( ( Ш Г ) ¿ ^ ( « ^ , ρ - Ό Ι -
Therefore: Voi [ PC«) ¿ Ü 0 ( ^ p ) l 
£1 
fcÉ, 
The. following t^ eorewts bring toqetheir sowe nte structurai properhes of the. 
ky|>erartthinefcicai Іцегсягску. 
8.Ь Ibeorem •• For all er, г e Ні^ : 
ip σ-^τ, Лея. T£ ς ГГ^ aMd: Σ ^ Q Σ ° 
Proof·. One »nay prot/e tke ^rrt part by SIIOK/CMO: 
For oil (г,ге НІ^ : if <rs г, Оіеи:А< гаАг о л ^ Е^ а £ г 
Tiiís is done by trafisfinifce (fiductiòn, m conjbrtntty ІА/СУІ tfce 
deftiiitioH of <,. 
fbr fcKe Second pa^t, ¿t suffices fco sfcon/: 
For all r e KIÍ cwd пеш·. A
r h d £ r and- E r r > ά A r 
Let иеш and ^e^uj sudi fclioüt: FtLn(4) and·. 
VotC (?k)" -ос л VknCw^h -> ^l«)" 1 = iJ.Theii: ^ C A ^ M ^ ^ H ] 
Let n e ω a n d rçe^o suck t^at: Fu»(η) ou»d= 
Tterefore: пеы С A
r
„ á g r л Е ^ 6 Α
τ
1 
8-7 Iheorerr·. Let P £ w ^ and β"e НІ^ , (Г^© 
Pe TTJ if and only ¿f tkere exists a seoue*ce Q0, Q1T... of sutsels. 
of «"ω ьи*к tkat : VmBr^rCQ^eZÎ . ] and: P= A Q w 
Pe. Σ ° if and only if tkere ©xcçts a seoueace Qo.Q,,·.. ûf subsets 
of ww sack tkat·. ^ m 3 r ^ a - [ a w e Π®1 and: P = U Q^, 
Pr^f · We prove tke second part. 
Sappose·. Pé Σ° and determine 6e ^tu s«-ck tkafc ·. Funis) and·· 
^ С Р И ^ Е ^ ^ Н І Deßne, fbt ead, metJ: Qw ·- {oc| К^
т
 ((5|оіГ)]ож1 
remark-· ^пСС^еГГ л ο-^^σΐ and·. Ρ= U Q^ 
Wow sufpose: Q^Q,,... ¿ς a secjae^ce of subsets of ш
ш
 suck tkat·. 
V w a r ^ a C Q ^ e n » ! UstMq tke de(¿uhbn of ,<* (cf.a.z)
 α
^ ^ ^ 
S.b, we ¿*fer·. Vm 3n С Q
w
 € Π*,,] 
67 
Remembering now, thaJt <r is heK-eoUfcctrtÉy iteraHi/e, cxtict as¿no kC-0bi 
Ш M ^e^u. cucK tKott, ОД^?0)^^2)... onci: VmCQ^c П Д ^ І 
We define α ееоойлсе (Sö,81I...op еіежелЬ« of " ^ sudi tkjU·. 
Fmílw, tve »тюке a. sequence he. шь> ÎUCU 6Aa£: Fuut (à) аде/·. 
\/m Уо( Г ітгЫ] = А
л
 |oi] and. V4 E - ЗтС (U?(m)] ^ ^ ^ САІЛ]6^]] 
We. easily verify: U* t 3mCQ
m
((xi] ¿^ E - . ^ ^ ] i-e.·. U Q^, € Σ^-· 
The fi^ &t port es proveol tn a s-tmilar и/аи. 
Η 
Let us defthe, (t»r еа.сА « e w « « : |a| : = f h | o f H ^ O } . 
TKU-S, |O(| is a. decidaJole Subset of из^  wkos« ckctra^ctefis-tic fLtnction is <x 
Ые fnajy observe tAaut, >^i- ecicK ые^ш cmd. ecxed σ€ φ « 
UI <* er ^ Vm3n[ |o¿m| ¿»б·»] 
We define , (òr eacK σ ε φ . tg. :=» Γ oí | |«1 <*σ· | and remavi: 
ICg- is Ri^raritJimetccaiZ, tKctt ts, it does belohq to sokne dass· Σ^-, τ-e Ні^. 
Orie wouUd like to caiculate f»Ow σ the first г sodi tkat *> € 2 ^ . . 
ß<At ке do hot Shidj çtwnp - arikwetic'', now, and uve Kave b abandon ¿íus ou^ tfabu 
Anotker р»тэЫет anses, іл/ken K/e define a. pcu-tial onder ¿na ç on ? by : 
Fbr- all σ, r € ^ : α- ς r ·. » k:T ¿ kr^  
a n d a-sk (D ·^ a Cowpanso*« bejti^een. ç and <. 
"This does hot Seem to be an easy medte*, ectAer, coid wte leai/e 'et atone. 
We may define a- (imdion О : i*J\jf0i -> HI^ iry: 
for aJI п е ь о ! © i - { » n | ^ í m ) ¿ r t l 
We observe, ivifckout difptcalt^ that, for aJI ne to . ITÍL = ^¿ , owd Σ ^ . = Σ ^ 
"Iiuis/ Ue ariÜ\wefcícal hiöiihcky is seen to be pact of tAe ЦрегагсІАліеКсаіІ 
Kierarcky. 
tfemorlt-. VmVnC fe) " fe^ 
"Ite fto^e kas been Set, now, ß>r оие of tke kigb-pooits wt our little 
drama; tke resuscttauticm of tke Ju^pararitkineJttcci! íwerarcky, wktók ном/ 
lies ffcd and lifeless, aitiloaqk not all warmik kas le^t its feti, as We 
Saw in cJncyte/r J. 
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g. THE MPERARITHMETlCfU. HIERARCHY ESTABLISHED 
We want b prove·, (kr ev«*-^  s'è HI ψ = -. (A^ 6 L·^) л -> (E^ ^ Α
σ
) 
The fo-st tKihg one tkHts of whew fac¿*<} tkcs probier, ¿s s o ^ e exte^s-t'on of tA« 
inductive argame*\t by w/kicb tlie агс£йлге£ісЫ kienxrcky êAeor^n IA/CLÇ р»-о «сі. 
Bui it turned oui bo be raJbker cUffìcuiLt b find fckç extensión. 
Vfe. were bhongkfc to make some maior c^cmoee in the o*ïqLna\. arçuj^e^t-
Fcrs-t, we replaced. tAe, neaat^ve stcttei^eAts·· -iCAg-dEa.") and·. -«(Еа-^^И Ь 
stronger conclusiows, in wkck neqoutton d o e s иоЬ fxQare. 
Seco^cK^ tKe proof of Ціе hew tíneorem is fio logger ùioUictt've in έΑβ se^se. 
tkaJt It redacet tKe case o" to oUI coLtes r , t-<(r. 
RatAe*-; út consist« іл a. soke^cxticod coKstructibn ivtuicK fias (ö be cartfeot 
oui fro^ stcwt to {tasß, fbv ctrvy o* cmeiv. 
А »нслог cKa^qe is tkout, hehceforti», А
а
 a n d E 2 K^ il  be cohsidereoL ας tAe 
>noSt Simple lujperawttkH^eticctl set^ and. tWoi д
і
 ow\d. E, vviH be forgotten. 
The germ of tke proof is to be (ounci in chapter 9. (Chapter J had 
fco mcdee the sowie acltho^ledgewie^t). 
We hou« to rev/eaj the true ruchness of the results of cjiopter S Ofid, 
(òr fctus purpose, Vte iKtrooCuce Sojne new/ tech*ticci4 not<joK£. 
9.0 Let jbe ω ω be a spread. , i.e.·. ft fUiflls the condition: 
МіГр>(сО=о ¿ ¿ 3nCft(a*<n>)^o3 А А ( < > ) = 0 . 
Spreads ( sub spreads of the iibiversal spread·. ш^) кые been ir\e»t<onedi before 
in <.g. Let us recall the follotving defuution: 
For all οί,ρ,ε ωω.. 
oí
 €
 a : = Wi Γ ft(5in)=ol 
balking akou* a s p r e a d i î , ^ 2 · oÇien are thiwlahc^ of U\e set foi|ûi£^l. Mie» 
fbr ЫІ fte ^ю a n d a.e w we defijie a decidaWe subset fc£ of w by.· 
ІС^ ·.= [ η \beuj f [iCaií<h>) = o} 
I f |Ь Cs a s p r e a d , tfce fcJIon/i^ g kolds true: 
\ / а С ( ь ( а ) = 0 ¿ i B n C n e l C ^ : ] 
МеиіЬегі of tKe spread ( с ф е р } мху be built up step by ctep/ м Course of 
time. Іи/Ьеи daring the сокагасЬЪи of r^ ^cív а те*»*Ье.г we коме qob so far as 
the fùute sequence a , the ,choice sek" kP> dispiays U*€ naXa^al гчл*пЬег^ 
by wkicU, we may continue fckt ftiaite seguetee a-
I h the folio wi/tg we will öfter гигсС n/ttfo s p r e a d s л> і*/<ю£е m ambers oc 
Ore tivought of a s Ьеіл^ de-fened ои (тебе îecjfue^ces of noutttral numfce*^ 
rotker than cm naJtaral ivUMtbe^ s tke^nselv/es. 
Ь9 
Let (ie '"ω Ь« α Spread cwd α e со. 
We iva«t to call tbe fcntte séquence a free ел ft, cf for e\/ery «e/i, 
duríí^g Уіе step-by-step-construction op en, we dud not receive any 
restrictive ¿fljunction f row fh, as far as aoí ivas concerned 
(We were /ept free to deterwime a value of ex at tAe finite sequence a, 
and at any continaation op the futtte séquence a) 
This is the Exact definition 
a ts free in fi .= 
M-t/cU(i(&J=0 л ^ ^ ) = ^(с)л м<§Ш[Ш4с(т)-*тяаЛ}-* f(c)=0] 
We remark. hKafc a is free и* ρ if and only if · 
\/A \/^Г(о(е(і л \ / т [ л ( т ) 4 j'íw) -» m e a l ) -» fep.] 
I^ e observe tKat, if a is free іи ^ t^en 
Vn Vm[ (fcjin)=»n л m e a л /i(n)=o) -> K ^ ^ l , 
Ihe. converse of Mu's stcxtement ts not true in сеяегаі 
We define a binary predícate -ir on u) by 
For all a, 6·eu;- a 4-6- . - - ι ^ α ς ο ) л -і(б-са) 
Irtfe remark tlxat α £ς free m p> if and only if 
Vd. Vf Γ ( d é p л \/тГ ( α τΙ-»η ν açm)-9 οίΗ = ^ Π ) - ^ ^ p ï 
We also need tke following concept: 
Let Л€.шш be a spread a n d a e IA Then-
a is almost free 0» ft = Зр пГй>р -> a ^ n is freein/î>l 
gd We wiJI brcwe a suitable refinement of theorem 3 2 
lb this end, w& introduce toe subsets A* and £* of шш
г
 by lAe fafowthq 
for all of€ww ·· А; И .« \/н\Ы«т[л)4о] 
for aU *€ωω: E / H .·= 5m п Г о ^ Н ^оЗ 
We observe- VbtС - (A 2 Ы л E*(otìì л "> ( Е г И л Α*(αίΠ 
Wken г, ft e ω ω are spreads, ƒ is called a sedbspread. of (i qf 
VaCv(a]sO -> p ^ s o l j oe, ôc|aivale*\tly; if ые{£оі€р]. 
We will write. i^ Gft occcLSionally 
9.2 Theorem-- Lejt гьешь) te a spread, a,i-€iAi; Ьешш sucK t/\ai FuniS) and-
ii) a. is almost free in ρ 
Сю VoiepC A
z
C a o t ) -» Е
г
С5Іоі)1 
0"ί ρ (fr) = О 
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yufe flov ina>j cowetrucfc α Subspi-ecid (i' of p. suck tkafc. 
(ο ρ'(βί-ο 
íuij Ve [ (с4- a л с is almos¿ (Vee i>\fi)->(c isal»nost (ree ¿η p.'M 
We bave to гв іа ітге tbe proof of theorem 3.2 
)Л/€ oletenmine pew such tAab Vn[n>p-»ia*r\ is free іи (il a n d · p>ujíW 
We assU-ine our codUna (?f pt'nite sequ.ences of natural fiambers 
(cf. 1.2) to be sucK tKat VnC«<<n>7 
Tberefbre, alffo tbe followuag Aolds·. Vn[n>p -» (a*<n>) is free ¿и |ïi] 
We now/ define ^ € W U J sudi tAaÏ = ^ι^ίξ) anal· for all ^ле^ш^ 
Ζίγ,Ά — ?Ι<ΐίΊ<*? fulfils Uiese co/idxbLons· 
For odi mew. 
ЪЦ,*)^) = oíLm) t'f . mid or açm, or т<1цЩ 
Foh all п^теЫ: 
£ty,oO (a*<n>* m)=0 ¿f· <.ii?*hi >p ciuci·· η<ρ 
^(.KOCÌ (α*·<:η>*<:»νι^ -Ο cj n>p a n d т=^(п) 
^CJ-JOO CO-*<и> «•<№>) « C>¿(OL і к п - я к т ^ 
¿f·. ti?p anot iw^j'ínj 
^ remarle- ^ИхСсхер, -* C ^ C ^ é f i л А , ( a ? C ^ ì l 
Therefbhe ·· ^ О(6|ІС Е2 ( &UCj^l 
We cKooíe some с**€гъ sacK tkat (У*Е&- (i.e. ¡5»(*д(ЭД= &-), cwd 
?ome ^* e шои 
Арр^іп^ to ССР (cfl l.g)
 t \це det^ínine qeu;, т е ш stu^ ϋιαέ: 
^>ралоІ Vf Vol6pC(^ = p c | л â^ = ^ q ^ -» V n T C S U C r ^ H = θ ] ] 
Wfe the* defrne a. sabspreaud. (i' of β ßy saying: 
For all 0(6 ji-
ocep' if аиа only if·. οιεΛ л 5 q = ?Cf*oi+)c} Λα*<(ΐ>οί=1 
We have to sKow/ tbat p,' does everytking w/e ivant it to do. 
Remark, that Vote (b' С а # < 4 >
 Ä e 1 ] , ti^-ef^re·· Vo<6 |Ь' С Ef {*«)] 
On tke otKer Kaivi·. Vcxe/b'C (Slot)"1 = Q l (and: Voie ft'f £ С5!0*)!) 
ν 
In order to See this, one should f^ ecili'ae·. 
Vo-C |5'(di=0 -• З^ЗсхерС ^q= p o л Sq = 5C»q л ^ ( ^ e a l ] 
Therefbre: VaC|i'('aJ=0 -> 3« С oie о. л C5 lo i ) w Ä 0] ] 
Let rtej?/ a>\d coMSíder Slo( 
Remark: пЗт ъІ Zm =Ът -+ (&\дЫ)= ІШ)Сп)1 
and·. \/о(е(ь' п С ( 5 І о ( Г ( и 1 = о ] 
(As we pui it in 3.2, it ¿s the conscience- s t r i des nature of 
the ùnitatù/e subject n/kcU bKngs ЫшлрЬ bo the creative sabjeetj 
The remQtniVig properties op |i' are obvious. 
SI 
We cure qoinq to prove л S¿m¿lar counterpaut-t to theore™ 3.3 
Wfe introduce the subiet E* of ^см bv-
For all ле ω ω ·. 
Ε* (οι) : = 3 n C a ( n ) ^ 0 ] 
IWe remind tbe reader of the conjunctive projection operaJtions »vlucíi 
ha^e been mentioned, υ» chapter /f (cf. 411) 
Leb Pc ω ω ömdL neuJ. The subset C n P of %u is deflyiedL Ь^ 
For all <Χ€ωω 
C P M . - Vq<n[P6o(4)] 
9-3 Theorem·· Let ( Ъ е ^ (»e a spread,, а Л , песл) , <5еыи> such that·. Fu*íf8) and·· 
(ι) α ίς almost (ree йг (i 
ОО о<€(іС Е
а
( а о ( ) - > А
а
(А|о(П 
Ûi') (iCír)=0 
lAte now ац construct a subspread (i' of ρ such (Äat: 
ίή a is aJhiost free йг ^' 
(»J ( > 4 W - 0 
O'O Voícpf ССйЕ*(ал)л r ^ ^ W ] 
OvJ Ve [ ( d r а л с is almost free іл ji) -*(c is ataoJt jì-ee ch/i'JJ 
Proof: Kfe ase the Same method as ih the proof of tíieorem 3.3 
The present s i tuat ion is ectsiei- to ta/nd^ as we have 
Set ourselves a mote frodest purpose. 
12. 
We pet-jòrw Giù- task, in a rounber op steps 
First, detenmnc 9oe ' ; ü s u c ^ ^01^ α·*<9ο> w free І'и ^ a*d ^УЦЦГ) 
Determine о(0(ьс> s<xc^  tßat·- aí0€ (>• л aJÍ<í9o> ^ = о 
Remai-k: EjC 0 1^, and determine p0 suck fcKafe (S|oiD)0(p0) = О 
Also deteirinine п0€оо &ou^ v tbat·. VOc€|ï,[öron0=5n0-> (¿|о0о(роУо] 
We now cor\sti-udb w
o
euj, q4euo a n d оц e (i such t W : 
< V 1 C a * < o > * < n i 0 > ) f О 
1 
Remarit·. Е2(ао<Д u n d clßbe-rmihe p ^ n ^ w sucK tKat n ^ a n á 
We colime. (Ais ptocess jor η steps 
Ih fcJie епс(; we find a 5<2ои.елсе c<n e [i and a number I: e из 
sack tkafc: 
л V£<n[ (6k)« (pe ì=07j ] 
We define a subspread (i' of β Ц sayt'hq-. 
for all oieß: 
« e p ' if and onlv ¿f aei л St^ll = afc. 
I t ¿s not d/fficalfc b see fcKat (i' fulps ali reoiurewenés 
El 
In comparison fco tKeorew 92, bieorem 93 do<?s fieem òo ^ е a rather 
weak coiiclaiton. On the otHe*- hand, tke fth-ile seoae>\ce a u/fucfi ft^cw^s 
ih tbeore^n Я.ъ, has been kept almost free darLno its proof. I t will be 
poisibl«, (or t k î reasofl, to apply tíieore»n 93 se/eral times at tde 
s cune place. 
We now prepare bo attack the Hyper arithniet¿cal hierarchy. 
I/We made <& accjuounXanoe йг chapter 8, bui ne redefW ¿t", becautse tt 
Siuts as to have i/r йг a sUqKtly caffere^tt sÄape. 
For eacK r e H I $ , Ufe define s u t e s Ρ,-, Q^, Ρ* , Q* of4 ω ω 
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We do tkis by truhsfliute ihducticm. 
As in ckopter 8 , we iwtll write, φ fbr (< >J 
For all ο(6%ϋ·. 
Ρ* (л) : = V M 3 h Col"(n] f o ] 
Ùntoti ·.= E i(ot) = 3» r \ / nCo ( w N = o 7 
For all т е H l $ , ^ f © , for all ο<6ωοϋ·· 
P r M : = V n [ Q t J 1 t« · · )] P t * M : = л [ ( 2 ^ ( ^ 1 ] 
We remark: V r e H I * о<Г - ( Р
Г
И л Q J H л -· ( Q r M A P ^ O C ) ) ] 
We reiiune a Ime o f tliougki; vv/lucii we fblloiv^d. in chapter 7. 
h/e. recognized A^íotí a n d Fh(oi) ας boastful annou.ncew€Kits o f play^^s, 
wta were ¿hvolveot ¿И a game cm a t ree of untfbrw heLgki: n. 
Like wise P^-M c1*01· Q r t«¿) fnay be Uhclerstood. to sa.y · „ I ( V resp. 3) 
am able to ил>\ the QaanfctfttLr-^awe dafcerminecl by a. o n tAe 
w e l l - o r d e r e d stourxp î", wKaJbever the »no/es op my oppoKenJt? 
Ihis i dea lie? behind- tke (DÜOWWVQ defì.'nxt'iòn. 
Le£ ^ о і е ω ϋυ. For e a c h r e H I $ we wdl define se^uuences Г ^ г ^ а л с ^ 
j r s ^ OÍ. ¿η. ^u). TíuCs is done by trancixfufce mduefcior».· 
^О аисі ^
г
 a r e the CnWtwiHíno |uJ\etLOAs whCch. іл/е d e n n e d ¿к. y o 
l^ fe knomr, from 7-o. ·. Vot [ Í ^ W ^? З ^ С о ( = J ΡΟ
Ζ
Ο<1] 
and- ИіСб^И ί* ajCA-fsvill 
Further, $>t ехисЬ г 6 НІ$ suck that Tr ¿ © , we defüie·· 
and· ^ p < , r 0 t £<>•) Ä ο(ί<>) 
a n d í S r O C (ту: < 7 «
г
о О
Л
 : - У '
,
Х
Г Л
0 1 И if П = f lö) 
and: ι sz
x
 οι (< у) : - ot ί<
 ? ) 
7£* 
Оце ток exercice in fcransfittcfce тсІасНои іл/Ш lecxm-. 
а С Ρ
τ
 LàL) é З ^ С el = \ pOfOil] 
and. V a [ a
r
 (oí) £? З^Сы- f ^
r
o t l ] 
Hfe forge a tKírd weapon for the qr-eni battle: 
g.5 Theorem ·. Let r e НЦ
 > г ^ ф 
Ічк fte ω ω Ge a spread., a, i-eω, Se^ui sack tí»ajt: Fan(6) a«d: 
0) a is almost free іл. ^ 
CM) Voi€^[ P^t^d) -> а
г
( 5 Ы ] 
On) (i(tì - О 
We may construct a subsphead (b' of fi awd n^weua sucív Üiai.. 
0) (i'(M = 0 
(lij a*¿í»> (i free иг p.' 
On) г ^ ^ т ^ 
ov) vécele Q ^ t w i -» р^иад1")] 
Cv} VcC^i-a лс ¿ς alhiott fi-ee i^ . ft] -» С ¿s aJmost |r€e tn fi'] 
Proof·. We determine реы sucti tl^at пГп>р -» (a^n Cc free in я»)! аиоІ-.р> 
lAfe ае(г>е Χ&ω*} ¿иск tKcxJb: Fuyr\(^ ) a ^ · · for all ^)«ешш the Seouefcce 
^C^ot) ··= ?|<^o(> fui(Vls tlie рэІІои/Ся^  cohdlitions·· 
?C^ìe<r , if ote «r 
and, (or all (и^ еы·- ^Ск^КН : ж *(•**) ¿f ^ 4-a Oh ae*»i 
^()-,cx) Ca*<ft^ * w) := o cf <n>)f-tn >p cand n¿p 
Remark •- Vn ¿ρ зі \/yn Ζ н\> I -> Щ,*) la* <n> * m) = о ^ 
and·. Vh>p Г СЧс^ ооГ = (j-ixî^vri. 
Obs^ve, Іюі/ е е ^ tAcO;·. Vj' Vot-Cote p, —» ^Скы) ép,"] 
hfe dioosc som-e ot*6fi> Suctx fckub о(*е t ancL Some ^ε^ω. 
λρρΙ^ίηο to GCP, we deiermdie c^ , m e w sacK tKa^·. 
We calculais heou fack Üictfc ·. η>α , n>p a n d . τ ^ τ " 1 
СНед-в we do need tfe (ìxct tKaJt τ es kereoUtartiy ¿telnat û/β) 
7 5 
We define α subspreacL ft' op (?> by saywta-. 
For all oíé (i·. oCfeß/ if and окіу Cf ·. δσ = ?(f*,o(*)q 
Wote tkajt = b'llri-sO a n d · . a * < n > C« (ree ¿η (Ь7 
Могеоіла-: VdÊ^ № ¿и [ Q
 t C ( í a«l c ) ] 
5ϋφρο$6 . d e (i' a n d . Q (¡а
А
)п] . "Гкоі^ P-t С"1«), bu¿ ajso·. 
З ^ З Л + е ^ С y ^ = f * ^ л 5 * 9 = ^ л ос = ^ C j f , a + ) ] 
l i i e r t e : P r « , ( ( ¿ U ^ c c Í M ) «яЛ: P ^ í í S I - Г 
Remark, ftnctll^ кко± a member o t e A , ifv/ktcA Kas a. w/tsk to beb»^ 
to fi»^ need not rectrtcfc serioasly any of its sub seque»«:« с ^ wHe^e c-jra. 
Tbc's clicws fchaJt [î>' reoii'zes o u r great ехр-есЬаісоис. 
В 
Theorem 9.S wdl ркоие i t i wort^» as part op our inductive OLrquynznt. 
Like tbeorew 9 . 2 , ¿Jb kas a (dual] companion, buk tUic cs too ea-s^ to be 
fbrfhuloLtedt as a. ЬКеогеіи. I f (A/e cw-e іи a actuation where. Q , . ^ ) - * Р
Г
( 5 Ц 
we ¡mmedLfcxtely fee·. \/rtVwC P r K ССа-*ГІ -> Q ^ ^ ( ί δ ί α ΐ 4 ) ] 
9fe> liier-e atne still а (ей/ teckwitoJ hofcioKs fco be текісокеоі. 
Let ae tü and. ^З^а) >o. PdL(ai Cpredecessov- of a) ¿s to b« the code numbe»-
of fcke (tnXte seauewce, wWcli we get by оюиШид ϋνβ Icx^t ьщпЬ&г from ÍAe 
{tinifct Sequence whose code иажЬе»- us a . 
Ткеге^Ък·«, |Ьк войск a cock tkaut ?Q(aJ>o -. a « PcLCa) * < c i « . > 
PdC<>) = PdCo) w/£|l be uMdefbied. 
Let r e $ , ал<А а е г . ІД/е call а ал evidpoüdt o f f ¿f ко proper ехЬодюи 
of a cioes beiowg fco r , i.e. i f -»ЗиГа*-<и> è r i 
For any r e £ , tke Collectton ^ а | а е с о | a. ts а к endpot+it of г ^ es Q. 
decidaiofe sabseJt of uo. 
One coat í defche tke ndtibn of ,, endpoiKfc of r ' by t ransfbu ' te ('nduc^io^ 
а^ (опоил·. 
^We ivrite- Ehci-Cr\ |o(r tke collection of Shd-potuts o f г ) 
ÍU Ena (ф) = Ehd C^o}) = [< у) and-. End (.tfl = ^ 
Qi) IP Г > © · . End Cr) ·«= U ^n> * E n d O h ) 
This (Wkes ouïr preparaiconç. | ^ t a b a (0*9 b ^ a t k aKct ^атлюи up our 
C O O L T Q j ^ e : 
?«» 
(H^perou-itkivieticoLl Híerafc^ Theore^ first fork) 
Let т е HL$ awd Se %o suck Цю^ ·. Fu*l&1 аквді: Vrt[Pr(otì-> Q r ( S | a ) l 
We ·ν«οψ construct ^ е ^ ы sacii tkAÍ • Q^Cz,) a*»01 <2
τ
(ί | ί) . 
The proof Cs dUvided into federal paragraphs. 
We will spend a lot of іл/orcls on givinq a synopsis op oar ¿^tentions, 
bβft7^e goù ig to itforfc 
Ufe plan to define a deccdLafale subset W of r £ucU tixat = 
ι» -¿ y e w ; 
СЮ \6.[CaeW A fg(a) is е /еіл л a ¿s no ewdlpoikt of τ ) -> 3\л[а*<пу€ЬП] 
(m) VaLíaeW л CQCO) Ü öddЛ a ¿s no e^olpoint of г}-» V·* Ca*<n>cLi7TJ 
Tke seJb W i-epresents a straJtfeay for tfó [irs^t playea i« a quanKfier-
gawie ой tAe »veH-orde^ed stutnp r. I t m/ill be the stnxteay wkici. 
the St&temert , QÎ· C?}* acserts to eyist. 
At tke scune time, vie. will buxIcL a junefcion H·- "W -» Г, sack tkcifc·. 
(O Hi<>) = <> 
СЮ tfaeW С a f = H ( a ) r ] 
tin) Vae WCííoía) is ei/en A a L« HO endpouvt of τ) -> 
ЗпЭр [Η(α·<<η>) = H(oJ*<p>l 
fw) V a c W [ОЬэ^ ^ йа£ л a ¿s ло endpotnJ: of r) -) 
\/nCH(a*<n>) = Ηία)«-<η>1 
The function Η carries positions of r wkicA ЬеЬп^ Ь TAT", £nb sfcructarally 
eoutvatenfc ponctions of τ- (As
 г
 ^ keredjìarify LteraXùe,, tkere are / 
at evei'y t i t ^ many sacK positions). 
The fcwvqe of tke (luicfcion Η again repre£e*\£s a first- player- stmcjuteç^ 
ot\ v. This s t rategy will spealt (iy tKe truth cÇ= Q-ríSI?). 
(We acsuíned. fawili'cu-tty wifcK tke logicai convention fckoUt „3!* stands 
(Ьк·.
 я
 there exists exactly one..*). 
I n the following we will ha/ve fco consider all hatural humbehs, 
in their natural oeder, decoding fchew into ^ntte. Сесщелсъ. of 
rvaturaJ huL»nbers. (Cf. ід). 
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We assatne our codLina of ftnifce Secjuences bo be „ Regulär", ¿и 
fclie folloiA/i/ig sense of tKe (word. 
0) т\/и рСл<р -> (»i#<n> < m*<p> г^ <η> * m < < р > * і г П 
См) V ^ \/n L m ^ m * i l 
The latter condttiow kas already been mentt'ortecl иі Ί.2. 
The sec|u£iice ζ well be made step-by- step. 
Wb will (Ъгю a secficence ( i o , ^ , - op subspreads 0 f ^ 1 ^ , ^"-с^ that: 
^ = ( 4 , ^ 2 -
EQ-CK fctme, Іпа Сло deflhecjt fb-,iwe also de^e^-mtVie a. ne<t иа.1схе 
(or ^ , viz. ^Ci-Ì, a ^ d e*\sare·· ^ ( ^S i« . ) = О 
I h the e r d , vve Kc^e·. V-fc [ £>£ p j j 
The coKsthuptions of ^ , Η and. ( іо.р^.. . d o connect. 
They wCll be tnade sac^^ bKaJt for call ^ о ( п е ы - . 
0) If β.= <ο>*α. and ae"W a n d ^Ca) is е еи a n d 
a ¿s not an endpotK* of ir, &ел·. 
φ] i p і = < о > « а cwoL a e W акиі ^ ( a ) t's o d d a n d 
α ¿ς not an e^dpotK^ of r , fcjieti·· 
V o i e ^ C Q ^ C ^ - i ) - > P a r C H ( a i ( 6 M l 
ύ„) I f fe. = < o > * a and. аеХЛГ <xr\oL ia(a) ¿s even a n d , 
а и an e^dpouvt of r , the*·»·. 
Vot€(î>A [ E* t a oO л Ε 2 ( Η ( α 4 δ Ι ^ 
Ovj I f ft. = < n > * a and a e W a n d ία ία) is odd and 
a ¿s an endpoúvt of r , fcke«·. 
Vote
 Η
 ί С« ЕЦ*«) A С" E t t H t a î № l ) ] 
Once fcKese fcKings come true, we establish: 
С ^ Ы is a d o t - ^ p ^ ^ і л Р
а г
С
н
^ ( 5 І ^ 1 
Qnd t K e r e ^ , as ^ > e W : Q* U) л Q r ( ¿ I O 
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I h is is done by trcuisftiute inducttb«. 
The principie castGuíung (Acs port of the оит^ ижеиЬ, runs as folloivs·. 
Let r e ψ a*d R c r 
If: /^a [ a ts еиоІроСи* of τ -> Ríoi)l 
cwd: Va С \fa[Ría.*<*>)] —» |?(αΠ 
tbew. VaerCRÍa)^ especCaJl^ ·. RC<>) 
The construction of ТАГ a n d H will hot be dohe i^  adi/ance, a t 
Ohe stroke, but will proceed stepwise, and üttei-twine wäh tAe 
construictioM of ρο,β.,,.-. 
We shouJd be careful ijictt, (D ·^ any a e r / t/ic dectston aboat 
Q'S bebngtng to W7 and, tf necesçoury, tbe detemCnattorx of Hia) 
have bean passed before we come to stage R = < o > * a . > іл ivítcdi 
(і
л
 (tas to be. c r e a t e d . 
We settle these thiKQç, (or еолк a € τ , Cf ft^fa) ¿ odd, a t s tage 
<0><í-Pd(a)l awct; ¿Ç βφία) ¿s е /«п, ел/ел eay[\&rt viz. at statue. 
<o > *· Pd tPd (afl 
In oar constructton, actCve stages i»iill occur along with ¿nactint ones. 
At ah inactive stage l + l , ^ . 4 l 's s^pK/ put ec^aaJ to ßj.. 
At an actcue sta^e t t i ( one of the fòlio иллд cases Qpplfes·. 
Ü) 1+1= < 0 > * Q / where deW, t<j(a.) is е еи^  and a ¿s 
not ah endpoOnt oÇ ΐ". 
The (ormatton of p t t l Cs lept to Ькеонап 9.5. 
С») і + і = < 0 > * a ; и/here a e TV, É f^a) is ел/еи, a n d a is 
α*\ e*\dpoLnt of r 
Tue (brwatioh of p k + i is left Ь tAeohew 9.2.. 
(^111] t.^.^ = <in>*-a , іл/liere QeWj ¿gia) cs add, and a ¿& 
an eiidpomt of r 
The (brwicition of | i f c f l Cs (ept to tfveorem 9-3. 
Таги (w\d асахИ, the ivortt ι'ς fco be done by tfieorews 9.2 9-3 
a i d 9.5". Tïiex/ ил.'ІІ Mot object, tf Only ive essore Övot 
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(Ь-all Ι, α, η e ου. ¿f fc-H « <η>+α is см active s tage , Уі€и a. es 
almost (гее мг [î .^ 
Ikes necessitates some h et ro s pect ¿ои. Ca.refu.1 heacttVvq of tAeorews 
g. 1, 9.3 ar\ct 9.5 lecu-ns, tkat a canwofc каше lost ets aittios-t-
freedowi О^ CLK\/ stage <:in>*-c < t + 1; іл/We с ^«x. 
Іл eocU of the tiw-ee obovementtoned cases ive a o back to 
a crctCcai hteceaiXna sfca^e: 
CO-GO ^+1= < o > * a , tv/kehe a e W omd íg(a) t'i eve^i. 
The cKtt'caJ pt-ececUho f i a^e t's ·. <0> * Pd.(PoL(cx)) 
lAfe will see tKout, out tAxi sta^e, Pd (a) e W kas bee^ i 
cJ<ose^  Siudi fckat : Pci(a) ¿s (гее іл (Ь<о>«· Pdt(Pd.M 
lhere(ore/ a itself en o^yedL p-eeolom a t this citige. 
Ihe оліу poss<ble stoute a t w/uck a mû^ M^  Kave lost 
its almost- Ick/rhj , is: ^ o > « - P d W / but tliere іл/ας 
no activLfcvj, tKen. 
(ui)' ft.-1-l = <0>«-a,/ wkere aeTAT, Ca(a) is crdd a n d a is 
ayi endpotnt op î". The critical precedi»^ stage ¿s: 
<:0>* Pd(a). Güina back, we will tau/e to observe: 
a e W bas Ьееи abosen such fcKat: a ¿s free іЯ ^ .^ ,, » 
Therefore, a still is almost [гее ¿и ft^. 
Un)" t + 1 = < : S n > * a , where пеы, a e W , ^ ( a ) ¿s odd a n d 
a is а«а e^dpoitvt of r. Tbe criticai precedina stxae is: 
<n>*a. Arv e-xarrUftaJtion of theorem 9.3 who made tAe 
activity at that stage, allays our fears ·. a is altoost -
free, иг p ) < n > # C L , a>\d so ¿fc is in p>£. 
Ш now describe the construction. 
At each sta^e 1 , (i t and ?(*•) will be defined. 
Moreover if JL= <O>Ì(-QJ and a e W ay\d f о (a) is е«е^ and a is 
no endpoinJt of г ц/е decide, (òr all pitifce seâaences с , Suck that : 
C s a and tb(c)= Ыа)4-І or: Сабе) = (η(α) + ΐ) , ivKetheí-
c belongs Ь W) a n d i^e define t h e fùnctio« H for all ftwtte 
8ο 
Sequences ivkicK ate. admitted irto W, 
StayeO: We prodacwi·- p
o
·· = ^ «^  cuid ζίθ):=:0 CMid <> e ΪΑΓ a*\cl Η (о) <= о 
Stage |t+i
:
 Vk. düLski*q\Usk. several cases: 
CO i + i = <o>«-a , where a e XA7"> ß^ Ca} ¿s even and. a i s not 
йл erdpoùvi: of r. 
We may asstwn«: 
Ci) a is almost (ree MI (І^ 
App^ i>\<j ЬКеогеж 9.5 ІА«. construct a Subspi-eacL р^ + 1 of р^, 
ожі н;гпе(А> SM.ck üiajt·-
С«) a*<:n> Cs free (л (i^+ 1 
CUi) α·*<η>
τ =
 a * < m >
r 
C'ir) сГСс l-a A с ¿«alinotffree i¿» Й^) -^  (с ¿salwo*t (reeù« ^4+,)"' 
№ extend tke de^ntfcibus of tKe se* W a w t tKe fandrton H &ƒ·. 
W2((cea л ß^ Cc) = ^ ία)+ι) -> ( c e W ^ i c=a»-<n>)] 
ajvi·- H(a*.<r>) :•= H(a)«-<»n> 
If a*<n> is ал endpoiKt of r, fcbene ts no wore fco be sa*d. 
If hot, іме add: 
^[ (c toL
 K fejCc) - iq(ai+2) -> CceW¿> нЦс= а*<п>)КгЫ)1 
and: Н(а*<п>*Л>) ··- Н(оі)*<гк><<Ь 
Remarle, bkut W (nay approve of its ней/ wiembe«, becaui«, 
¿л лКсмг of C¿v) ·. 
Ve [ (с t a л ^icì = γα)+2) -> Voie ( і ^ [ Р ^ {pj\ -» Q ^ ^ C S H S J 
IWe ftHtsK the activitiás of this staoe by detennùtâya 4ífc+i) 
Sud. that: p 4 + 1 ( |Ct+2ÌÌ=U. 
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CO ÌL+1 - <ο>*α, where aeW, Ша) ¿s even and a is ом 
cndpoiht oP τ. 
Mow. α τ = H i a ) r = (<>J = © and- P
a r
= A 2 a^at: Q a r = E z 
We may ass.uwe­
lt) a is alwost (гее иг (і^ 
си) л б ^ С А
г
С
а
ос1 -> Е
г
С
Н ( л 1 ( 5 ы Ц 
Αρρβι/ίηα theorem 9.2 we construct a subypread (ïfc+1 of (ІЦ, 
sudi tjiot·. 
Ci) ( i t + 1 (ξ(1+ι))«ο. 
(ivi) Vc[(ci-a A с is oJmost (ree £к л^) -> (с is almost free m Äk+| )1. 
WB (uitsli b^ deterimnino ?U+t) sack tíiat ( j^J | ( ¿4¿ i )= О. 
Он) ê.+l = <ίΐ?*ο., wkere a e W , ίο(α) is add, and a is a*i 
e*idpo£*ot of r. 
We »nay assume 
(t) a is almost free и* (і^. 
С«) Vote | і 4 Г Ег C S n -> Аг С H ( a ) iòidi)]. 
(ut] ^ ( f í K i b o . 
Аррвиіяо theorem 9.3 we construct a sabspread fijt^^ [4 
Sadv fcKat: 
Й a is almost free un ^ + 1 
(ii) i i 4 + 1 ( ? ( t + i ì ì - o 
Сг ) Ve С (с ¿ a А. с ¿s alwoct (ree ιλ (i«.! -» (с is dtnost fî-ee ик р ^ ) ] 
for last activifcy i« fcb determine ^(H+O sucí, Ütxt ^+(ίξΰι+ιίί=ο. 
(ιν) I f we are nob іи cast 0)-οι)-φι), stage t + l is Од inactafc 
Stage. In oi-der nd to jciJI asleep co>npletel^  , iw€ perform 
two Simple actions: We put ujc+1 := Jife and dioosa ?Ск.+ ^  
Sad* thoüb •· ( ik + | ( I C M I - O . 
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"lins corKjudes Ue description of our inoun Constt-uct ton
 ; and CAtcis 
tke proof of theorem 9j-
9.8 We do Act ΐΛ/oLnt to leave tJieomein 97 ajohe («a paradise. I t іллІІ be bui a 
hn'hor effort to give it a Соклраиіои. 
ІЛ/е гетсхгк Ую ,^ (òr саек r e Hl$ , Ü\e dass ÏÏ£ Cs dosed ander the 
OberaJtion of соимЛаЫе Cvtterieotcod, ie.. Cf Q 0 / Q.4,... >-s a sec» ue nee of1 
eleniovts of ПС., tke*i f\ d ^ Q-qoun ЬАІОИОІ to П 0. "Pus folioivs prow 
theohena 8.7, b^ a Kot too dcffrcult aurqumeidt, bexsed 0·Λ AC
o t. 
Hence ме алг able to ( W , (or eacU £-6 HI$ , η ε ^ ω Suck t/iat Fu^ii^) 
and о с Г ^ С Р
г
^ П ^ P
r
Cr||<x)7. 
ife uvitroduce o. successor- (unctcon ^ on HI$ by. 
for aü i reHI$ . Vn С (Cr)" = r i . 
ReÇerKna оисе hiore Ь the preutous chapter, evp. tAeoi-em Э.Ь, ive ob se*-He: 
t-<Sr олЫ ΓΤ°ς2^ owd S^. с n
s
0
r
. 
9-9 Theorem ·. (.HyperantkniejticaJ Hierajt^\y ^ieorew, SecoKOt Pcurb) 
Let r e H l ^ and Se^w such t h a t : Fan (δ) and: t/rff Q
r
H -^ Р
г
Шоі)7. 
ÌAfe may coKS>trucfr ? e^w iuda Üvot: Ρ ί ί ζ ί and P
r
 (81Z)-
fì-oof: Let r e H I $ a n d Se^ou b« sxtcKthat·- Fu*(δ] and·. \/ο(Γΰ
Γ
(*)-^ Ρ
Γ
ίδ/«]1 
Rework·. л Г Р ^ С л І -> \ / K I C Q T ( O I ' I Ì 1 , G^d, therefbr«·· 
А [ Р 5 Г И -» VnCP r [δ(οΐΛ)]. 
Let qe^to be S44dv HvoLt: Fan (η) and·. Voti \/пСР
г
(сс л )]^ P
r
 ^lotl]. 
Let B'e^ cAJ be sudi tkat·. aunCS'J anot-. VUVn С ( S ' H 1 1 = δ ί ο ι " ! 
^ o b s e r v e .· VoiCP^^Ì -» Ρ
τ
( η | ( δ Ή 1 
Let ε с 4 J be s-uc^ that·. Fu^(e) a n d ·. Vocl/и Г (z\d)" = rj|(S'|otl] 
We observe : VotC P
sc
.(oii -» Q
s t (€1ыП. 
Applying tlieorem 9-7 we (Wi ^'e ^00 soidv that : Q^UOand. Q ^ í e l ^ ) 
Deterrete m e ω suchthat ?* (^f) and remark: P
r
 С η IjS'U'ìì, 
tderelore-. VVi С P
r
 ( ( S ' C T ] ] , a n d : Wi [ Ρ ^ Ι φ Ή espeaall^ 
Р
Т
(5І6Г] 
"ike sec|uence Z~ Ü>)m is Q. Qood se^ufince/ endeed. 
В 
83 
9 IO Theorems Q.J cmd 9.9 do soke талу probfe»ns. 
lAfe hrtay alcfihe a function *: ω\{ο,ι} -? Hlf b^: 
2* •.- © = ( < > } 
(Sn)* , - S(n*) 
We observe , Vn>l С А
й
а Р^ ^ A„ a n d Е
и
 á Qh1, 4 €
л
1 
In fckis iway, the artthmeiical KierarcKy tAeo^ em ( theorem f.3) is see^ to 
fblloiv from tbe kyperantkhietical kterarcky Цеогеи^ Qnd. proves to adkwür 
of a strong«*- formulation tKcui tfc Kas i>ee*i given си chapter J-
We ma^ define subsets к,1 of ω ω by. 
For ail 0(6 «"w • Icfocì ·= Vn [ А
П
( А П ) ] 
For ail o t e ^ u i : L H ·= 3n С А
П
( А П ) ] 
The auestioH іл/ЬеіІ еА- К amd L ojre reoluccble to eacA otker, s«e»r\ed one 
of fck« (xrst problewis to try one's force 0^ a f t e r the o/rilktoekCcad 
K-CerarcKv/ Kaot been established. 
Afte*- sowe reflection, one comes to suspect·· -i(IC4L) a ^ d --(L-lk^ 
and, Chdeeol, і>Ь es hx>fc otiffteulW: to see thai·. - , ( I C * L ) 
OK» the other bewtd, the pfecf of: -»(i-^k) tooi: b/oocf, sweai аис/ tea«. 
Adually it ¿s a consequence of the ^.yperan'thwetical hierarchy theorem·. 
Let us define ω* иг НІ^ by: 
for odi η, w e t o : w*.4n,m> : . r\* 
(4 > is tte pairing (act ion, C^roduced On. 8.4) 
"Ікеп ·- К 4 Р ^ 4. К and·· L ^  Q^,, -iL 
As another consequence of the hyperaruthm ett'caJ hierarchy theorew^ 
we hcu/e, Ьіа(г/ for eadx r e H l£ П° is not dosed ander Wie 
operaron of coudai) ie иліо^ <xnd S | . is not dosed under tfe 
qpe^aiton of coutvJtalïle intetsechon. 
9II Iñts is where we stand flow·· 
PerKaps because of breathing deeply the thin our of Uqker тсДЬетаІіс^ 
we owe feeling siiçhtly euphx-rfc . . . 
8* 
ю. ANALVTicftL AND C O - AW ALV/ TIC AL SETS 
We introduce £1 , hde class of analytical sets, O-nd i/er<fy that al l 
курегагіУліпеііса/ seis aire analytical. 
kle. remarle tkoJt the class oÇ stncbk анаІдЬісаі set?, i.e. set« wAicii a^-e the 
range of a tobJ Сама tWe{bhe Cowitnu-oas) f U c t i o i o« "Ou, ¿s a proper 
S-abclass of S1, , as fiofc even all Кур erar tftmeíícaJ sets a re ytr tct ly алаіуЬсаЛ. 
This is a pity, because strictly ajiaiyticaj sets a r e the fciunas f lopte íikeot 
to Kcw/e of dek; ihdecaly tiiey ore none othe*- (Лая ВгоамАГ^ oU-eî«oÎ spreads. 
I n the с1е(гйаюи of TTJ , üie class of со-a^alyttcaJ sets, to referei ice i's made 
Ь neqaiUM 
The symmetf-y of tbe dasstcai pictar« is ixfcterl^ lost : 2 ° a l r e a d y fads fo 
be meluded m Π'. 
A very алиоуСл^ question hemaüis, ivKetber U\ is mc /aded un S1, 
We ace rrat able Ь ctnsw&r tks. 
loo |(\fe defxhe a subset E\ of юои by. 
For all ο{€ωω-. 
Ε^ίοΐ) == 3f\tnloiCffi)=ol 
Wc depiMe a class St, of subsets of %υ by. 
For every subset Ρ of %u·. 
TRis last defWtion оие may fee/ /»esitant fo accept, m the ob ounce of 
a general notion of „ subset of шиі" 
Bat otlier dioracterizaJtions of 7J\ will (OIIOIV a n d елаЫе u.s fo su.r№y fcbe 
whole of its members. 
Тке diff iculty Уіеи evaporates, Uke ¿t d i d <h tAe ease of 21° a n d other 
classes of tfe O-ypeHOLrttKinebicaJ hierareky. (Cf. 6.0 ond i ) . 
к м Theorem: Let P ç ^ w 
Ρ e Σ1, ¿f a n d only if there exists a deadable subiet A of w 
SUCK tbaJt \/o(С P io l ín 3^\/η[<ο?ίΐ^ιι>6Α]] 
Proof: CO Suppo^-PtSEJ , i.e.·. Wx^pC Pía] ¿ €.Щ)1. Ъ-Ыиц кС
ІЛ
 , determine 
δ€
 ω
ω such tbat . Fu* (δ) a * d -. лС P M & Е ^ ( А Ы ] 
Ье|гле a decidable subset A of ω by.· 
fbr al l η 6 cu : 
neA £¿ ЗаЗсГіі=<га,с> л ^ ( а ^ = б^Сс)л 
Vot V & C ( a c f t . A c ç d A ¿<* О Д о л еав-£еле-*е)-> ád(ej=0l) 
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Wow, Vdt 3^C(SUUfn)=rol ^ З пІ <«п ;р«>еАЗ] 
Therefore, A ful fits tke i-ecju-O-ements. 
(ii) Let A 6e α decißlable subrcJt of UJ such tKat: ы Г Р И ^ ^^VnT^n^jEA]] 
Determine Вс^и suc^ t|\ajt Fu^(5) and-
Fbr all «e ^w and cec«: 
( 5 | ^ ( c i = 0 ¿f п<Ц(с)С <5n / cn> β A] 
( e n is tk code number of tfce fbufce sc^ue^ce op fcnctíi и, 
n/luck ις an ¿wtti'aJ part of the ft««.!» seou-елсе coded by c. 
IÎÎLS notation (\QS bee« establtsbeot wi 70). 
Newark·. Voc U РИ ^ E ; (SI«)l Ьі&фге •• ?á£\. 
іо.г V\fe again ( as йг 7·θ) extendí a hotattonaJ com/enttoK ц/ІіісИ и/е ííitíDducedL 
¿и chapter 1^  prom ¿nfitufce seoixejices fco fl>vifab Sizoaenees. 
For all т,с e ω •· 
C w ·. = the code number op the m-th subseoae*ice op the 
fWte secjfae«ce coded, by c. 
Therefbee, (or all Hi,c, е с ш , c^ i i ) Os defined ¿f owd owly if 
<tn>*fc < hie) and--
С^іЦ == c(<fri>*ÍL) for all fe. such that <m>*&<^(c) 
This notation could give rise b conjaSion Kvctti ordtnetry exponentiation but 
we hope it will not db so, as exponentiation will hot сгссцру us any wore 
(Hai/ing fiQured ir» chapee*- 3, ¿fc may senk ¿uto oblivion). 
We remind the reader of another defttutioH к/Ыі appeared іл 7-0 : 
Fbr all и, с e ω such 'thojt и < 2a(e.) 
e n — cCnl ··= tke code number of" that fWe Sequence oÇ Length η 
wkch is an tnetiaß par t of the (I'nifce ?eou.ence Coded bi^c. 
[
оъ Theohew.·. Let ï j , , ^ , P2,... be a Sè^uenœ. of subsets of шш. 
I P Vml?
n
eZ\l , then- U Ρ € Σ Ϊ cutd Π Ρ
 e
 21 
9fe 
Proof- Usovj tfi€ore*n ЮЛ, detersene α s<ai^ ae*»ce AcA^Aj,... op ciecuiaAL· 
SvJbSKíi of to sucíi thai:·. V* Voc[ Pm(a} ¿> 3 y ' ^ [ < 5n/¿;n> e A ^ l 
(.0 Define a suisefc A of w o ·^ 
FOK- all Чгеш: 
Ure A £} 3*13fc 3a3c [ 6-= < a*<fc>, <m>*c> л ^(aJ^^fcÌA « ΐ , ο β Α ^ Ι 
The*,·- H C t e A v -.C^cAfl and· VmWxC Р ^ И ^ %С^о)=тА п[<йл^
Л
>еАі]] 
Iherefbine. Vex [ З І П С Р ^ ^ ] g 3^VnC<3(ii|p> € АЦ 
and-. υ Ρ, € ς ; 
ftl€UJ 
(ιι) Define a subset A of ou 
For ai£ &-еы: 
t e A ¿ 3 a 3 c [ ( U ^ Q ^ > л 6g(a) = ^ Cc) A \/n \/m in <^Cc») ^ <5;r\; c^n > 6 A^H 
Then: ИНЧеА V-»((UA)] a«d: 
Тйеге^ (b^ AC0I) : Vo( [ VwCPm(o(]] ¿Í З^ мГ <ôz»,;(f«>€ A]] 
and π ?„. é ς ; 
méoj m 
toM
 lïle property of Σ\ wbicJí exame to ligí\Jt in tKeore»n Ю.і is a becuttifui one, omet 
woi^ Ky of paraphrase. 
Let pç^oo 
ML deftne subsets Ex(P) Ond Un(P) of шш fy. 
For all οίΕωω= Εκ(Ρ)Μ .- 3w£P((Xw)] 
For aJl οί€ωω, Un(P)M == ymCPÍoí1")]. 
Ρ is called exisbe-fttiaJlNj saturated if·· Ex (p) ^ Ρ 
Ρ is called urvivergally sataroited. ¿p • Ыл (Pi ^ Ρ 
Theorem Ю.З sKows Uot E{ is both extsfcentially and anii/егіаЧу saturated. 
Hfe may gather, (ro^ theorem 8.J, that, (or ©ach a e Ηΐφ, the set Α
τ
 с« 
aniverjajly soutarated, ajid the set Eg. is exiçte«tiaJly saturated. 
Ітахзспе Ρ fco ве a Sub-set of Ho wRtcK t'ç i^th αΛΰ/ersall^ and ßxufentially 
saiuj-aJtod, such that A ^ P a«d E ^ P. Ihducfobn shows, thai:, fa- Qvexy 
^ И і ^ : A^dP and E ^ P. 
Ihas к/е learn^ from the /lypefCirttAinefcicai hierarchy theorew (theorems Q.J and 
* 9 ) t bhaJt, jbr each σ ε HI¿ , the set A^ is hot e*ístoétally söiarouted, and 
a? 
Ü\e set Eg- is hot universally saiarated. 
Moreover, as (or eack ere Hl$, A«,-^  E, and Eq- 4 E1,, E4, ttsejf ¿ς not nedu.o¿bíe 
to any set AQ- or E -^, E1, is hot KyperaKtíiiríeticaJ. 
"ίΚιε is QnotKer соисеоаеясе of tKe kypcrarii^xmettai h(emrcK«y theorem. 
І0.5 Theorem = Σ{ coiaba-ins a antuersaJ elewewt 
FVocf·. Define tKe subset U. of юоо by. 
For all o i e w ^ ·· U.(a) ¿^ З^ п [ ex« (.<¿ro»,( ^> ) = θ ] 
aped note Üvajt U felons fco Σ1, 
Let Ps^oü audi ?eZ\. 
Following theorew lal determine a decxolablc subset A of ω suck tkat-
VocC PH ¿ i 3¿-V/n Г<аи ;^п>еА]]. D€jterm<>ie fletto sack üvot ·. 
1/πΐ:ρ(ηί=0^ n e A l Then, о с Г Р Н ^ ^ \ / η Γ ρ ( < δ ) ι
ι
ρ > ί = O l ] , 
i.e.·. оіСРИ ¿> U U O C . A ^ I 
I t {ς easy, ttougK not exciting, to oxLtdt, Ц/ diagonaliziíig, a subset op 
"Ou іл/к(с>» does hot belong to SJ. 
Out- mihd is exercised n^ore by the Question whetKer a set oatside %[ 
tnay be fbanci, ih wkose defthxtioM ho mention £ς mede of négation. 
Γη 3.1 we defined, for eocb δβ % j f a subset Ra(5) of ωιο by. 
Σ{ way be cdarcicterized as jollows: 
lo.fc Theorem ·. Let P ç ^ u , . 
P e Σ4, ^ 3 S [ P = R a ( m 
FVoof.(i) Sappose ·. Ρ e Σ1,. Us^ng fcbeohem l a i , determine a decidable saìaset 
A op w such fchat: \/*[PLcx) ¿ i З^ пЕ < а п , р > е А І ] . 
Determine Se^uj such tKctt ·. 5 ( < > ) = o cwd. 
For aßi n . í re tu.· 
5"(Ц
 ί β
 Γ ί η ) ^ 1 if п < ^ И and п < ^ ( И 
and < ,)( F(n+.ì 7 e A 
: =• 0 oüierivt'se. 
Remarle tkaJb ·. VOL \/(i [ S: ¡b •-> ot ^ OÌ= (ì0 л Vnü <p 'n , p n>£A]] 
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Therefore . VcxCPíoi) ¿ 3(bCS: (M^(y l , íe. ·· P= fei(ô) 
(и) Let SG Ή Ο ojaot consider Ρ := ñx&) 
Rejnewibef, frovn 1.6, t^cU (or oll |ь
у
о(€ % ) : 
S:fth->Ä ¿ ^3wC5"Cp i r i ì=o t (h |+ i л V ^ < ^ [ S M ( ¡ Í * L ) = O 1 ] 
Accot-oU>cj Ь А С ^ , ÜiQt Cs b say, t^çjjt fbr α ί£ ^ « e * * ^ 1 
1Кегер?ие, (or all ле ш
и
э: 
л e foC5) ¿? З р Э ^ лС ] . 
Ь ф е a si^sefc A of to fy. 
For aí¿ me ui: 
we A ¿ i 3a3c [ m= < Q , C > л (^(a)s вэ(с) л \/n< ^ f r l [ (cV*v) a n d 
C ^ C ^ K Î + I ) a r e ЬоЦ, depineot) -> ^ " ( ^ ( с Ч к ) ) » a(*i)+ 1 
Ten: VÊ-CÎreA v - Ч ^ е А Ц 
Conversely, suLppose S i f t t - x x , a n d determöie. %€. W U J soci» tAat VnC—]. 
Ье(гилг\а ^ = < р , ξ > , tve observe: Vn [ < δη, Рл> e А]_ 
1Кег<фге : Vo(C P(oi\ , ζ ί З ^ \/η [ < 3 h l ^ n > β A l l , a n d , 
fbllowcng tkeoretn l a i P e Ζ 1 , . 
lo? A subset Ρ of ω ω will be c a l l e d gnalv/hcal , ¿ρ Ρ e Σ J , tAod ¿s/ 
Cf 3 δ [ P = Raí S i l 
A subset ρ of ^ U J Will be co-iled sb-ictly ghcUytacal, i f 3SCFa,rt(6) лР=Ва^б)] 
lef Note 1 Oh pa-ge 21Ь). 
Ewery strictly OAoJ^bcoJ set ts, trfrteft y , a n a l y h c a i , CUoL Üie coK\/erse. is 
not truÄ, as (s sKoiVn by live emirvple of tfie ewipty Sfct. 
The b o d KabCfc of reasoricK^ c lassical ly arouses t^e saspiaow t h a t 
fckis is tke оЫу ewoeptton. 
I n d e e d , i f we assume Ρ to be analyt icaJ a n d „ pt>utely d e f i n e d " a n d 
in possession of a* [east one eie^ent
 ; u/e may fblloiA/ Job* Burgess, 
a n d prove ; by üisinq Brouw/er- lO^plce's ахюи», tAajb Ρ is str ict ly 
analyt icaß. (¿f· Burgess iqSq and also: G-¿ele*,de Siwarj: giftd VeloUncu« 19S0) 
RestKctcng onese/f to , {глсЬеІу d e f t n e d " „ detenrunate" o b j ' e d s , Aon/eve»-, 
¿6 ΙΐΙβε wearino s-ungloLSC^s aqains-t U e dazzí ing ligkt o f 
constract ine trutK-
We will see t k t b tKe sappocition that ail ¿nbabCted Γί° - sets are strictfy 
analytica-lj oJ ready leads to a con-tradictcon. 
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Let as define, (br all fte^uj·. Cp ••= Гоі( \/nC o(n=Qn ν \/m< ta С (î»(am)=ol]î 
Remark that (br cdl (be^w: С ^ е П ^ a n d Q eCV 
IO-8 Ikieorew: -i V|i3SC Fu^(Si л Cp = RaiSl l 
Proop: δαρροςε; V[i 3S С Fiui(5) л С^ = Ra(5)3 
Us-ina AC^ , deferwxMe ζ β 'Чо sack tkut : 
Remark: Co = ши, tberefbre 1 é CQ = R a ( ^ O ) 
Detertnme А е ы ю SacA tbojfc.· ^ | o ) | o < - 1 
Calcalatfe w e w suxJv fcka*: ^-ί:<^ С ( ζ | 0 ) 0 (δ^) = θ ] omd: 
(?lQ)0(5ìmW i ( o ) + l - 1 + 1 - 2 . 
Determine η few suck fcfictt: 
Ihece^he: р, С ¡ііл = о л -> Э^Г^еСл * | Ή = · 17] 
Bring a b/ask to ^oar орроиг^'з ckeelcs by poùttùig to tke 
5еоае*1ое (ъ* е. ω«ο wlack is defihcd by. 
РОГ Oll b o u : | b * ( f t ) : - 0 ¿f Е:<г« 
:= 1 otkerwts«. 
Ca* = ( o } ^ wkick ¿ς embarass^hg, wi а (л/ау. 
Η 
The Qap between stf-ict^ cutalytical cw\d analytical sets is Qapôta w/ide 
and complicc»jbes oar position se*· toas ly. 
Tb be sare, EJ tfcseJf, ßike all the exemplary ariikmefcccal and. 
Kv/p^aritkwetLcal sets (Vom previous dnaçtets. £„, Α
η ι
 E ^ , Ag-, ίς 
Strict^ ancüytical. 
(To see fckcs, defUe 5 € ^ш sxtck fckafc Foutfó) a n d : 
For ail « è ω ίο a n d ô-e CJ ·· 
і$\лЩ ... о if 3 m C V = ^ w l 
·= <*?&) otkeí-wtse. 
Remark: (orali « K É ^ W . if \ / П С А С ^ = О ] , &еп o(=5l<of^> 
•Rer j^bre: E^RcxíSlJ 
There is to reason wkatever (òr a set іл/кіск is ^ed^xc¿b(e lb a sfrictfy 
analytical set, to be itseJp strictly anaJyKcal 
Tkis does not a d d to the reptUation of s^ rtefciy anaiytica/ se£s. 
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On the oUie*- Karot, We skoaîd nei/er px-get hoiv ir\u.ck} ih former ejidcai/ours, 
we leant on tKe strict Qyialyticity of certain seis. (Cf. chapters 3, J and 9). 
We defuie a subset AJ of шш by = 
for ail осе ωοϋ.· 
A Î H : = ^3nCo(ÍJn] = 0] 
Ufe define a class ITj op subsets o f ωω by = 
for every Subset Ρ of шш 
PG Π ; & P ^ A ; 
Members of Π\ vvtll be called·, co-analyfacal sets. 
П^ shares ¿и haamy Oood properties of Σ\ •• 
Iheorem : Let Pe^uJ 
Ρ e П^ ¿f and оліу ¿f Ц\еге exists a decidable subset A of <o 
sucK tbajt Voi[P(oí)¿> Vy3n [<S« ; ^>6A] ] 
Fk>of:(0 Suppose Pá A } , i.e.: Wjt3p[P(oí)í? А |*П. Usòi^ ACf1, cíetei-tnine 
Sfi^iu sud, that·· Fa*i(SÌ ar>d·. V* [ P(«) ^ A1, ( SI «i l 
Defbie a decidable subset A of u> by. 
fbr ali rifece: 
ne A ^ З а З с Г n=<Q^c> л fya] « fiyfc) л 
3 d 3 ^ [ a c k л e e d . л ¿dí^)^ 1 л 
tec С & е е л И е ) -> ^ ( e b o l l ì 
l^ o not shy at all tkese letters and remark: 
Va\ /cC<a,c>feA -^ 3dL f e e d A \Uea[ ( S U U = ОІ] 
Be Rittet atad corvciade·. 
Vo([ \^3nrCSI*Kfni = o ] ^ ^ 3 n [ < 5 ( h , f w > f e A 3 ] 
"Iherefore, A fuiftls the requihemetvts. 
ÛO Let A W decidable «¿set of ω suxithat VoíCPíoc) ¿f Vtffií&njnyeM] 
Determine Se %υ such thoüt Γα*(δ) and·. 
For all осе ωω and с € tu 
íSIdUcbO 4 З П < ^ ( С ) С < А П , С Л ? e A l 
femai-lc·. \/OÍ[ PM ¿> Α ^ δ Η ]
 / i.ç.. P< A*}. 
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lo.ii Theorem ^î cot\(runç α üuiti/e^soj element. 
Proof: "Dephe the subset UL of ^u, by-
For all лешіи·. (XU) ^ ^Зп [ 0(1(<«
o
n ; ρ > ) = θ ] 
omd hote tKaJb li- belongs to TTJ. 
Let P ç ^ w ar\d Pe^V 
Followtng tKeoi^ ew Ісмо deterínijue a decúdabíe subset A of w suck fciiai·. 
М х Г Р М ^ Vj3n[<ò?^fA>6Al Détermine |Ье ^ю sack ¿Ы:-. 
\/ta С p,W=0 «> ne A l . The«·. WxCPioi) ^ ^ 3« [ p»C<3»«/p>)=ol]/ 
i.e.. оіГРСо/) ^ Щ<*,(!>)]. 
12 Theoreno Let f^ ,, ?1УРгі... be a sequuznce. cÇ su^çets of Чо. 
I f ^ Г Р
т
е П ^ toi. Π P
m
 еГГ 
jVoof·. Using tkeohejn ιΟ.ιο, determine a secjueAce Αο,Α,,Α ,^... of d e c i d a ^ 
suJkets of ω sucK tRat·· ю Vot [ p ^ ^ ^ ^ 3n [<аи)%г\7<і A^]] 
Define a subset A of ω b/. 
Fc?r all o- e и; -. 
U À ^ ЗтЗЬЗаЗсГ &-= <a-(Kb,^w>tc> л^(:а)=^(с)л<а
у
с>еА
ж
1 
Therí: WG-eA ν 4 U A Ì 1 and·. VwVoiC Pm(<*] ^ ^ψομ»η->3η[<ω^η>€Α]]] 
Thereíore: VotC VmCP^M] ¿^ Vj'3n[<5ii /fn>e Al]. 
a^·· Π р^  e π ; 
s 
In 1.ч# -we ihttoduced a subset flm of "Ό, s a n t k i t . V Í C j W í ^ ^ЗпСÍCpil^ o]] 
I t Cs easy to see thaut fune П^ and ¿fc is not otffìcufifc to verify timi: 
Π
4
, may be cKaractei-czed as fblfows. 
Let P Í L ' V The«: Р Е П ; ¿ ?< pu*. 
Gutcking s^ gM; of Fan := { &\ Vr\i fu-niS*)]}, і г observe tkat ¿t dbeç not 
do l«ss tAaii ^5 ' i ^ ^ ЬюіКыг
 Л
с fUn ч Ftwi d (М.Й. 
Fun is funny j fè>r bíing a naturat example of a subseJt of ш\м, wlUcli 
¿S not strictly analytical. (Theorem 10.8 diet, not prouide as with sucíx 
an eiiGunple). 
One feels a cKcld'i Ь^у a t argitinq tkis: suppose·. Fan is strictly 
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Qnalyticol, and /et le ωω be и^сЬ tkxt Ftui(?) and Рил= Ra(^) 
Siíting on gra/d/b-fc/iej- СамЬг^ knee, we consircict г\ешш suck thai Рил )^ 
and. о(Г η|οΐ ^ (?|o<)|c3í] ( г^ denoteç tKe iwell-know/n apartness celation 
VotVfiCa^a ¿^ 3nCo<(h)^ ftin}!]) I go in Search of ρ€ω ιυ such t/uxfc 
^« І^А , and, tcpoh fi>io(¿ng ¿t, tve botb start laugfung, my grcuxdíather and 1-
Oft-sarve tKat tías argument does not sattle fclie c^ aestcon whefciier Рил be ancAybcd. 
Ahe TTJ олоі 2{ a pair op identícaJ twtnç? 
In a das^fcaJ treaJtfrienfc, W\ couid ç|\elaer ЫгкисІ. С ^ cuitomotically sharuig 
lts repujtajtton, b^ duality. 
Bat пои/ its weaknesses a>-e exposed. 
Doubts cohcerntrva ГТ^  fnay Have been {¡пдегілд since theorem to.12, vkck 
anSH/ered only one haip of Уіеогеі* I0.3. 
Recall, P-om dhaptei- 3 = D ^ == f « ) a 0 = o voi^oj 
10-13 Tbeorew: DZA1 is not со-алаіуіісаі. 
ftOof : The proof сзЬес hot cl¿Pffe*- from tKe proof of theoimm Ч.ю. 
Sappose : D'A, έ Α1, , i.e. = о< Э(і С DZA1 («i ¿i A* ( pli. 
Ustii^  ACMI we (tal S€wou îac^tkaJt·. Гид (5) and·. W>tCD*A1(eti¿* A ^ M ] . 
Let r ßfi tke spread wkcK i*/e cnb-oduced in Hi, ÍAot is: 
Иг wAant to skow: оібтСА Ш І І 
lo tKis e^d ; let Us assume·, oter a n d j[eUJüJ· 
We observe·- Ю*А,(а), tKe4-ejbre .· A14(S|Q) owd 3n[CS|0)(pi-ol . 
We defcei-mine neto sack that: (álO)(f/i) = 0. 
And \Aie deteArvnine qetu suck tfiat·· ^ i j b c j - Ö ^ ~> ^ljii(^h)=0]. 
U/e how dts-tinoaisil two cases·. 
Ga.se i- Біцф. Qq. 
In this cace, we may oleterwUne m<l sudi ^гз^ос^гО. 
Títerejore, D ^ M , and·. AJДО*), esjn 3 h f ( 5 H i ^ = O l . 
Case 2: ÄQ = Oq. 
ІЛДг now/t^mecttaíeíy see: 3 η Γ № Κ ^ η ί = ό 1 
In смі^ COLSC ·· 3ηΓ(δΙο(.ί(^)=θ1 
l№ Kave prov/ed·. Voter V^  3 n [ (¿lot) (f i0 - 0], i.e.·. Voce t [ AJ (6/«)]. 
Iherefbhe.^ Voter Г 0гAbolii, and fckts, |оlíowtnq 43, is CoKJtraaUcfory. SI 
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This tbeorewi deals at least two fatal blows to amy иктфЬ op symmetry 
between ΣΪ and TTJ. 
As D'-A, alheady is not со- anal^tícaJ, smiling ¿s tke propzr amsntór· afc Wie 
SugqestioM that all arttKwefcícaJ
 ) let aione ail Kv/pe-arttK^eticaJ Stots Ьеісж^ to П} 
Secondly, as A1 "^ sejf is a plaiw ігіекиЬе^  of U\ , П^ obviously, does not 
mcxke mudi of closure wider òhe operatibM of (хлСбе оисои-
And tKere is more to compi сии op. 
For the sake op contrast, we bring oat anotlier comfortable trait of Σ\. 
let P e ^ . 
We defbie subsets E(P) and ЩР) of "ω by.· 
For all a e ωω· 
E (Pi M · - Э
г
ГР(<«,у>)1 
'U(P) (oc] ·= Vy[p(<«,p)]. 
E and DJ will be referred to as tfie operoLtcons op existentco/ Qnc* Universal 
projection, respectively, a n d ivt'H be studied ¿n adapter /4. 
We. wi\\ see., On tkaJt ckapter, ü\a.t Σ^ is dosed under the орегаЫоп op 
existervtiOl projection, a n d Щ under the operctfton op CmiversaJ projection, 
as it shoal¿L be. 
As all hyperarc'thmeticaJ seis a re analytical, ¿he existenttd.1 projection of 
any kype-rarithMeticcd S^t is also analyh'cal. 
Again, U\ foals to рэЦоі . 
A w/Cfchess to its îraot tekavioor is the· set Q·· = ( oc | D'A,(ос0) л K\t<**)] » 
(ot j V j a n C o c H f r i i - o A ( O I 0 0 = O ν o t 0 - = Q)iy 
О, is the universal proj'ectìon op an aritkineiOcal Set. On the other Kand^ 
Q is hot co-analytical, as 1>Z\ 4 Q. and ^ (D*A,4 A1,). 
Theorem 1013 also affords to observe tkai E} is not Co- amajytica-i, i.e. 
not reducible to A< (as ЬгА
л
 ά E1J. 
Tívis ¿s a і еісоме result, and, in its stmplicifci^  may be the envy of a 
class^cai ncttkematiûiari. In order to £«jt his trund ok ease on tfus pomi, 
he iwuld Kave to resort to oUagonalizin^. 
T)vis is bow lus argument would rtui. 
Suppose E^e TT J. 
Then a l so : (OÍ | 3^ Vn С <* (<5«п,^п>) Ш}^\ 
Us-tng theorem lo. io, and fC0Ol we find fie ^w жсЬ that: 
Speciaiizing , inAe ßnd, Э^ Vn С ρ» (<^^ pn >) * о ] ^ Vj Зм С C>Í<C>\¡*->=о1 
and , fcherejfbre: - З ^ п С f i ^ j ì n ^ n ^ ^ o ] A -. ν
ί
3ηΓρί</δι/^Λ>=-θ1 
Aívd tkis íounds like a coitradLction, Lwdoubtedly So ¿h the ears of a 
dcLSSicaJ ІпоАеіпаіпісіаи. An inhutioKi&t, boweve^ ma^ f W the Sound 
Unpleasant, bwt he has no easy iway of turning Ut off. 
As in *>.!«+ Sotne solace is offered by the enigwiatical assufuptioM 
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Voc [ -»-' 3η[οίίη] = ο] -* ЗиГо<(л) = ОІ] , whicb елаЫ€$ us Ьэ Conclade·. 
Evepti>ial(y; tKs does nob di Miniai the раіи. 
We will refoí-MuJate bbe result tlwxt E1, ¿s not co-cuiolyhcaJ, so as to make 
it more alike to the hypßcarLthwetibai КіещгсКу theomem [iheorems Q.J алсі 9-9) 
In View of this, »ve uvtrodti.ce subsets (ß\)* cmd (A1,)* of "Ίο Ьу= 
For all л е UI, 
ω 
E;* (a) .·= 3[VnU(fn)JÖ] 
A 1 / («xi . - V r 3 n í o ( ( ^ ) ^ o 7 
arvd remark-· A1, η EJ * ψ and-. Α 1 /π E1, = ft. 
іолч Theorem. Let Se"*) such tAat·. Fa*«(δ) and: ^ Г Е ^ О І ) -> Α ί^δΙοίίΙ 
We ma-y cohstrucfc l^ui sacU that-. A\* f?) and A ^ i ^ ) . 
Proof.· L<^  Se^w suck tKat: FLtrv(6) and: VocCE o^c) -) Α^δΙοίΠ 
Define GL іеаиелсе ^ € ы и і Ь ·^· 
For a.ll cetAJ: 
?(с) =- 1 ¿f 3 o L [ c s d л 3m<c[ í d í ? m W 
.· - о obkemise. 
The followùig remarle sprCnaç p-orw some ref/ectuDn on £ = 
VjrC 3nC4Cfnìfo] «ì 3nt&\l)if^0j¡. 
К classicai maikemaiicta« probably Woudd leave tbe prt>of at this. 
But tve kave to be a bit more careful-
Let as define, for each (&<Αί{λ}ι a ^ ч е г і с е %* е^м by. 
For aJI с e w 
*j, (c) .= O ¿f ^fec, i.e.·. 3n f^n = c7 
: = ^(c) otherwise. 
Let ν €ωα) and consider: 2v 
Observe: Vn[ ^
r
 (fn)» öl, tAerefb^: Ε* ( ψ , and- A ^ S I ^ ) 
especially: 3n [ (S| ^ ) ( f n ) * 0 ] . 
Detergine 4, mew suciv tkaJt ·. &f/fc( Τ Γ m) = 1 л -?<тГ ί*\ ψ О»»! 
and cttsttnOüAsli tivo cases: 
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Case (ι) ·. lm = £ r w. 
ГК -^ Cí |«) l f t ) - (il lf)ljkUo ала: ЗпГ(6І?)СпЬО]. 
Case (li) : Zm φ ~X7 **• 
then·. ЪпІЩіМОІ, oidi tKere|c>ne, b^ tke defòution 
of l- 3 n [ C S I ^ n ) = o ] . 
Іл any cas« = Зп[(5|^Хйи)] and we bave fe> adwiit·. V^3n[ (δ|ζ]ίρη)=θ]. 
TWefbre: A^SI?^ a n ^ by ^e construdfo* of?, A^f^. 
We how wiss the looking- glass wlud\ Dhce o/econated our staofy, bui 
Vos bee*» ^ewouedl on ihsttgoutton of certain ІИПОУОІОГЗ. 
HoldChg ілр one of fcke cxibowe reaso^inas aaauisfc ut, a classica? 
hioAKewatician iVouJci. [Ind an argument es^abli'sittng that A* is not 
analytical; *foteb \NÇ/ Kow/ever, know to be lame. 
To bell tke fci-ixt^ iwe oUd not succeed ¿и- ßnoLna a constructive 
argument hefutCng tke analyticiby of AJ. 
A line of tkoagki wkich seemed to offe*- some коре, is b parallei tke 
Dhoof of·. A
z
 is not reducible to £2. ( tkeorem 3.z). 
The credutile subjectl kaveng a t kis atisposal a greatt many ways 
of ensuKng, or seeming to ensure = A'J (o¿)y migkt be supposed to ße. 
able to delude tke imitative subject. 
Bait tkere is no easy metkxl of survey mo
 n all possible nvays of ensuring 
Νίοή'Ί as tkere was in tke case of A2. Ttus is beccuase A] , ßtfce Futi, 
(cf. tke atúcusston jbllowing tkeorewi ІО.12) is not strictly analytical. 
Pahaolox ¿s flickering here : as part of tke truth is easy (A^ is 
not atróctly analy-bical), tke wkole truttv (A^ is not anafyKcal) seems 
unattainable. 
A better undersfexndina of A^  , wkick involves a better und€r&fcanotina of 
tke seJt of well-ordered slumps, φ , (cf. ckapter j)t as we will see. tke wore 
clearly , affceyr Brouvver's thesis has entered, ¿nfc© discussion (cf. ckapter 15)^  
тсдЦ eventually^ lead to an answer to ou>r problem. 
A task wkich bolts more £i>r\ple, biAt stid is above US, is to refute tkajt 
A1 i t aritkmejtical; or; better even, kyperantkmetical. 
lo.is doona and disappointment are upon us , «/ken conteiripiciiing tke nasty 
¿bate, of tkCngs·. 
^ - -strictly оигЫуЬсЫ sets 
π; 
о о 
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11. SOME MEMBERS OF THE ANALYTICftL FAMU-V 
Е\
у
 toe subset of w w wktdv played a kackfcg p a r t in diaptet- 40, oUffers 
pro»»» Kvipercu-iUmeticai subsets of ω<κ> by сокіокжкд, іл ¿ts d-e^tuttoti, Оя 
ew-CstentCai q uanti' (тллг о елг ^ьи. 
We a r e Q-o¿n<j to See Some consecjue-MCes of ^estfCcHKq tKe hange of t/u's 
€^Cste*\tiaJ c|aa*vtc(W fco a Si/bspreaoL of tAe universal spread, ww. 
We huúhly coKS¿cler the case of tKe so-ca l led mohotohous fbns, 
" г спои ι ^зиіои'·" 
Thu-s tKe f-«* set w/kicK o f f e « ctsclf ¿s ^ 2 · - f e * | З / е ^ ^ к\Го((уп)=о7} 
We spend a. lot of effort to prove fclie Y-emaricahle f a c t tAai: 5
Ζ
 ¿S 
moi kiyperanfckinettceü. 
AccorcUng Ь classiceli opinión, &е jîxns ^ т о и > ^з^о,,, - . a , * e coUiítable, 
Oud feke resuitihq SubseJts of ши> a ï belong to 2 ° . 
IntuuKonisteoLlly, )юwever, ^aar\tCfy¿h^ oi/er a sp read . , jioiveve*- small ut 
»мху |>л/ coinés fco exe^cis^no a neiv o r t , obe-yuvg ¿ts oiwn laivs, Ьеллд 
altogeJÜ\er d i f férent frew t ^a t of ^aa^ t i f y i no ove** a coantcxbfe sut 
sudi as u). 
Watckikg У е we*»/ secjaence·. S,, S2 ;... of subsets of ^ ω ОлЫ bt-mging ¿t 
lAnder the oli'sciplihe o f tAe reciuccbüifcy irelottt'o^ и/е fìind anotAer- Аіе»-ак:1 и. 
A* is a nottural leader for tkis геоаеисе, a n d certain ресиііагіЬіг«
 ; wlucd 
we f i r s t ehcoiLntereûl un. ck ipter ^ іл/Ке« dealing ^¿A A1; >-eappear 
Ab tKe end of the chapter we siudy , b h e f ^ fche case o f the binary 
11.0 We сЦіпе a sequence ^ 2 И Ч Э Г І ^
0 0
^ Ь^ ·. 
For all o e UJ·-
σ·2κηθΗ(α) - ^ 0 if пГп^^Са) -^ α(η)<:2] 
and-· Чг\ Γ n t 1 <Í ^ (a . ) - > a(rv] ^ a(n+iil 
:гг 1 otKermse. 
I t is not diffecufc to verify tkaJt ^ 2 W O n is a subspread. o f
 w w (cf- 1/3) 
Far aÜ /6 wuj: 
This picture porb-aíb σ^ 
imon· 
9? 
We define α subset S2 of ω ω by·. 
For all 0(6 шш 
^ И '- % c r e ( Wi A VVi e m b o l i 
( i n a^reeme^ wifcK l.g, we δοιτ\είίιη«ς vvrde : „¡feoí* for: „ \/n[cxCpì = o3 
rte^w Kas bKe phoperty S^ ¿f there axtsts a sec^uewce ^ иг а
г и і о И ) 
ead> of i/vKose uutioJ parts is approved of by <x). 
Tbe seaußiice Q wkicK does belong fco ^
г > г 1 о И J ¿s sohiettmes calleoí. 
bk spine of <rZmo„. 
I^ e (гх oui enutnerouteon of tKe otKer brcuiches of <J¿wo , СІе^илло a 
For o4l nfew' n* =— Q.n «- 1. 
Т ь е г ф ^ . . V n V i [ n < ' ( i | = 0 i > t < n l . 
Remark that, dassicallv spoken·. VotUS^M 2 Qz<* ν H* [ h * e o i l ] , a ^ d 
t ^ e r ^ r e · . S ^ f e S ^ . 
We i-emmcl tKe header of de[x»ubbK U.O ¿η w/Jwek iwe илЬтоаисесі., (or 
eac^ neoo a r c i P s ^ w ·· b r tP == J[ot j 3fe^n [ P(oc*)l}. 
H.1 " W e m - . Vn [ DnA1 á S a l 
Proof- Let neu). Dejo« δβ^ω ςαοΚ tKout Foui (δ] and cue* t k a t , (ov­
ali oíé^bü arvot mfeuj·. 
CSlotUm) -=0 cf З&Зр [ 4 < п л m= ( Η * Гр ла1р=бр] 
-. =». 4 otKeí-wiSe 
Mcüce fcke fbllowûaq observations ·-
Vj-V^C Vp[ C5|oiUrp^=0"3 - * З ^ п Г г » ^ * 1 1 owiot. 
Гиеге(Ьпг: VocE Datoti ¿ S2 С S l ^ l 
№ Ка е see*, ¿η tKeo^em ¿í.é», üvot·. Vn [ -1 ( .D^A, d ^^Α,Ρ- Therefore: 
11.2 Corollare ·. Vu С -1 СС
г
 * D n A 1 ^ 
СокЫІагу i l . z ¡s acfually fclie ( г ^ one of a series of tKeoi-emg m/Kich is 
ho cuimftaJbe in bhe sta^emetvt fchaut S4 Cs not aveu luyperaKÖiwteb'caLl. 
98 
"Ibeot-em- -· ( Я
г
 < E,) 
(VooÇ·· íufpoic·· S^áE, , i-e.·. \УаЭр[2^о()^ £
Λ
{φί] , and, и ^ АС
И
, 
сІе^ел-ті \е Se ы ш sacív thcU. Ρακχ(δί аж*·· Va[S
z
(o() ¿ E^SIaìl 
Rewctrk.·. £2(ο) onci determine ^qe«« т с й tkufc C5íQ)ípl=0 
anti VoiCa^^ucf -^ (5loiKp) = (£lÛ)(p) = o] . 
ТЬегАрэг«: о ( . Г а а = Qcj -> S2 (<*)!, an abrai^d concluston, as ¿ 
beceri (ώα. by a s^ue«oe ы* и/кісй satisftes: ^ Г ^ С ^ г О ^ n « ^ l 
We »TOW prepare for ргопио a cowerie Ь tbeor^wt ЯЗ^ thcüfc E1 does not 
reduce to £2 , eÁtAer. 
"ÍKe analyses op £a wkicb we Kai/e b make ел vieiv of tfu's, ivill aiso be 
asejtU for otlver purposes. 
For all (ЬеЧи amd a eu» іл« define at d e a d a b k stibffet K^ of OJ by·· 
K¿
 : = [ л I new | ρ (a*^n>) = o j . (Cf. g.c) 
I p A is a sprecut, we call it a pimfctry spread , o r α | 3
ί ! ) ¿f·. 
VaC (i(a")=0 -^ KJJ es ftKiíel 
Rnifcary sprectd^ cure. i-emcxrlcable as fcKey a r e su^posed to [ufifbe Уіе 
(ом _еог€ :и, LeJb A îhe a deedbiok subs·«* of ш}апа (be ^UJ ôe a fa*. 
^ tl« case of a iòutv like tke fùfl ЬСлаыу s-precid (i.e.-· " z ) , tkis tiieobem 
is proved by си\ appeal Ь Brotuvet-'s fcKescs (cf. ckapter 'іЗ), a »-aíKer 
dLe¿p a n d macK OteboLted. pKnoiple of úvttuttoKCsftc. OLnalysts. 
^гтоп Zwever, nimble lílte all It'ttle fblk, admits of a fnore easy 
treoutme^-
"iKeorew. Lefc A oe a decioLable Subset of u». 
0) If V i e ^ w o n ЭпСАСрЛІ , tKe^ 3ha Vjee- e i | l o f |3n[ n^m л Aífml. 
ProoJ: Oí Suppose* A is a. cteccdable subset of ω , and·. ^
г т о и
3 h Г А С j n ì ] 
Coícufiate noew sucK (tatf Α(δη0). 
Gohsidei- tke in-fWe Séquences
 : 0*, 1* (n -l)"* 
Determine naiíurafl rvuwtb^s IL.fc 4..
 л
 suck UaJfc·. 
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Lejt ъ -= max { n o j ^ , . . . ^ , } . Τκβ* - ^ г т о и ЗпС п < т л AC^nìl 
Οι] Suppose ·· A is cc decujLable subset of cu; a n d ^ с г г т о и - п З п С АС^лП 
AssLune, (or the sake, of argument·· Зи C A C U M I 
CaicuJaJbe. л0 suck tKout·. A CQ^o)· 
Remark: V ^ n e -.^ . 3«. ГACp i ì 3 . 
As for ail propositions PcwdL Gl-. (-і-ірд - η QU -* -ι-ι СРл a ) . 
we ияа\/ cofduole·. -^« V j<n 0 3 4 E A Cj"* fe)! , a n d (Urtfcer, 
(ollouv/¿*vg t^e arg ц^п-ел^ ùv 0) : τ » З т г е а
г ж
 З п Г п ^ m л АС p i l . 
iKereJofe·· I f -« З и Vj-fe ^
г т о и
 3n Γ η < т л ACf n i l , ^β#ι ·. ι 3κι Γ Α (ΟηΠ
 / 
акЫ- - Vjr6a-ZfWoK4 -i-.3h С Atfnì i 
Our corvdusion follows t>y coKfci-apoiuhoh. 
In 5.2 we defined, bo each subset A of ωω, a subseJt fteçj(A) of "Ou by; 
NeqtA) =-(0(1 -.Aioti}. 
Ahotber Buhg wkid> we lr<au| Іеакг» (Voir« tke proof of (Jieorem 11.4, &·• 
115 Cprolloyy : We^  ( Ne«^  CS,)) ^ A1. 
Proof: The proof of tKeorem И.4 »rialtes ¿t deau- tbab 
В 
The n€iít remark will be tnade use of in tAe sec^ud·. 
life Lemma : -iCNejtE,,) á Me^CMeyíE^. 
Proof-. Suppose ι U&fL&ùé ^^^^Я^л^у o*0*» «ASóvg ^ С ^ , defcermme í e ^ o 
sucKtkoU:·. Fu^(SÌ arvd·. Wot С-·£,M £ - ι ι Е ^ Б І ы ^ . 
Refnark.·. - . £ , ( ! ] , tKe^-ejo«: -.-. 3n С (Si t) W = Ö] . 
Assame·· -3h[(ß|l) (n) = o l and determine h,(fem sack kkoi ·. 
(S | iOW=0 a n d - ы С 5 с | ^ Ц -> ÍS Io t ] (h l -d l 
*ІКеге(о-е: V d C a ^ e ï c j -> - l E ^ o t ì l 
Tk¿s contraoUctton moldes us heure. 
№ cohdude·. - ι Sr\ ί ( δ Ι ί ΐ Η = 0 ^ , Ond Ца е cuiotker cortmdicttoí i 
loo 
Theorem: -«(E, 4 ^ 
fVooC: ?0φρΟΪ& : E1 < Я^. 
U.ç<n9 lemknoL 5.3, conclude: М с ^ ( E j ¿ Meg (S'J. 
As We observed· ¿η corollary H S ; &teû(lde^ (ς21ι) άА^ , a n d 
ЬКеге(о»те
 ; aqaxh by lemma 5.3. : Ne^ (S^) 6. MegCAJ. 
Buüt it (ς hot cUffr-culfc to s«e tAafc. A1 Á M e ^ ( E ^ A1 a ^ d . 
Talcing all tKinog togeJUie»-, we Katfe ·. Mea tE-j) ^ Meg (We<^  (ЕД 
a n d tkis, acco»-ding tö І е и т а Hé), leads Ь a contradt'ctCon. 
В 
The (act tkdJt €1 is hot heducible to Se , desb-ous odi (юре tAafc А
г ) 0 г / 
or <wy otKe*- Sei: bo wk-idi E1 itself іь beoLuocble, skould be So. 
We tu-t-h to Uie c^aes^ion, wK€Jfcber 5Z ¿s i-eaLticible t o A^. 
LL|C£ inctn^ sets we encoaK^eredL kkis. Саиг
І
 Sz ¿ς sti-ictl^ CtoalyticaJ (cf. \0.j) 
I n oi-der fco sea, tkcs, iwe defCKe , fbh e a c k ο<£ωου a n d ^é %_mon , a. 
Sequence о/-. \/к ^ U J Ь^: 
Рок all а ею·. 
o< 5 ia ì : - о if ffeOL С i.e.·. у ( ígíaj í - а) 
·. = о^са) cj- ¡4 а 
Vvfe rerncu-k·. Vd Г S2(pil ^ ì 3y£<rz l ? l 0 h C o í - o í j r l l 
(The saune CönstriActCoh serves bo prove the strCct anaJyticcty o f E1,, 
c j . fcKe discussion polio wing on theorem 1o.8). 
We wa/nfc bo ine>ntCon an important ; co*vseaite/»ce of tkâDhem 11·^: 
Lßfc A &e a sa ise t of σ , „ ,
Λ Μ
χ ο υ 
¿жоп 
^ V ^ m o n 3n CACAMI, the* З т ^ ^ Э л а т Е А ^ г О І 
I t fe not difffccult b derCie (Jus prthaple (Vow t/ieotewi І І Ч a n d (rCP(cf.l.q] 
We. how state a reftnewent of №еоге»п 113 = 
Lemma·- Sappose·. Se^uJ a n d F u n t S i , and·. VotCS z Coti-> E ^ S l o O ] 
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Proof·. Suppose. Sa ωω and: Fu/ní&l, and· . \/<x С ^ И -* ε,ίδΙοΐΠ 
Let olerai ar>d. -i-. S 2 H· 
Remau-t: ^£г2>7Юп E S , ^ ! , tAerejbre: ^ ( Г ^ З п СС«к,)(п1 = o l 
Also , ^<Г2 Ж О И 3q 3h р, [ ¡ ц = ^ ^ -^ C5»p)ínl- Ol 
iJls^g tKe above-me^tConecl со»а£гс|а.еисе of t/ieorem 11- ,^ " ^ 
Calcalctte m e ui suck tb-out ·. 
Airvd tkis ¿s Userai Itnocvlßdge. 
As -«-I^CÄ), WÄ ka*£: З ^ е а ^ о ^ Г а т - ^ т І , a^d·. Е
л
(5 |оі 
So m Rave Ь admit: Vd Г -nS^íoO -> En(S|oiìl 
В 
A ftAtke*· remarle Cs, tko>t S
z
 ¿ς hot a stable su&sdt of tuw> i.e.: 
-«VoiΓ -.-"S^M -> S.Co«)]· 
Fo^ suppose: Vd С -n S^ ioiì -> S^Cocì], i-e. ·. ^ CW^CS^ = Sa. 
'Ійби/ accondmg fco сопэИоин/ I
1 s
 ·
 S 2 - ^ i í wlicck is reftUect by «.2 
Su.f(xcíentl^  »иш ч/ preparai¿οης bew/e noiw Ьеел made for: 
.q Theorem·. -ι(δ
ζ
 d A J . 
Proof. Suppose·. Sz 6. A¿ , and, us¿n^ AC4lJ Oleterwuie &е%и sack tkai 
Ftui(5i and·. V<*[ Sz(oi) ¿ AZÍSM1 
TReref>r«.. Vot [ S^ Cotì -^ V^tE.CCSIoiì6·]]] , and, accoKfcng to 
leJnwa 11.8: VoL Í -n^(oi) -> A2 (Slotil 
Bab hoiv: Vol Γ •" Sa(oiì ~t S^COÍ)! f алОІ tlus skouid Not be tru«. 
Ш 
Ike next step does not surprise.· 
to Тиеокет·. п С ^ ^ Е з ) . 
Proof· Suppose: S j á E j , arvd, usin^ AC^ , determine δ e шш Suck ¿kat: 
Роиф} and·. ЫС
г
(оі) ¿І Е
Ь
(5М"1. 
Re*ne»nber kow we de^hed, Ь eacK j e ^ ^ ^ ол^ «e <"<« a 
агс|иелсе o(y іЯ ww s^dv tAat - jeoiy ou\d· [£ot-^ οί-ο(^ 
102. 
(We сШ ¿έ just before ietma. И.О. 
Remark- \/fe<rzmon ^ [ S ^ ì l , &*$»*•. ^ ^ о л лЗи [Α ζ ((&|ο(^ί1 
Ustno GCP; we f W hjQeuJ Such taub 
(AgOLM line CtnitaJttve subject lias beer» fbrced Ь a dectsxow^ іл/Weas 
hke creatLi/e subject did. Kot oblige Juwsdf b аауУшкэ). 
Define η6ω(λ» Î*LCK ü\at·- Fu* (η) амсЬ 
|oh all осе "ω ·. 
for all Cew·· ^ c | - ^ (η|οΐ) (gì) = o , and.: 
[or all aeui·. ( и [ л ) ( О с > * а ] - = o<(a) алоІ= 
(rjjí) q ·.= 5 ^ , cxnd. 
Ramarle, tKat for aJ| o(é WUJ : 
Тйегфге: V c t [ S 4 M £ A2((SKr|!«])n)]l ¿.e.·. 9 ^ A Z , 
a n d Ucs ¿ς co»vtnactictory, according to tKeorefti W.9-
fil 
Ih a s-inular wo«, iwe mú^ Kt Кал/е obtained tbß condu.S'toM ·. - t(S2^Ê z) 
fW -.(^аАД 
Ihis л^-у cohclas<on GÜSo fülloivs frohi спеоге^ 11.1o ttsdf, ας £
г
^ £ 3 
Loolcmq fol-wax-d, Нои/ел/ег, a n d hofyino [or absiwoUb^ to follow froi*i fcKe 
Ossxi-mptioM · £
г
^ А з , ^ ^ant Ь апссиЛЫе. fcfc.¿s truöi in a more tefcnedL 
tr\amer. 
(Jhe. reader sKouid remember now we blcAw up tkäorew И-З oo lemma ИД 
£и order to prov« tli^orem II9J. 
Ыг ihtrodace 0. sabseJt ρ of ^UJ by·· 
For all ые ωί*ί·. 
P H · » \/n Γ 3 j<rt [ ¿* βοί] ν -»τ3ρσ2№οΜ С vn = Qn л ^е ыЦ. 
(As iwe observed, ¿л conoflcury R5 = Nteo ÍNea (Ç2i) ^ А1. Iherefohe, Ρ ¿s am 
a^U^\etical set. ActuaJlvj ·. PiAj) " 
Remark.' S 2 c P £ W ^ C ^ i s J . 
BotK ùiditsions cure proper, tKat is to s a y : eitker оне of t/ie assamptioHi-
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teflilfeflic^^P and= РдС2 > leads ft> α cor\trcid«ct(r>i. 
We first prove- - (РеСД 
We ore. not mokn^ wild accusaJtcbhs buut tave good reasc»\s fò^ ^specttog 
P Ê Ç Z of bí-íngthg about absio-oíxty: 
l\fe üuKk of tke decùnal devdoprn&a of a, QS ¿н -^1 and (A particuJar 
of I •. =. Urn Г At place »n ir\ üie decimai devdopmewt of π sícuids the ¡ast 9 
of a bbck of ninety - тле 9's "I-
i. is s-owetcnies cctlled: tke Ыа*і(е nawber of π (
Д
Й€Е uíucMgetal кал η") 
It is not a well-de^hed noJtüiroi n-umW^ of course^ bu* f η|Λ€ου(η<Ιί} 
¿s a perfectly c[çja*t diecidciHe SAÀbseJb of ou. 
We buAld a Sbcctod sequence ο ΐβ 0 0 * ' , рлу<лч exdus-iwe a i i e ^ t o n t© tAe 
values it asíctm« oh | а | о . е и и | ν
 ол
 (CL) " 0 } -
Л^е picture иліі Ир to dar t fy оидг wickesd. project. 
Up ttll levd ·ί ; Ute only íe.c|ae«ces tn о^ Ж о И и;<г«іг 
fioA/e a ckance of beloK9tfi9 to οί
ι
 cure-
all елавл&іокс of 5(2. ^ owd. tlve Ыо 5eouß*ices·. 
О* * A О ж і -<*" - « Í O > * 4.· 
If £ appea« a n d taws· oat fc& ве o d d , О* и/і/і be appronecL of by OÍ 5 
if i appecws, and tuj-ns out fco 6e eve^^ <* n/tll be tfce /iQ^^y ohe. 
Ih e/Uier casfe u/e coKJtCKU.e ы , a b o ^ " Q.& С <л ÍAe stoded pa r t of 
tie pietas) by Some seouence Л cf wliicJt ¿t ¿S Ьюіл/кі tActb "»"»^аС^^ 
bat hot khoiA/n ϋισ* = ?/ρ). 
Súpose·· ^ ( O Í ) , detei-rmhe ^ ^
т о м
 íucíi tKctt Υ€οί a n d Consider ^2. 
Wfe now a t e able fco find oat tke. (оііои/йи^ a l t e r n a i « 
[fe exists -> 4. ¿ even) ν (fe e*ùts -> fe ¿ ödd) V (g e^cds ->?2(|i)) 
THUS и/е comwicfcbed oarsdwes to a r e d d e r атоипсътый:-
R ß ^ a r k , kowetfer, tA^ut РЫ-
ІКе (ollowina proof shows tta* tKe assujnpbbh •  \/ot ΓΡ6<ί -> ^ ( а ) ! ¿s 
not bat reckless cmd ac tua l^ dcsaitrous. 
Proof- Reconsidering corollav^ U S , і^ г pind tbajt Wecj. (Wecj&)) is 
not on(y a member of П? , bat also a subrpread of 'Чо. 
104· 
We way deßhe et sequence £еыи> su.dn ЦЫ.-. 
Oud: ^ iff о. subrptea-d of ω ^ . (cf: i.g) 
Wz aíso итау def^e a fu*\c¿ton fb ·. ^w -> ^ю suck tAat 
Ih order Ь do So, we prit define, a /unctcon -ζ,1 UJ —>ю by: 
?J<>) •- <> 
and, for all а е ы , и£ш·. 
: = С0(<х) *<»n> ¿f ζ ί ζ ί α ) * <л>) ^О 
ondi »и=ілрГ?Г P0ía) -t<pí')=o] 
І^ Ь\ел detei-irvcne ^ by declaring: 
VoíVnC FeH e f0(«nìl 
We Ovtrodace a technical conv/entton-
Fbr all σ(€ωΐΜ a n d neoo , Ь>е secjuence ЫІ e ' "UJ ¿S o(e/WoL 
bv= Vw Γ o(J (mi = OÍ(^+ mil. 
ÍOe gets o¿[n from « by suppressing tfce Jthst η values of oc). 
fefe are goCng to de|ine a junction F : ωω -> "'IAJ 
Let fie^uo and·· 1:»ил£&і*\+о1 te. Ü\e wolatiíe number of jb 
Kfe defùie (^ь) sock tJafc ·· 
о) For ad he ω, n¿ 4 . 
FfpXSi^« F(/i)iÔFn) « Ρψ)(5
η
) = 0 
Fijö ( Ä*fii+i}) = 1 tf ηφο and n¿±. 
(к) For afl neu), n> jL. 
F( |i)(Ô5n) = 0 ¿ ^ is odd 
F (pi t î ^ ) - 0 2? -R is e*^ 
(HO 2 * F iß) = F0 L ft|t Ì i.e, ^ all aew: 
1 l , U i ;
 ( ^ ) ( ё Ь а ) , ( Р 0 ( Р | ^ ) ) ( а ) 
lUfe daim tKoub tZ/i С P(F(pìì"J. 
fbr, s-appose · ρ€ωΐΑ) and neuj a n d л < It ·· = /*-pСp(p)^o]. 
DistinguisK two cases : 
tos 
- If i does nofc exist, i.e. чЗрСрСр^оЗ, (Леи. Q е. Rfì 
ohd: ^( í nFCpl). 
- A s -^(ЭрСрср^оЗ v-rSpCpipì^ol), vv^biow: -!-·$;(-" Pipì). 
taw, suppose n> i ·· = u.pfßCp)^ö]. 
If Я ¿s o d d , tfon 0* e FCjìì. 
If d is ел/е«, Uè« 1* G F(p). 
lber-e£>re ·· 3 ¿<n С ¿* e FC ^ І . 
Wu prowed: Vp, Vn С 3j<n Г ¿* e Ρί^ ί"] ι/ "·•' ?
г
 ( 2 п F^ì) , ''-β.·. [^PCFCfifl. 
№ also datm tKat. - ^Z^íH^ll 
For, sappose: Vf* [Ç2 CFCpiìl 
"Rie*,·. Ь^ ЭаЗу E íjCa) - 2 A
 f6 а л ^6σ2 Β 1 0 Ι 1 л ^ FCpfl. 
UsLrvg CP^  tve fiwd oeuj^ a €UJ suck that. 
We scrutinizfz a and 0USÍ¿HQUÜSK tkree роесіЬ£ІіЬ«5·. 
Case ú J ·· а=<:^Ь. 
Then.· V | i C ^ = Q c | -> O* e FCpOl 
Th&tefbm: \/fiC ftc| = Ö a ^ (3r\[ρ(η^ο]-»/ιηΓρΜ^о] it odd)]. 
Tk« is Cö^trodictc^y, as IME. may define p,* e ^ 
sudt tKai: ·· 2^ = уілп f |ь*Сп ì ^ о]. 
Case (II) -. a = ^0^7. 
Theti·. V(bC |ìq= Oq -> 4* e FCpìl. 
Tus ¿s co*\£racti.cfof^ , as n« »nay otefìjuz. p* €WUJ 
sucb fckU·· 2cf+l =-Uh[ b*(nl^Ol 
Case, ôo : a = < OtOy. 
Ш claim tkaJt, now: VbiE δ
α
( ξ M ] . 
For, let ο(6ωΛί and conttde^ p*= Öq*<b*o<.. 
lÄfe bow : Vp С p9= Qcj -i ^G<szmon c p = ог A ^€ FC(bi3]. 
BeoauÄ of tke de-iiMtioh of F, Uerejl»«·· z^CF0(ûi1\ 
But, tKen: V o f E - ' - ' ^ H - ^ S ; ^ a ^ 
lot, 
Sa is п ^ α stable subset of ωω, as we observed. 
ia-st before fcíieor-оиі 1^9 
№ kcwe feen: VpCPCFCpi)] a n d : - V p C S ^ F C f a l l 
IS 
life Le»mna·. Suppose·. Se'V. andt fu>n(5Ì a n d : VoiCSJ«) -> E a i 5 M l 
fber,·. А Г М -> E a í 5 W l . 
Prpoj·. Steppose
 : Se^ou and FtuiCS) and: а Г ^ Н -^ Е2Г5|оЛ 
Let oiewu) a n d ΡίΌί). 
Remark·. ^ а - 2 І п о Д З Д г 1 1 and. üverefbre ·- ^€<гг>пок С Е г ( S k j ì l . 
(ІЬе clefWio^ of oí* Aas Ьевл аіиел just Цогс» lí.S). 
Obíer^ifo·· O βσ^
№ ι Ο Η
 and α*κα бСР ^ fi>d ^ м е ш sí/ck \kak-
*F^».c ft- §я -» tfi-r)"=el 
І к v¿e*v of·. P (P0 , иАг frva.^ ct(¿¿(hoou:sk fctw) coses·· 
Casa (Os 3 ^<C| f ^ *éo l l 
Wow·. S j M , ondi kkerifcre: Е
г
(8[а). 
Case. (»). п-»З Г»€0і л fq = Qq[1. 
"Hen·· -»•.((SM"«©), tkerefère- C S W ^ Q о ^ ' - Е ^ Ц . 
In eitKer case.·· Е
г
^|о(.). 
Ik proved, VoíCRfoí) - • E ^ S W l 
В 
I t ¿s hot possible Ь repbcÄ Uie condusioK of Іеита И-іг ^ · . *£-Ч5
Я
(ІА)-) EJSM] 
The joHoivg,^  example maJtes tKis сіесы·: 
As one sees easJy , \/ot СС
г
 (OÍ) -> (0*еы. yj ηιΒ^[^(ο}=ο л ^ е « ] ) ! 
The ?ио=еЫелс of tdis ¿mpltaution Cs ¿ndeeol 2*^ (cf. H.ç). 
N/ÖW Sappose.·. ^оіГ -«^(ot) -> ÍO*eot ν/ -i-· Sj' С χ(ο)=θ лгбосЦ. 
" U ^ in pa/ttcuior ·. ^ [ ( o c ( < o # o ^ ) - 1 A τ ι (0*eoc ν Ve*))) ->(P*eo<v/1*eo<)]. 
And tlas, in turn, leads rattar stra<gKt(orwatdJN/ fco·. о([-пТ>тл.,И -t D ^ H ] . 
DM, ,ΚοΙΑ/βνβτ, if not a stable ffabsei: of ωω. (MeaCUeafDXtì κ reducible ¿о 
A i f a n d D% ttsef & not.) · ^ ' 
10? 
This also establislies •· -« \/OIÍ^SZ(OL) -» Ρ(οί]1
ι
 a ciaím i^kúzk vJe made, 
at t/>e tntroductcon of Py jus* after Ucorati «••«o, but left open until пои/. 
The |olloivi>i^/ orctttfyiÂa соисІи^Ъи ¿f tAe one iwe кхл/е Ье.<&п strivaa fe*··. 
Proof: Suppose : ffaá A3 , and^ USÔK^ AC,,, J determine. 5€ωω suck tkat 
Fun (δ) ci^d: Vocf^Coi) ¿? A j f f M l 
TKere^e: ^ о с Г ^ Й -> V¿ [£ 2 ( ί ί Η ^ Π ΐ , a n d , accohcU^ 60 
lemwa 4142 · Va Γ Pío«) -» A3 CSWl. 
&UJt how·. VoC [ P(pO -> S2 (oíQ ( W tilts coKtraoticts t^eo»-«« f m 
El 
As Ρ itsdf bebnas to T\f , tie above proof shows tbojl· Ρ ¿s tke best posvtble 
Π°- approxunattoH to £
ζ
 ; ί«.. : Ρ = a f R| Re П 0
а
 / S",^ R}. 
SimiloLrl^, Ые^ №α(£ι.)), мШк beJonos fco П^ , and t^as tb Π| ^ t'í íeen 
fco 6e the fes* possible П°-о^>^гожі.іг\оЛол to £2 · 
N^CMe^C^ - 0 ( ß I Re fio J S^QR). (Cf fAeorew 11-9 and its proof). 
We Mill generalize tta metliod used ¿к provava ·· " » ( ^ ¿ А Д a n d prove 
thai Sj is not lujpercirdiiwettaj. 
йетоИс üvat, \/ot С S 2 ^ ì ¿^ V h T ^ C f e c x ] ν (VftánC«íoli-o] л S j ^ o c l ì l 
Мг dejlïie Χ 8 , a das? of Kyperariftmeticai approxCmaJtiOns Ь S z by tAe 
fbllowùvg clauses·. 
0) Me^OJteg^ai) he lots to K R . 
fl·) Whenewei- Q0, Q>,-- <* a· 5а^ие#к:е of elewe^ts of Η ft suchtAat 
^ n C Q ^ é û h ^ Ыіел a ^ belongs to K f t , л/Яеге Q^ es defuwdby. 
for all oíe%ü·. 
(Ili) Іл/Келе ег a лак Q beJo^s to M A , it; d o e i so beaxase of 
(1) a n d (iij. 
One obïer\/es,tKöUt (я-eacK Q e K A ^ s Q . 
iWe iwa>nt to stow that Öie cohv/ei-ia ¿s not true, fbr ал^ Q € Kp . 
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M.15 We jW remarle tkafc all текЬ&г* Q. of НЙ are proof Qflawsfr proçrastvvafcoii 
Мг will expiai K/hat >ve wean by thai. 
№ want Ь use the fact ttaX, dise. С
г> all wembers Û of К ft hoMa 
tie folloMig phDpÄrty: 
л Vit С {GLLuk<x) л п^іГоіГоп)=о7) -> Q M l 
But tke*-e is mofe to et tAaw tíves. 
"Bus
 л
 more' ís
 | tbat и/е may extefid tAe hautge of „к fco 
vo|afctl€ MUJnbcrs. 
Tb express oarselveí соітес±Іу; n« Aa« to LfltroduLce. another ne»»/ notion. 
Let us dLdfinz. a procrasKnotiihg (илсЛСои G·, "tu -* u ' i^ J as follón«·. 
Let »e ωα> ondi t- .eunCpW^ol &e the volatile. льипЬсг of p. 
>\e C(e(¿ne Qip) sacA Üiot: 
for all new, h ó fe. -. G(j>>) lun )=0 awdt (?( p) ( n*(n-nìì « i . 
For all aeu)·. G ipUôi**) · - ( i l С*)· 
í[b|m ts tbe sequence к іисй we g e i froir» [i ^ deletùta its (tat Ы o«alues/ 
cf. tie proof of ti>co№H «.«). 
№• may reformuJate tbe basic properties of G a s follou«-. 
A Subset Q of "'CAJ ¿ς calledL proof against prncrasftnqttò* if. 
Vji [ VuCJU^rvCpCnWoi -> QCp»|44iil -> α « τ φ ί 1 
Oar (trst observatiow is tkxt MeailJe^fSji is proof a9aùiît procrastincítcoH 
The ptoof of tks jact hos been part of tfw» proof of theotem H«, but perAaps 
it is asefwl to repeat tAe агди*ие*£ Kene. 
Suppose, |ίΕωω and. VA С R y^ixn [(iinl^ol -^ ^ ^ ^ p l ^ J ^ · 
Ihcr-Ä are two poss¿bilika£: 
- ЗпСр^п^оЗ, tien caJcuiaXe í:= ^лнС|ьН^о] öwd remark·. 
Vns i С GCjí) (&0 -о] А -·- ^ (Gfpjfip , tKewf^re·- -.-·$, ίβίρί. 
- VnCji(r)-ol , ЬКел: QeG-Cpì and·. ЯгСр) ömd: "--»^(jb). 
As·. - f O h C j ^ W o ] vVnCftW-ol), vve кіюил- -i-t^CWptl 
Wow, (Кид-Ме, tkat Q0,Q1t... ts a Se^itenoe of subsete of "VJ, wluCk are/ all of 
В»ей^ ; proof agatosfc procractinaJtioh, α*ά sacKtKat: VfliQ^Q Qnl,a*d consider·. 
Q«, = foil v « CajCj«6oí] v(;v4án[a(Qfc)*o] д U.C^ocìl}· 
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Wfe fw* remark that·· \fo С α
ω
 e Q J . 
For, Jet «ve Qy, ажЯ h cui. 
There are fcn/o cases to coMtder. 
W З ^ С ^ е * ! , tben: ЗД, ouid: 0
И
(А). 
Wow, QMfc<ì, as Qb ίς proof against procrctsiinctitow. 
In eitKe»· case, tterefor«·. СЗ
И
Н. 
Mext, We sKow ÜoJt Q^ itself ύ proof against ргосга^'лаЬои. 
Sòippose: | ì e w w and·. Vf С 4=/xj3C(î,fp)^ol - ^ Ο ω ( ( * | 4 + 1 ) ] -
Let hew. First suppose: H< upf/UpMol 
The»,: V 4 á h C « p ) ( u « « o ] , and: &nG-C(i) = GC/i |h \ 
Í W r k . VtC 4=/ApC(l |n tpWol -> Q - i f i ^ l U 
Bout Q j^Q QM and Q^ ¿s proof a^aunst ргосгас^гмаиесои. 
Мок«/ fufpose h > ^ p [ f t ( p ) ^ o l 
Lefc 4 :-yupC|iCp)fo] a n d Consider ^ ^ , rccaliCwg Qu>% + 1 ) . 
Ibere are two cases fco oUstifioatsli·. 
(0 3¿ Г ¿* e ( i ) ^ Τ ; calculate j e w sacK fcbat i*6/i |£+ t, and 
remark: q'+l·)* e <?(p). 
04 а
^ ( P O ^ L . ^ vui.rji|l+4iöei-o] 
out now- Qtt ( -ИС-(р)) ас (2
Л
 is proof aqoJASt: 
plOcrastiMOJtton, a n d : \/ί<ηΓ G(fO(£0 = ol. 
lAfe mav trusty noiv, tKaJt all toembers Q of КЙ Ore proof aqaintf 
proCras-tcHOJtío«, as WegCAfe^ i?,,.)) ^as tkis property, and tke property is 
preserved iñ tKe process of maJtùvg a new elewent of Η ft out of a 
Огаіигілсе of earlier- consfructed eieme^ts. 
11.16 We гю> devote oursdites Ь tde bask of proving tkat ho member Q of HA 
Cjousddes. w/íb» S2. Wfe wül define, to eack Q e H ^ , a (wiction F·. %„ _> Q 
Suck that « -t V« С S2 CFioOÏ]. 
If\ tke case of Me^Ofe^M, fcl^ promise, is a ckeaf one. 
We have давл tkaJt UzqiUe^CSA, beù^ a Sfreact, is strictly onalyticoi 
Onci we constructed, a jùnciton F0: шш -*u,u» Juck tAcxt tegCWe^(^))- Rai^] 
in tke coarse of tke proof of tkectem Я«. 
On tke otker kand, we Ьюи/, f r i ó m e tcwe already tiaJt·. - » Ь ^ Г ^ И ^ и ! 
(cf. (ke retnark precedx'Kg tkeorew ii.q) 
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Noi*, acsawe Q0,Q1,... is a sequence of Kvperarttí\wefcccaJ appro χάη а і й ж t o ^ 
sach tKat •· п Г 0
п + і с Q,,!, owdL ^, Fj,... ¿s a reque*ice of fuwctions POW ωα» 
to ωω Sad» tlat·. 
Vn Vot Γ Q
n
 ( F „ M ] л \Äi - W* Γ 5.( Ç fee))] 
We CÍefifíe a new pwction F: ωω -» ωαί as (oll ом/с : 
Let Acw«ü and ! = upC|»>(pi^ol &e tbe volatile number of |1. 
We defbe F(p) such tkafc: 
(j) For all neto, n<i: Ftp) (On) = F(|\UÖ%) = F((b)íí*ni =0-
(ii) For all new, n í4 ; h^o, n ^ l : F(p)( R»(n+i^a 1. 
On) For all new, n > ÍL F(p)(6*>0 = O ¿? li ¿s oda 
F ( | i i ( f ï n i = o ^ ¿ i s eve« 
We cloüM Ьок, V|i[ QwCF(pììl 
Let (ie "Ίο and пеш. 
Fewt s<tppose: η < /ЛрГ^Ср) j^ol 
Depine a se^aence ^*6 ш« Ц re^uirtn^.· 
As V^CQn+1£Qn3, tkis tmplíe$: 
and^ Wnce Qa is proof a9<xihs^ procras i^noutöoM ·· (^((Ир*)) 
ftemewt, fcKat: е п РСр)= (Kp*|
n
) 
Almost the same аи-диицел* pnoves·. QM (G ip * ln ì ì 
Afcw SiippoSe: r\ >. ^ρΓ(ί(ρ)#θ7 
CaJculatina 4 := upr^ipj^o] cinc 
we P-hd·. г 0 * Е р ф ν 1*eFCp), fc/ier«f»№' 3/С^*€Р(рП. 
o ttJ ùiQ t  fA J a d Seeina K/ketk^ ifc ís odd o\r «л/еи, 
л
 I  ' 0 * 6 г   ft), '" ' ' Ä ' ' 
i.e.-. « ы С ^ 
We also daim tí«**: -• VpCS^CFljj))]. 
Suppose: ^[ÇeCF(|»i\l 
1ïie*i« ^ З а Э ^ С ^ - 2 л j-e а л f€<5-2friorl л je ΓψΠ 
Us*n<j С Ρ, м/е (г»<± о|еш, a e w Sack tAcut-. 
Ц(в4 = 2 A V p C ^ = Ö<^  -> 3j:j6aAjffee-2|r io | iA^FCpl]] 
lUb Scrutince a-, and d£st£r>jiM'sk ^в роііом/іп^ caces: 
О) ля<і
г
{> NOM/-. ^ С jbq= ÔC| Ч 0* e F(jî)l 
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Th(s is controdLLctory. 
(и) α=<0,<?. Moiw: ^ [ ^=Öc^ -^ 1*eF(^7 
TRcç is coKtrcxòUctery. 
Си«) α=<οοχ Mow: ^Г(Ц=ос |-> Э^Гу2=52Ар^
г Ж с > п л ^eFCpì] 
And·. Vpcc^.Qcj Ap(c|)-iì-* δ,ίΡ^^ι m 
A nol Iktc, according to осы- CLssuinptions/ is co^tradicto^y. 
Wfe pujt tke blame fD^  all tiiese. coKtradicttows wk&re ¿t bdofigç Onci 
Ссисіаск: -VpC^CRpìO· 
Tb any Gì 6 XA іме may coKstrucfc, by tepeated. аррІісоиЬіои op fclve ol)oveJ 
a fùhotion F - . ^ - ^ Q sucK tkoJt- -> Vp r s 2 (F(()1Ì 1 
Ткегг{оі-«
у
 ко rneínbe>· û. of Hfl cdinccdeç ivifcA Sz. 
.^17 Let Qe Н^ and let Q+ le. Ь\е set wKcK i-esalk when tvfe do apply 
khe qeneradtinq operation to tKc Seaciencc Q, Q^Q,— 
Thus: Q = { « | Vn ra¿r¿*e<*7 ν(ν*έηCottonol A Q(S,q0())]] 
Irt/e Καν« see*», ілг fcKe prev/ioaç paragraph, tKctt Q. ¿s proof agcunst 
procrastinCLtton, and tKott Q + cQ 
We observe, now, ^at (ì1- 4 0- a,X(* ^ a^ ^ ¿s a proper subset of Q. 
for, assume Q"*"« Q 
Tben·. Vo([Q(ci)¿ \/ntñAC^Gca ( 4^пГсж(0*.)=оЗ A Û(ôhoi))]]. 
Especially. Vu [ Q(olì -> (0*feot ν ( o ( ( < 0 ^ = 0 A Q(< C , >0())]. 
L a ae^íAj and at*). 
We will construct ¡Ге(3ітоп 5 и с ^ ^ 0 1 4 lf€ot а л о 1 "^ ^ ' ^ 0 С о 
step- by- rtep. 
^Ц> (oí We Icnow: Q(£x) and distinguivK two possibilities: 
0) 0* e OÍ, tten ¿'(O) » - I . 
(IO a(<0>)=O л Gl(<0>a) , tKen ^ о ) : - 0 (awd QC?1*)). 
step (Sr), у (о), j-W KoLve beer» oLefx/ied already. 
I f ^ = 1 , we defxiie j[Cffni »- 4-. 
I f ^гЛ^О, »ve know·. GL(^аі), and. we cUs^uisk Uo 
COLS AS'. _ 
Ш ***&(«>>) = о л ûC^-^oc)
 t fc^en
 Г
(5п):-о 
femark^tkat, ^ tke lodbej· case: Q(FS S no(). 
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It cç eerily verged tAcU иСо((р1=о] 
Thereof« Vot С Q(o¿) -^ 5
г
(«1Т , ОЛОІ. Q s S 2 , anal Q = S^  
But Ùis is urpossdie, OCCOÍ-CÍX^Q to H 4¿ 
Reimrk Uicit; fp^  on^ Q e И fi , аксА m e ω 
lïtS Cs, becootse Q. LS proof agounst рЮсгаіЛлсиіои 
We aie tkts remarie to make (Же (Ъііоіл/іка obserwsutüOH ·. 
If Q0,Q i r.· (s a secjaer\ce of KyperaruKweticoJ approxO*<xt<e*»s 60 ^2; $-α<Λ tAaír· 
VnCQh е<Э
л
1 / a*d Gl·,*, « Ч\е Ät iwfuck і г get by арріуиі^ tke цепегаЫпу 
operottoh fco this sequence, ЬЬеи 
VnCQ^sQ^l audi, W I C Q ^ ^ Q ^ -
Ibas, tbe proce« of деяегаЬспд Пек eíonents іл Кй is erdless, a fact 
K/IMCÍ» at orce Surprises and reascur-es. 
A last retran, on Hft, wKicH we Will heed in tAe secjuei, is üiodfc ИА ¿s dosed 
under tKe OpercUioh of mterîectioH-
We iw<ll prove, (pi- all Pe Hft, tbat (orali QeKfí РлСіеМв, awoL 
Ive iwül c(o this Cnductively 
Ip P= We^CWecjC^i, *>fe remark, tbaufc (br all Q€ HA : Qo ρ 
and Q A P = Q . 
Mow Su-ppose·. ζ,,Ρ,,Ι^,... is a sequence, of éléments of HA, rad» 
tKaJt Vn С f^ +1 S. f^  3 , a n d such fckat ai\y intersection of Some Pn 
babh any elemettt of HA, b«Jongs fco HA again. 
We іл/аи* to pro^e thai: ·. Ρ
ω
 : . (ofjWCgjC^eoil vfyft infrfêq«©^^^ 
has tAe sawie pnopertu. 
To tkis end, açs-ume Û é M A , 0. φ Meqík/e^í^, a n d 
deterfrvine a sequence Û 0 ,Q 1 , . - . of elements from НА.^исйУіаі 
Q« ΰ
ω
 . - fo(| ^СЗ^С^евіІ ν(ν*^ηΓοίίδΙ!.ί=θ1 AQ
n
(-no())]f. 
Wow constctei- A « ío t |Vnt3^ j*6oí l ν ( 4^Мб(1)=о7 A Ρ
η
( ^ ) л Ο,,ί^)]]} 
We daiw fchajfc A
 s
 Р^ π Q ^ . 
The proof ic s-traigfci fbrward and жау be omitted 
As, by kypothestç, Ι^ ,Λ Q O 1 Р І Л 0 1 , . . . IS a decreasÀna seciaence 
of members of Kft, tfits sbows tKat Ρ
ω
η ΰ
ω
 itself belongs fco M ft. 
me reader bicu^  (eeê алхюа« about the Auoe Qu.aní¿fi¿r : 
^fbr all (5 e H f t ' occurrina th tkis proof ßuüt he need not do io 
livfe coaid baL*/e been io economica/ as to ai/otd cfc, hxitw^ 
m 
only abou± those members op Hftt whidn, played, a role 
in the constractcoh of Pond Q. (if we are enaaaed Î*L 
proving υιοί üie intersection of ρ omd Q beionos to H ft). 
1118 The curtciitt rises for the fl^ aj act ·· we prove ttiaut S^ is not KyperarttAfneti'ca/. 
Let Û be a kypercu-ithmetical approxiwatCon to Sj (i.e.: QeMfft otvid С a 
Ky perar іій m et icol Set. 
u is called a i^ ibiegf apou>ist Ç if 
VÍ[(FUJI(6Í A \kíS2(*) -^ CiS|»n) -> VotCQCA) -» С(5|стП] 
If Q. is α witness against С, $
г
 ссхипок be reducibíe fco С, (or, ІУ\ tkot 
Case, Q. a*\d ζ
ζ
 ц/ouJcl co'cncide, wköcb does nob Ьарреи, as iwe saw/¿к К.fe 
If О. is a witness agaihst C, Q also w/itnesses agaihst any set D wKidt 
is reducible to C. 
If Q is a witness against С, Ьіе Йоі іид i« aJso Ыле, for all иеш·. 
V6C ( F(at(5) A Voi С ^ ( m e ) -> Cíílrtll) -• Vot CQ(mo() -> C(5|o()l]. 
Suppose: Se^uj A Fu*t(S) л mew A оіС^Га)-* С(5Ы] 
Let «€'"«*» and й(жсіУ 
Define a fWtiotn η: ωω -» ^ы sucí» tAat·. 
V/i Γ m(»llpì= Ρ Α·\^ Γι(Λς»η)-»(η|(ΐΙ)ί»ι)βο(Μ3 α ^ consider ^= ¿οη. 
W r k . : VpE^Cpi -» C o l p i i 
Ihfcrefore: (ь[ (Я(^-> Cinipi]. 
Especijoüly, cince QCVl·· CC^fM 
Bat·. r \ i r ^ o t and ЗІО Ь б к 
Therefbre: УоС^Гы) -> С (SI«)]. 
We. Kave see*\, іи lewfna И8 and Üieoirem 11-9 that МедСМе^ ОД C s 
a H/ithess aoainst E1 and A2 , a/\dy therefore, against any cet D 
wkCcfc belongs to Σ° or ïl°-
Startino from tUis fbct, we »паз/ construct a witness against ал у 
K^peroritlimeticol &аЬ. 
Suppose. C
e
,C4,Cai... is α sequence of KyperOriÜvíneticaJ Subsets of ωω, cwdi 
P
o»
 p i , P**·- i-S CI Seoice#»ce of kyperaruKwieticai OpproxOricxtions to Я2, Suck tKat 
VnC P
w
 is a witness against C
n
l 
As К А С« dosed wider intersect<ои, we may assume-· P^aR,^^... 
(We may ckange оиег to the Seguence P0> Р0лР1, ^лР^п?^^.. ,if V«L do 
fazl a*\y dou-bts). 
m 
Consider. Ρ,, - («[Vn3jCj»eo( ν (ì/lanfoiiQftJ-ò] A Pn (^ОІ Dl]. 
lAfe cloum tkat P^ is a wtnesc aoaihit /1 C^ and a/so agcunst U Ch. 
As Р
ш
 £ Λ Ρ , iMß /ave no ûLflicaJty ui verifyittç tKat 
Wow, suppôt = Se "ω arid Fu*.(5) aíid·. 1/АГ?
г
(л)-> ЗпГС
Л
 Щ*)1 
Lat o<ew<u a n d ?
ш
 Μ­
ου 
Remark: ^ ^ ^ С ^ С ^ Я аМ Ihoref»* - ^^^ІС^Щ^)! 
(ІКе defviutiow of о .^ Kas Ьееи given just before H.S) 
ObservLHQ·. Q e о ^ и ^ О-ма us^no GCP i ^ find α, η
β
£ω ^мск (ktb 
Therefbre: ( ^ < c | rcxigftj . o l л С ^ Я * ) ) - t C^ÍSloi). 
Let m · = max (q, η0). 
In ¿^βιν of· Р
Ы
Ц ινβ ma^ ctic^üí^atsK tuo possdoiUtCes ·. 
(0 3 j C j * e o í l , Ьге^: ЗД, a«*·. 3n f С,, íSUil 
Remark, kowe^ , èl^jb - (\/4<^ [oí(6í3-ol A S ^ V ] - » ^ (514 
As P ^ f s Р
По
1 wiinesseç a^aá»í4: С
й о
, tkis cm.plí€s·. 
IberG-foKe·· С
Яо
ІЬ\л) 
There|ì>№·. ^Щчи»^ A Vfci^H-» ЗПГС
Я
(5|«ІП) -) VaCPJ*] ^ 3η[0
Μ
№]]]ΐ 
te.·· Ρ, ¿« a lA/cUess αοαΐκ^ί: U С
н
. 
W& kcu/e te? abandon wery Коре tk*Jt С
г
 be І урагагі(і,теЬіссд4; O Í 
any Kypera/itkiytóJticaJ set иау be built: up from sejts iviuicA ЬеЬкд ib 2 " 
unci ^? ) by repeated use of Uve operai«OHS of Coimtable union a n d 
ÍAbersectio»»· 
w nave Seen, in Hit ardi l?,tbafc very, very many hyperan'tlwnettcql s-efcs owe 
intercalated between £3^  and Vea (МеасСО). 
lìie hesaJts of bus paraqrapk tnake us See anew fcKafc Mo KyperurtlAinettQaJ 
Set can be botk Сл(¿stent¿ally a n d tcniversally sOJtanated, a fact 
wlitcJi. K.as been see>n to (blow from tKe Kypei-arttKinettCaJl КісгсхгсА.у 
theorem,. Cef. 9.ío)· 
fb)-; CA tkat case^ we A/ouid p¿not an demerit ¿к Hfl, *vttn€s&¿nQ aqcùnst 
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all Jiv/perar¿tf\»net¿cal sets. "Παε ts wposî-tbk, accorottno fco Ή-1?. 
Let hieiAj, m > 0 
We d e (ine a s-ecjaence ^ ^ о ^ e ^ Ц·-
For all a e ou : 
a*id ·. \/h Г и+1 < ίο ία) -> a (η) attutii] 
:^1 ofcheriA/ise» 
Ifc is hot ct¿fficuiíjt ko verify that (з-
т
„
о и
 is a subsprecxd of '"ca ícf. í.q and 
lic) and UoU:· т Г а ^ ^ er 1 
Remoríc tKcïJt, (ì>r QU /€ ω ω: 
As ivitK σ 2 ι η ο Μ , we do call 0 ü,e sp_¿he of в - т і и с п . 
l^ fe deiW a suhsek S
m
 of ω ω Ц : 
Рог all oíé^tü·· 
^щМ == Э
Г
Г у б ^
т г и о п
л VnCoitfnboll 
ta e ^tü tas (Ae property С
т
 і^  khe/re e^ic-ts a seuaencc / и* ^ , W O K 
caok of is/Rose ihCtial pcwU & approved of by οιΛ ^ ^. 
Remark tta* A ^ ^ ^ A , . \Гч»Я>«^и 
Oar bediw'cal eye. also observes Ue ^(oivuaa·. •»чиол 
w+i Won 
σ
*ι+ι won i s ^ r e S i A | t 0 f ииы-Ь ілілс^ a и/Ме ^ес^иглсе of copies of o ^ ^ . 
Let (is dejitó a (илсЛюл f1": ы « -* "*> by, 
For OLII ot€ "'««· 
Forali fi£io-. (f+(oí))(ni , .o í ín) + 1 
RdZmarfc. Üvojt. fer all κεω-. f4 •· β- -»ar 
/ Ι Ι тгиоп ^^ tnti mon 
№ ргоиг CL 92#i e r a ' , z a < : ¿ o h 0f tKeorem 111 ·. 
Mi, 
«До Theorem : VmyO \/n>0 С D,,Sni 4 S m + 1 7 
Proof, Let ^Лбсо, WP-O, n>0. 
Defbie Sc '"cu s-ucK Üxcub = Fan(ó) олсі·. 
(i) For- oA осеш
Ш/ far Ы ^п , ( ¿ Η (Qcf) = О 
|Ъг ЫІ cpn ·. (61л) (Qc|) = l 
(и) For all οί€ωω} far all fe^w, (b»- oJ ^<»i/ far all lUw·. 
Refnaurk. üvai ·· 
ie, b»£m¿Qm+í. 
В 
I f fckis üieorem is ίο bear tAe ^ame Ісілсі o f frtut as tAeofew <И, І ^ 
Itiast prove first·. 
H.21 Theorem·. -^  ( DZS2 ^ ? z) 
^oof· . Suppose: D ^ ^ S ^ CLnd, using AC^, defceiTntne δ ε ^ α ; sodi tAoi 
Гил (S) a n d .· ta [ (£
г
(оН
 ν
 ξ , (ort) ^ S^CSÍdi l 
We daim IKact ·. Voi С 0 € Ä 0 - * О β S(«"l. 
Suppose·. rt€waj and·. \fntal0(Q^=o] and- Зи C(S|rt)(Qn)^oJ. 
Calcuiate n0,<^ €íAJ Suck tkai: ·. 
The úmJbaJttve subjeot O s sCA/erely liwuteot cts own-
po5Sibüitifi&; whereas Uie Creatù/^ subject Still Aas all 
Cts options орел-
Defthe ие^иі suck tkaJfc·· FltnCn) and·. 
for aJI fte^u»·. 
0) far ail U 9·. ( q l p f t ë t t -O 
(Hü far a l ÍL<c| : R* / (η|ρί0 
Ov) for all aew: (r\\f\0 ( б^ * a) = (i(a) 
(v) -•S^Cfrilpi4) 
11? 
Leí: ΐ€.ωω be suck frak·. Fcui(?] and. νρ,ΓζΙρ = £l(r||j*)J 
lòemarit üiat (οι- aJl с>€шы: 
ς ^ φ ^ s,(caipe) 
Thercfore. Çz4 Ü^A,, a n d (Jus cow.traxitcts corollary <i¿ 
lKer4>^·. Vol С Vn Γο( 0 (ά^ = 0 ^ -> Vn С ОВД СОл)
 =
 o l l 
The same· argiurvenfc also estoblisíiec ·. Voi Г OeoiL —> О e Sloti 
cu\dly tAere^re ·· \/ot Г ( Q Ê ^ 0 ν/ Q e«1) -> 0 e S|otl 
"П й, íiowfev/er, kas ал undesirable CoKíequence. 
Dejbhe n€wuj sud\ that· FanC Ì^ cunoL·. 
(or ail lie ω ω ·. 
CO Vn [ (η|ρ0 (Qpì = p^rvì л i r j I ^^QAi = |i 1 N7 
ito 7,<ϊω
ω
 desucK tKoüt·. f u n U ) CMiot: V(i Γ 4 | p , S\C<\\f>)l 
Recarle tkoJt for all (be %и·. 
^ А ^ р , ) ¿ І p 0 = 0 р Ч О 
£ O e C q i p r ν Û feíqljb)4" 
¿^ пГСі Ір)(Ол)=о1 
TKer«Jbre · Ί)2Α1 χ A1 cu\d tlus coAtradtcte tAeohewi ^.3. 
ІМг better adHùt·. -, ( ^ р * ^ ^ ς J 
We tKtrcfc Jor »юге MsCb* and are eager to bow whdJie*- 0 3 У
г
^ D 2 ^. 
Leb us ¿KtrodLLCe, |or гаек. <х.ешш, f^w, шеы, a sequence о(,
т
€.
ш
и} by: 
СО (Ьг ail 9e ω, q ^ m С ^ , т 1 Я - tf4 
Січ (or all q e u i : С «
Г і
» Г < Ч > -
0
 * 7 ^ 3 ή Η 
·•= o í m ( ^ otAenvCSe 
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(The reader nfíll be reminded op ike deflmtioM vdudn kos beer give^ 
iWimed/OJbeJv af ter theorewi M f). 
lAte remGU-k V,n л С Q ^ Ä · " ] ¿ i Э ^ е с ^ [o í - ^ ^ 1]. 
I l ia Theorem Vn>o: - (Dn+1S : i á P ^ . U 
Proof, Suppose new. n * ! , and Τ)Λ+ί9
ί
 ά DnS1 ) .e У А х З р Г о ' ^ М З D\<pfl 
Us<^Q ACft , deterwAhe S e ωοο sack tKaut FOA (δ) a n d 
Remark \/m<n+i Voc ^ е с г г т о и [ t > n + 1 Sa ( ^ | Ι Β ί ] . 
Therefohe икпН. Vo( ν ^ σ 4 Μ Ο | 1 С D^S^ С A l o i d i 
.e.·. Vmoti Voi ν ^ σ ^ ^ Зр<
м
 [ Ç J C i U ^ i n i 
ObSÄrvinQ· Q e ^ „ , ο ^ a n d US<^Q OC? we determoie 
Thérèse Vm<n+i Voi [ С й г
и
- 5
Γ / η л Э ^ ^ Г ^ ^ ^ л ^ о с " · ] ) - » S^tf!*)*")] 
As ea4» op tke rvuinbers ρ,,,ρ,,..- pn belongs Ь ( ο , ΐ , ...,η-ΐ^, we may 
assume, iwitKoui; loss of generality • p0=Pi= 0 CUKI we perceive, 
puttmij (]•= m(xxiq0)^) and r - max(r0I»-,) · 
о с [ ( а г - 2 г л S f e o ^ L ft-δ^ A C ^ O C V ^ O I M I ) -> ^ i t f W ì ] . 
Once more, we lia*e eate« too muck from the t ree op bion/ledge·. 
Let s = max (cj, r) a n d define r\é ш«о sud» tbat : Fa^íq) 
and (Ьг all ( ie ω ω 
(О ІПІр)* - Ös 
00 VU s Γ (ηΐρ0(5^ - ίη|^4δ«-θ] 
ύιι) porcdlaeu, (η|(οβ(δ«*α)-p^a) a n d (!\\^(&4<$*$>*•(<*) 
Cv) V m > l [ -^ S a С C r j l p D ] . 
Define ^ e ^ w such t*.at Ftui^) a ^ d V(i[ Щ = (^ Ι ίηΙρί) 0 ] 
Renarit, that for a l l p>e «w. 
"IKej-efbre D * S 2 d S z 1 a n d thiç lead? to absardi ty (cf Ulij 
We better leave p a r a d e owid keep ¿и »nüvd Vn > 1 Г- Ь 1 **"^ Ь\1 В 
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It is not dipptuJfc to esbtífcfi: луОІЪХе Г*^, омсі, tketef>re: ^ o f D ^ - c D " ^ ] . 
Conbihinq ikis wiik У»есже*и И.Ло , we fUot . Vn>oC DnS
a
 <O*+,Sil 
Mom/, tiie world starts to гьо е (хдаіь. 
Lookiívj ίκίο tíie proof of fcKeofr-e*h 11.21, ІА^ See tAcjit i t ftiade Us ju.*np 
frc^: Vn>o С D^A, < Ъ*"А
Л
 <Ç2Ï Ь: С
г
<< Dxst. 
MotKOvg prevents a stmilour jump from· ю о С D ^ -c D" 1 '^ x ^ l fb: áJ-cD"*, 
Theprew H.22 tau^ltt и.? Kow to conclude : Vn>oCD"5 < D ^ ' ^ l fVow· S ^ D 2 ^ 
Leaaovg ow ÜILS eJipehtßdce, we trust tW:·. л>о С D«S -< Dn',"lí ] ivtH follow/ 
from-. V D's,- 3 3 
GraduaJIvy, tke (Ыіои/ùia picture, urfoidc itself·. 
A ^ D M ^ D ^ . . . . С 2 ^ 0
2 5
а
^
3 5
г
. . . . ^ - c D ^ ^ D 3 ^ . . . V D % . . . . 
Or^  to put tKe same into a iearnect joi-maJa·. 
Vm>oVn>o\/p>0 Vcj>o[ D w S
n
 ^ D ^ Q ¿ ( n<c| (и»9 Α Μερί)] 
I t comes some what as a s^irpKs«, that mucA oP tkig game mau be 
plaued also with conjanctiow. We i-emind the l e a d e r of the ecxs^ fact 
that·. C iA1 ¿ A,-
[In cie.fW't<bK .^11 we ùttrociucect/ for eacJi new ar»d Рс^ш·· 
C P : « {öL\ ^<к. С PCrtfc)l}). 
In coKtrast to tlvts^  Iwe have·. 
11.25 Theorem·. i ( C Z S , 2 ¿ 2 г ) 
Proofs "ite proof is a charming variatcoh аром the proof of Ціеогею 11.21 
Suppose·. CZSZ ¿ ζ^ bfld, usino AC,,,, detervune. Ьеши1 such tkbt·. 
FiwifS) and- Vr tCC^Joi i^ 5
а
(БМ1,і .« . : ^ Е ^ И л ^ ^ ^ И ] 
lA/edcxàn Uat: Voi [ (0 € oí0 л ξ ^ 1 ] ) -) Q 6 δ Ιοί J 
Pappose: ο<€%υ and·· VnCo(0(Qnì = o] and·. S j a 1 ) a^d·· 
3 η [ ( δ Ν ( Ο η ) ^ o l 
CttJculojfe n0,Q euj oud* tinat·. 
V p r f q . a c | -^  CSlfKönJ-CSIfltlßjiJ^O] 
With α s^ gj», we point out to the tmitativte soibject thcut 
¿t should hot Και« made this overkxsty S-tep--
De(\he r|e U'MI such thai · Fun(r\) a n d . 
(br all (ie ωω·. 
0) (ηΐρ) 1 = o f 1 
00 Cr¡j^ )c| = acj 
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(in) for all l £ < f : (r]|(b)0 ( Ò A ) e O 
(ιν) (br all Ц : 4* ^ ίΓ||ρ)β 
(v) (or all aeur· Cq | р>У ( 5 c| * a) = p^a). 
Let ^6 "V, be s-ack tKaJb ·. Fu* Φ and-. Vjit4lp= 5|(г||рЙ 
Remarle üöJb (or all jie ^ш ·. 
There[one·· 9
г
-< DhoA , a n d (Ac's contradicts corollary it2. 
Ι^ Ιε retire and conclude: 
Now tKat oar dauw kas Ьеел established; ¿t rewams to see how 
it gets as into a furtKer mess. Bue ¿t does so rather oiudcly. 
Defina qe^uü such tKout. Гим(г|) and, for all lie "w. 
CO СПІр" - О 
00 СЩЬ)1 - (i. 
Lek І£шш be sudi tkaJt-. FunUÌ aw01· w p[* lp= 5l(r\|pil. 
Remark. Üiott (or all ae ωω-. 
«? 2 e £|£г|||э) 
í* V n C ( ^ l p ) ( Q n ì - O l 
Tberejbre-. Sj 4 A,, , and tkís coi^radicts corollary l i2 
Ite have b bow oar head·. - i f ^ S ^ S J i 
Ponderine thtç last proof, ц/е come to refleci t/iat for ad m£a>F rti>o, ne ω, 
for all ote^aj • S
m+1(oi) A «(ÖnJfO ^ 3 ί < η 3 Γ € 0 ί η ^ -J * ^"V € ^ 
We may construcjfc ЬЬеге^ге, ^€ ω ω s-ad» thott: FOKU) and; 
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Thus, mímíclung the proof of theorem 423 and uscng Üie pact ϋιαί : 
Vn С D ^ ^ Ъ^Я
т
 <£
т
„1 we ( W ϋ,α* ·. S M t l < СЧ^. 
Rewark fcKout, ¿и domo so, k/e b i e advantage of ph«vibusly accjuxred 
knon/ledge on disjunctton, houtlier tbcui cowj'ancttbw. 
And how, dear and. patient f-eadee, ^e iMDoJd lil<e you to pin us 
Olid dimb the conjunctiva towers iwktdt are based ov\ S^S^,... 
We kave to міги you (Aat Uve steps are htgK and »nanv/, b ^ ^ € v ¿ e w / 
í,s a nice one... 
An indication of conjunctive vitality is given by· 
1124 Theorem,·. Vm^l \/п>1 С -'CC',S,W 4 Sm+n-2^· 
PrppÇ: Let rn>l. 
We prove: Vn>lL-'(C' ,Sm ^ S^+n- i ) ! by induction on и 
The cace •. n= 2 k u been disposed of t*v tKeonem 11· 23 a n d 
Ü\€ subseouent dtscussion. 
S'appose·· η>1 and·, -ι {C*S
m
 £ ^щ+п-а). 
In order to fcaJce tlie next step, assume: C n S^ ^ С
т + И . ^ 
Ustna АС41, determine 66
w
u> suck tAaJt·. aui(6) and·. 
Me daiw tkaJt: Vot С Í р^пГ Qeocl»! А?
т
(оі п )) -> 0 e ¿Id]. 
Suppose : осе "Ίο awd р^пСОеыРТ аМ: S
w
loin) ^ d n0euj 
and: (S lot) Ι δ rv,) ^ o . 
C h^e next arguaient, wkà^ » looks raJthe^ teckfucaJ, is to 
bring out thoUt now, by skilful grafting owe «nay 
reduce C f tSw b S ^ ^ . J . 
Let ULS de^ne a subset Τ of ω ω by: 
Т = - ( ^ ^ ^ | р<п + іГр 2 Р€^ т о п ]/. 
We observe that Τ is a QubSplread of ^w-
Let us de(bne/ as и/е did on earlier occasions, to each 
fo^a^uì a sequence р>~бшм by-
рэг all а е ш : ji (a) ·-= О tf reo. 
• =-ftía) othenvtíe. 
Lafc us define α (unction F·. шиз -І ω ω sudi that·. 
Vp^u* Vp<n+l Γ ( F Í ^ P == lp*?«) г
р
 I 
Vk observe tbat. tyeT L C r t + 1 S
m
 C ^ i ) ] ûwd 
Ml 
we determine p*e Τ sacK tbak . Γί(!.#)=ο( oud·. р<и С Са^ Р = θ]. 
Now·. V p . T l ^ . J S l F C p a i 
Especially ^вТЗаС ή(α) . η0 л ^ [ ^ а л ^ е а ^ ^ ^ л f£ S\Hfi¡¡. 
АррІ^ іко (rCP, we (ìnd aeou, qeui sux:li tAaJt: 
We de|xhe ηβωιυ sucb tbcüb •- Fem (η) and·. 
fbr all ^е^ы·. 
0) (br all p<n : for aJI aeou : (>|І2)Р({Ц*а)= Ζ?(a.) 
ала. ^Г^і«^^ _> (q|^P(írb oiP((rìl 
and. б'[(^«И=9Л **u<ì)-»(nl*)PlMfol 
and·- (η|?)ρί6ψ = α 
(«) ( η Ι ^ - ο(" and: иі>и С ( η β Γ = ос^] 
and·. (к||4 <>) = »«ίο). 
η mt'oKt be calkd·. Ьле graptc'no fímetebn. 
Remark that, for all ^ e ^ w ·. 
Loolttno back, к/е realize tkaüb-. a ^ Ô»i0. 
(As, (SkKSft^o and: Зуев-
и+п.(І|1І)ИГГ€а Af€&W). 
Suppose игоі;-. a(n0-l) • 1. 
D€p;ne a funoUon f+: ω«« -> ^t« SucA tAaf г« пЕГр1'Н)(л)=«(л)і-11 
Remark tkxt, |or all 2, Ê ωι>υ : 
С
л
 δ„ ( І) ¿? З у е в ^ ^ ^ С а . Г ^ β δ|(η|?1] 
Therefore. CnÇw ¿ Sw + r l_a , and Uis leads to 
a contradiction, ассогоіілд to Ьл indactton K p^otKeçis. 
If a.(f»0-i) > i , we also find, ourseiues ¿и ал tmposscb/e 
sitaoíion, by a similar reasoiun.^. 
Therejbre·. \Ä( Г (\/p<n TOfedH A S ^ ^ J ] -» VjCi«*)tÖj) = oJJ 
It is now «an εας^ maíter fco bKng tKc pt^ oof to its conclus^oh. 
(TT« meure so, Cf we do remeoibef the Ia$t bars of tKe proof of tim.|i.2i). 
Dejtne Це^ш suck tkat. Ρα ί^η) and, (br olí pe "»ω: 
Р<*Г (.n|^P=: Ql and: (r]|ji)n =p, 
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Lot le ωω be such that-. Fu*i(?) a*d: \/(î.C ¿Ili = 5|(q||i)l 
Remark tkat for all ре ыш : 
Iherefore: Я
т
 ¿ А1, arid, as ? г ^ 2 т (.cf- ^ е dUscussion 
aÇber tííeore*r> H22), üi£s coKtradicts coroHat-y Ί12. 
Adtnttfccn^ : -»fCn+¿Sm ¿ S ^ ^ , , ) , we complete tAe uidactibw step 
and ; УюгеНоу, Üie proof of Üie t/ieorem. 
В 
Оме of ü»e ûonse^oehces of fcAts Oieoi-eín Cs ^04= -f ( C 1 7 ^ ^ 9
Ι 9 ) 
As ы ulereases, fie complextfcy oÇ С т 5
г
 oatgroiws tAe complexity of any 
gtvew member of the. sequence Sj,^, . . . 
Ir» retrospect, cLtsjancttoH oCtd. Hot Ьейа е half a s («¿Idly as Сол/иисоюи. 
Idi as LKtrodace, for all subsets PS^GJ, Qe^co, a ffabseJt CCP,«!) of "ω by. 
For all rtÊ^u.: ССРДІ (ail ·.» Кы·) A aia 1 ). 
112s Theorem - Vp>± V<j>i [CCSp, S«,) á Sp+cj-^l 
Proof·· Let us deftfce a {unction π.· и'шхшш -> ^ш sad» tKoüt = 
for all o(e4ü, pe^w: п(*,р) = «x (о), о ф Э + ^ о ) ^ ) ^ ^ ) . ^ ^ 
i.e.: níat,^) ίο):» οφ) and: пГп^^2п+і) s oí(n)+/i(h) A π[α,ρ)(2ιι+·2) = ^ Μ + ( ΐ ^ ] . 
(As asitaJ, m^n == m-r» if m^n, and rn^n' = 0 if Win). 
Lefc α.ς define a fìmctton Я : ω*> —* u'u) sucU that · 
for exil oie Μω •• * И " < c < í o i ' <*•<& " « W , «(Ч) - «О),..· 
í-e -• Л.(*)(о)-.=» 4Ío) ahoi. Vn [ Х(о£)(п+і) == «(ΖΛ+Ζ)-α(2η+ια 
Let us define a flaict£o*\ ρ ·• ^І» -ï ωου such that 
fbr аЛ осе wu> . p(oi) = <А(4І-О((ОІ, оі(4)-оі(г), ot(5ì-oL[4ì,... 
i.e. : Vn Γ ρ WW = ^ί2»«*'! - »ί2ιιΠ. 
femark that: л ^ [ λ ( п Ц ^ - ы . λ pinlcr^ìì-p,]. 
We aJso want a fuMcticm L ·· ω -> ш Such that -. 
fbr all a eui: fy L H := jüip E 2p » bfa)] and· 
Lia)(o) := afoi ohd·. \/пС2п+2<Щ(а.) -f L(a)(n+iì·- aÍ2n+zi- а(2п+і)1 
Thus, L does to (bute, sequences whaè % does, fco Chßiufce Sequences. 
StmilaH^ we uv.trodUice a fu/tctibn R.: и>-яо sitch thatt 
for a-U аеш·. Eg (Riaft •· = ^ p C Z p + l ъ fya.)'] a n d ' 
\/n Γ 2 η + 1 < tya) -> Ria)Cn) ·= ix(2n+i) - а(2М1 
Remark that. Voie Rain) Wi С X{d\ η = L(52h) A pMn * R(ôi2ni]. 
п^ 
Let рею, qeiü, ρ>ί, cj> 1 
Remark bak·. tymCfe^ A f e a ^ "• π ψ δ 1 e ^ і ион^ 
Let us ûLefaie qeww suck that·· FWifl and. 
for all сі€шш, (or αβ aeuj·. 
(r||oiUal : = 0 if« ufoÍLía)i = 0 and сг
ртои
 (Lía)) = о 
and « M R M - O «wot ^mort ( ß ( a l i = 0 
: = 1 otherwise. 
We »r»ake bn/o observaiions·. 
^
 Ví C(ïfe Vq-ія«. Л J6 ИМ - » ( ^ » ^ J l * * · л ?№ V A ^  е А І І ^1 
'••
β
·- С(С
р
,?
я
) ¿Яр+ч-L 
WKeKi makCng bbeorems M-ÎH cwot 11-25 ^оіл Kowide, імг find a resdè iwiucA 
is worth re wem bering·-
U2fo Theoretn·. Vm>l Vn>o [ - - ( С ^ 1 ^ 4 C n S
w
U 
Proof·· Sixppose= теш, my 1 and- new and·. С 1 * " 1 ^ ^ C ^ . 
Mow- Си + 1?
т
 ά CCS^C*1?«) 4 с с ^ ^ с ^ ) ¿ cn+X ^ e-s,.. 
Іл ttuç iway, we come fco See·. Vpvn [C f >S
№
, ^ C " ^ ! . 
Ои the other band, we may dertwe from theore« il 25; üai-. 
ГМеге|о.е: Vp>n [ С ^ ^ Ç,,^ ^
 + ± 1 
Шс calk (or a pf-oòes^  by theorem 1124, which says that, 
if we choose ρ large enough·, η (ÇP$y, - ^ w m - n + i ) 
Ibere^re·. - С С П + 1 ^ i С*Я
т
І 
As we have no difftcoJtiy in seeing that·. V>n>o п>оГ CnS
m
 ± С П + 1 $ Д 
we quiet dtown and fetish the suyht of the folioиЛпд towers: 
ItnüJce the d<¿jW\ctLve ones, these towers haue no easy upper bounds, ajid 
are very »mich entangled wb гаек other. 
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1127 We define α secjuenoe c^e ta/w bv: 
For all aeur-
σ
ζ
(ο.) ==0 ¿f ^пГ ri< fofa) -» a(r\)<:2l 
: = 1 otherwise. 
сз^  is a weH-lcnown example of a subspread of ωου 
б^ , of the set {o(| пГ<г2(5к)=о7} ¿ς called ·. Hie binary Сол. 
We defcne a subset S of ωΐΜ bv 
Fo^ · all oie HJ ·. 
SC«) : = 3 i r t jea^ A Vn[oiCjMÌ=ol] 
We introduce a class £ of subsets of ω ω bv· 
For every subset Ρ of %ι-. 
P e t ¿ Ρ á S. 
0U\er deftnifciohs of Ç may be given, wfucji avotd 6}u.aíitif\/ino over aï 
subsets of Чи. (Cf. too), ferbaps Ö»e »»lost easy solution, Лете a n d «ou/, 
is to restrict or\eself to members Ρ of Σ\. 
We remark fcKaJb 6 is dosed, under tKe operations of finite union and 
coiwfcable CKtcrsedibn. 
Suppose: Pond Q. cu-e subsets op ^ш and·. Ρε С and Q e t 
DeterrninÄ δ 0€ωι« such bak·. Fun(50) and·. V d C P M i ? ^ÎSJoifl 
Deter »nine Ь^еЧи suc^ bat: FUK(5^ and- 4*1 di*) g S(SA\ötXl 
beptne Ϊ€ωιυ sudi Üiofc ·• FuníS) Ond·· (br all a e ^ for all a e ui« 
(S|oi)(<o>*a) » (SJo()ía) 
and, (Sia] ( < 1 > * α ) = ( δ , (a.)(a) and- (ßU)(.<>) = 0 . 
One has to allow that-. VOCC(Ç(50(OÎ) ν SC δ J aft ^ SCSkH, 
i-e.·. оіГ(РС«) ν №))<£? Sí í lai l , c^d·· PuQ 6 t 
Suppose: Ρο,Ρ,Ρχ,-^ a sequence of subsets of ωιυ such that. 
(пГР
т
е e i 
Determine a sequence δ 0 ,5 4 1 ^,-.. of elements of
 ω
ω such that« 
De.fine Se^u» such that ' Fun (δ) and·. |br all « e « ^ (òr оЛ a ecu: 
(ßl(A)ia) .= 0 if ^m<^(a]^[lí<fi?(a'")-*(^W(¿ : i i4:)=0] 
: = 1 otherwise 
(The notations a*1 and. Q?4 kai/e been Iwentioned ¿л to.2). 
We observe tKat- Vo< гб5-
г
 С JE S|Ä £Í Vm Г r» e ^¡dlì 
Therefore·. Vut VmCSCíJoí)! ^ і SfSMtf, 
and·· VocC VirxCPwioQl ^? SfSW],' i.«.·· j } P
m
 e fe. 
Ufe 
Recall fckat ^ешиз ¿ς caHed a subfh« of шш cf fi ¿s a subspt-ead of "w 
eux*. Va. [jifa) «О -> ( IcJJ = { h| |ί>(α*<η>\ = θ} (& fbuffe)}. 
CCf. 9.0 Ortd üie cUçcasç-ioH follo>W(>43 ол іііеогекп <1.3). 
То алу subsprecLot ft of шш we. may cowsider a corres pondena 
Subset €« of %, whicU, ¿Л Ола/оау fco ^ and S, ¿s definexi Ь^: 
For all οίΕ^ω·-
Sa(<x) — 3jVnr|ì(f«)cO Λ ο(ίρ)=ο7 
We remarle t^at, (or ед/егу sub few [i of шш , S« ßebnos to t 
A proof of (Jus fact is readttly fbiaid, ¿f one teaJtzes 
UaJt any Soubfan ft of ш ш ліа^ be embedded cnio c .^ 
"fterefbre, Ê ¿δ a Cjatfce cotnplicated daçs o f Subsets of ы£<и. 
Молу subsets of ^ш wK«^ » Kawe bee« mewttoned. (A ÖUS 
cJìap>ter; do beíong to £· , Ігке С
г
, С 3 ) - . а л а ail Sais wkidt 
we get fro ^  tb ew by applicai Cons of the opßrcitconc of 
futefce Urttc>n and coaitable cfttersectton, (br ¿nsfcince·. С г0' ?$' 
We remark tKajt S ic not Kyperaritkmetica^ as Qi<9 a n d £г already 
U nob kyperarttkmebcal. [Cf. -fi.iS) 
Also·. Vn CGn-tSl , ας пГ Sn-<£„+, á 97 ícf· theorem «.2Z and ¿I« 
Cnsu-tna oUscu.ssCon.') 
We define a subset Τ of ωυυ by-
For all <Χ€ωνο·. 
Τ Η == р<г
г
 3ri[o(Cpì = o l 
We ûvfcroduce a class «& of sabsreJt« of шш by : 
For every Subset: Ρ of ^ Ό 
Ρ б £ ¿ i Ρ á T. 
( In fctiis de^Kcttoh, we иау resjtrt'ct our aJtfcziaion to membe« Ρ of U\). 
According to the jan tkeorei*., wluck іме fne«ittOned already O^W 
tkeorem ИЗ, (or cvory subfotia ft cjf ^w, aKid ail oí6 шш: 
V^ep Enlatvrù-O'] ¿* 3m VVe(b3nám Г o<^nl = 6 ] 
Thus, m fend tkat ¿ ç S » f and, acfcuLoll^  fckoüt ^ » 2 ° 
As £, ^ Σ ? (cf. tteor** ii.$)t a n d ^ e fe, aJso= - . ( С Ció) 
'Кете are dtfffereni VHOUS of establiskûig üus last truik. 
(The u-se of fcke jan tkeorem.^ wkick. ¿s a cUf(lcuÄfc principie of 
12? 
iytuxtionistic analcos, sKodd be avotdecL as mudx as pos&tbk). 
We imy rewiat-k, tKoufc, ассогсіогд to (Aeoret*, Ul , Ρ'Ά, e £, and, 
accorddno to tkeor«m lo.u , D ^ ^ Π'1,
 J wKereas « с; Π
1
, 
NeifcKer one of ЬЯе5г »-esaJts depends on the fa* tkeoireun. 
Οη our memory may go back Ь tkeoi-em 10.12 
We way cube, its proof olhiost lifcercxlly to obtain the fblloiwing condusibr»: 
LeJb Se^üü sack tko t ' Fu>n(S) and. Vet [ £(*) -> TfSlocl] 
We may constcu-ct ^€ωιυ sw-cii tKcit·. 
We (5-
г
 3 η Γ oli¡*} ^ о ] and- b^€a2 3n Γ (SkìCf *0 * o l 
Like Σ^ a n d П^ £ сиг öö" do forw a »nyste^tous couple. 
One is tempted to соилрол« Üie two. 
Ihe reader will rewiewber Kow we deplored, at fcf« end of ckapfer 1ot 
hot to (^ able b prove tbat: -»Cn^sZJ) 
Ihere ís »nadv кио^ е üuxt we do not know« 
tt Is # £ С? Ις Σ° s IS? 
С At Wie acscunptcon of tke ptn íAeorew», Üiese tivo 
cfu.es£iorts Ore eauxvoulei^t. 
Remark tKajb kUe proof of·. - 4 E ^ S 4 ) itAeorew l i ? ) 
depended ои Ueorew <1.4 (if) 
Ifc Cs not ккои/и wHötker <г
г
 Aas Uu's prcperty). 
00 I s £ dcsed ander the opecoLtion of coantaWe antbn? 
( ip Sto, all kyperaritivmett'caJ Sets befona to Б). 
с») is ς ; = e ? 
(Remark tkaJt, on the otber hemd, TT] 4<0t as iïj ç FTj 
and, a t fcke asffumptcon of (Ae fetn tteore*, - « Π 0 ^ ^ ^ : ^ 0 
Is tkere a proof tUs pace, ivktck avoids tAe a i e 
of tKe fan tíworeml) 
One woald like to understand wky Üvere (fu.es i^ons a^e giving ro nwcli 
trouJole. A pos-itivfc ansu/er to ctny one of tkem would be very £urpr¿s<n<^ 
jbding classical opinion wkicK k>ids, (or duaiity reasons, tfcat Π» and 
^ coincide. 
While tks mw cbud. of uwknow/ing (Jeccewds upon us, w/e feel that it ¿s tiwe 
Ь end Ue cKapter. 
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12 AN OUTßURSr OF DlSJUWCTlUE, CONJUNCTIVE AND ІМРЦСАТІ Е ppODUCri(/lTy. 
We still ore ил dei- the с pell op the theme, ivhid» capttvoteol us ι*. fcAe 
Sccohd half of the prei/¿ous ci»apfc<^ . 
We haue see*, the/e, that Я
г
 is ал appe*- bound fco the ù\creas<nq 
Sec^aence A^ D^,,,.-. and, as scidi, Κναίς £
z
 , although the tn/o do not 
ctdwut of a со лрагіъст. 
Tr^inq to understcihd. іл/hy S2 should be So ^ade as to dtsfcitrb the peace 
of the hypei-arithnaetccaJ hierarchy, ive might thtwk. of (Ae fact that £
г
, ¿tself, 
is hot a h^peraKthmeticai set. 
I t tarns ouJt; however-, thai aqitators »nay be fbiuid ander our own »-oaf: 
S2 has ςοιηβ h^perarithmetical relatives that are eoaai fco ςόηϊΐατ »Hischte^  
Ькла superior to all sets A,,, DM,,··· CU\d, heuettheless,, Chcompatabie to Е
г
. 
Like £
ζ
, these sets also support disjuwctive cmd. conjunctive fcoiwers. 
A subset Ρ of "ω, such as A,, o r ^ , fcr which P ^ P ^ P . . . will be 
called dtSjUflctively productive. 
General methods well be. ¿Mcticated, to asscgh to алу disju«ct¿vdy productive 
Set Ρ a dtsjuflctively prodlucttve subset Q of wu> sudi that b^f D^P^ Q l 
FortunaJttel^ these methods ass-tgw b a set Ρ which (s KyperaKtívweítcafi, 
0. set Q which is kyperartfchmetCoai! as we/l. 
Kfe twill fund
 l ¿и fckes wa^ that, far ikshxnoz betweeA A1 cuid A3/ 
UAcoujvtcibly иіа>лу levéis of comp/exefcy ha\/€ ío be ct¿stc*acush«cí. 
A Súniíar gauie may be played K/iíA coKjiuiction. 
Alto, Hotioks of ¿мріісаіі е productivity »vili be abound, copying a/onq, 
ύι their développent, a generctiizottion of some theorems of ctaip-Cer 5. 
I2.0 Consider as an example of fre type of constructions which will occupy us 
the Set·. 
R. ··= fot | Vh Гп= ^рСоіЧр) /О] -) M , (o(Sh)7}. 
Rewarlc, Uait Re ïï° , and so i£ aritAmeticai, as Я^Сос^Сп^/лрЕ^/оЗуО·1^^)]! 
Remark, that V n C ü ^ á R l 
Let пеш. Т)фіе δΕωω such that: Fun (δ) omd: Vb(C»isupC(5|Af(p)#ò] л ^|ОІ)5 И-«7 
Thew: Voi Г Dn A, M « ? RfS/rt)] , (-е.: D ^ i R . 
Also observe, that: - i ( ^ i R ) . 
hie may appeal Ь H.l8 where it is proved that ζ^ is hot h^peranthm i^caJ, 
or ewe« to theorem И13 which says only that Sz is. Hot П°. 
ІКе following argumeíit resuJbed frotn a*» attejmt at a direct pfoof·· 
Suppose. S^R , and, asina АС^, СІеЕеглспе 5еш1и such thai;: Ρατνίδ) 
а я ^ «χΓς,Μ^? RfSIdlX ie.: V
rt f 3^rj€^Wor, л р О ¿? RCSHl 
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Conceder·. ,Т1= ОЦ/пГ \/M<nCoi(Ôm)=OÎ ν Μηόη[«(ΪΗ^οΠ}. 
We dotwi Ц,ае·. Vote Τ7 С R(S|o<);|. 
Let o(eT oncL neto ала.-. л= up С (5Ыв(р) /о7 
ІЛ/е how claim tí\out · З^аоС a fö^ , )^ o l 
Simpóse : Vt^cj С O Î ( Û ^ « Ol. 
Define г\е.шш sack tkxt Fu^tqì and, (oh afl ξ€ωιο·. 
OO for ali aeou: ( q | ? ) ( O q * a ) = ^fa) 
(MI; b4<<j E 1* ^ η |? I 
Then, fbr ail 2,еш
Ш
: 
sxu) ¿2 ς(ηΐ4) л адя = йя 
Therefore = S t < D
rìA1 , ln/Kíd» coKÍradicts tAeore* fl.2. 
"Iberejotó: З і ^ о Г oifot') ¿Ol, они, as осе Τ, Vm[<x(ïm]=0] 
i.e.: l € o í , (xndl·. S^í«) 
Thercjbre: R(S/ot) , and , D^A, ( (5|о0*). 
Ute proved·. VnEn^pC ίΰΙοΟ^Ι/C?l -> DnA1 iifild)5") ]. 
Le.·. R(S|OÍ). 
Tücrejbte·. VotÊTEPiSUn, and·. леТ [S
a
(oOl 
Consider &г (OÍIOW¿K^ subset of T : 
Τ* := £οί[ (xeT| \/η>θ3»νι Co<( í í *MÍ^o l } . 
Voiw. WxeT* r S ^ ^ n ahdso·. а & т Ч тГо<( Qm]=o7 ν Vin Ca f Imi а о Ц . 
From Uus,i¿ may be proveot that: осС-і^ьМ^ы) -> D'Adi i . 
wlibcí,, as ufé know, ¿s not true- Щ. tKeov-em 4.3 and etc proof). 
Rnatly, rework ^ a t · R d ^ . 
Dejlhe Se ωα; sad» t^ctt ·· ?m (b) and, fbr afl «e^c«, 
0} tStoiSO ••»O ¿Ç n¿ 17JipCoi0Cp}4oì 
(5И(Оп) .= 1 Cf η -2/лр Coí0(p|^ol 
СЮ CSW(hT(
n+l)) : = 1 if д<: ^р Coi4p)^ol 
О») (òr ad лею sucA. fc^ett ·. n=yupC<*0Cp) ^o7, ^г ail R<H^ralifcw: 
(Slo()Cnt^(h+e) = o ( s " ^ ^ ) 
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Then; for all « e
 ω<Α) ·• 
¿ м Γ2η= /χρΓ ( S N i ò p ) ^ ^ 3 ^ ^ < 2 η л t* 6 Sk i ] 
^ S2(SW. 
Therejb^. £ d S z · 
Apparently, ß is a smaller upper bound to fcde sequence. A,, D'A.,, ... üiaw* is S2 
anol it bas Uie advowifcaoe of Ьеіио arttkmeíicoJ. 
12.1 We generalize the construction Uiat kis bee* sketched ¿n 12.0 a n d 
discover nice properties of tke Sete wKtcK are produced- by it. 
Let P0,Plr.. te a seouenc». of subsetg of Ч« ц/ЦсК fUiftls the conditcon: 
Mb«/ define Q — [OL\ Vn[n=yuLpCoie(pi¥ol -^ PníoíCn)l}. 
Remarle fckout, Ь^ tíi¿s defcRttcon, o(0 Kas to play tAe role of 
a stgnallûig 9г^ие>лсе/ олсД, as soci», may be compared ίο «oO, 
i.e. oí, as behaving on tKe spthe of ^¿mon Ì Í и ' е а Г е s***^*^ 
IMhetker oí Kas tfie property S2. 
Remark tKoJb: V n C P ^ Q l 
Letheu). De|ùie 5e4u fucktKaJt·. Fanfô] ак*^
 0і[л=ш>[(5|о(ПШо]А(5|<*)5,'во(") 
Then: о ( [ Р
п
Ы ^ Risiali, i.e..· Ρ
η
 6 OL. ' 
hfe make a minor assuwption on tKe secjaejice IJ, P1t.. namely, Üai: ЙЗО([-ІС(Л)][ 
a n d рю\/е·. -» (D^Gl ^Q). 
The proof is cunilar to tde pi"oof of ЕКеогеяі 11.21 wKtd, staied 
tkaJt·. - ( D ^ á S J 
S(xppo&: D 2 Ci^u and, usino АС^ , detemujte б е ^ ш sudi {kat·. 
Рил ίδΐ ound: Voi Г ь г с г н ^ Q (S| «)1. 
Détermine a Cecjaence р 0 і І " of wewbers of "'ω, sucK tKat·. ΙΑιΓ-'ζίΛ,τ]. 
Consider Т^ГосІ п Г ^ і п Г о і ^ т і . о І ^іяГоі^^мІ^оІл п О х 0 ' 5 ^ ^ ^ ^ ] ! 
fcfe douw tKojfc: VoíeTT Í S I O Í ) 0 = O ] . 
Suppose·. tféT andt Леси and. η» up ί{β\ο^ίρ)φΟ]. 
Determine c|eu> sudi tKat V<?C Ц » 5 ^ -»• iöïliÏnti) - (б/а^п-н)] 
Deter mòie r>cj íucA tKcxt: Pn -< Pr 
EitKer: d ^ o r ^ Ò r er: ^ ö r _ Q r a n d it does 
no Karw tt> assume tKat =
 0/o,or _ ^ 
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Define ηβωίο such tAojt , Fun (η) and, (ì>r odi Се'Ло·. 
ύι) h = ^pC(q|^D .0 íp)^0l cwtd·. ί η ! ^ ) 0 ^ ' " . ? 
О") г
 г
 l~p?lCr[\2,y>0Cp)46} and·· (ηΙ?) 1 '^ = (і^. 
The«, for aJI Іешш 
PpUì ^ QKnl?)0) A (íjÜlq -atj 
^
 pn САЙГОН 
Тмегфге·. P
r
 i P
n
, и/^ іс^ contradicts·. ?
n
 л P
r
. 
Therejorei Voté Τ1 [ Í5U)0= Ö] and·. Vae Τ Γ ΰ(δ|*Υ] and: 
VotcTC OzQLet)l and-. Voient тІы Хт^оі ν ЛиСоЛ )« o l ] 
We a^e oilrtiost ¿и tbe same position as ¿и іг.О, and тал/ 
conduce as ΐΛ/e did tkare·· WxC-·-· Ο'Α,ίχ)-» D2A1ía]l и/fcick 
stili Os coKJtradictory. 
Wc wafce another minor asíamption on tke sequence Р 0 )^,-. namely, that --(Q^ 
and prove·. -· (Сго. ¿ Q). 
ІЯе p^oof is s-cmilar to tke proof of theoreifi «23 whccK stated. 
tkok : -г ÍC% i S,). 
Sappose « C^Q í Q and, «ISÖ\Q АС ,^ detefmine δ€ шш cwck íAat. 
Гил (δ) and·. t/c<i;czQ(oO ¿ Q^locìl 
We daim tkajt, VciCC*0'0= Q A QCrt1·)) -> l&l«)0 = 0 ] . 
Leb (Xe·"«« be sad» tkajt·. o(0 '0=0 and Qfa1) , and new, 
п=^рГС5Ив(р]^0]. "* 
Determine eje to çucK tkat V?Clq=5^ -* С&І?Г(П+І)-(5|АГСП-ИЯ 
Determine r > ^ such tKat P
n
< ?
r
. 
Deftne ηε ω(θ such Uiafc-. Рил(^ ) and, for all ^e^i«·. 
CO Crjl?)^ - * ^ 
00 г = / A p C d i f e f ^ i p ^ l and, ^ | 4 ) 0 ' S r
 =
 ^ 
(«J (ηΐζ) 1 = oc* 
Then, (or all ^€ "ш-. 
PP(?) ^? C2Q(r|l^ л (ДОЯ * S ( Ì 
ІЬегф^е·. Ρ ά P
n> wktck contradicts : I^^Pr· 
Therejbre: VoiC(ci 0 ' 0 ,0 A QCa1)) -^ (δ|ο0ο = О ] and... 
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tve joli ¿nb or» obysíy as fìj|loivs= 
Define »lew u^ ς ^ ^ ^
 :
 Fun (η) and^ fb»- att ζβ ωω 
Then, |or all ζε ω
ω
.. 
QUI ^ ( ^ ) 0 ' 0 = Q л QCírjl^ )1-) 
à Vn r(5|(n|^)0ím)=o7 
iKei-efore·. QáA^ , wkcU
 j Ц, oar routbçr weak OLÇsatnption 
is not true. 
Remark &αί tUe. recuits of fckcs paragraph Qppl^  fco fcKe sei R^  iwHicfc iwe 
defined in 12.0, so fcha-fc R; iivdeed, seems to do V«ry weil as a subsfctuie 
jbr 9
г
·- - (1>гР < R) and, -- (C2R ^  RI 
12.2 Оисе inore, leí ?0,?v..it a cecjuence of subsets of ^w MKbdi fùjftls Uè 
W1 и 
Define a* -.- {cx| 3h C n ^ p M p ^ o l л P
n
(aS hn}. 
Q,* dxailenges Q,, a s defined LK 12.1, probably cleservtna a s Qoad a record 
Remark tKat ·· м Г Ph ^ Q* 1 
Let h€u). Dep:»\e Sewui Suckthat: Funi« and·. /оі[л=/хрГ(5|оі)в(р)^о А(&|О<)СИ
=0(1 
Then·· VotCPh(oiì^ ^ (δΙοΐΠ, i-e.·. Pn 4 С^ 
We make an assumpttoH ол IKe secjuence ^ R , - namely tíat- ^x3o([ö(ea л -iQ*íoii] 
(i.e.: NeatQ*) is dense in ^J). 
Observe tKaJt fclus kolds, for uistance, if \/n а З о с [ а е а л -· Р
и
{о07. 
Vie also assume that Эо(Г^И] and prove: -· ÍDaQ*^ Q*). 
Su-ppose: DzCi* Á Q* and, asÀn^  AC,,,, determùie δε*0!« seteb tbojt: 
Рил (δ) and- VOII:D 2 Q*M ^ a*íS|otn. 
Determine « 6 " ш sad» that, oc0'0 = Q and- ο(*.0(0)*0 Ο Λ Α Ρ , Ο « 1 » * ! 
Rewark: Q * ^ 1 ) , therefbre·. D*Q*i«) and: û*( «I«! 
Determine п= дрС ίδ|ο(ί0ίρ) ¿ o l — -
Determine qe
 ω
 sacb fcKab, V ^ C ^ ^ a c ^ - ? f&l?)òiii+0 = (pl*Hn+01 
Determine ^ € ω ^ such tkaut: j^q» ¿HOj and·. -·ίί*ί|ΐ»\ 
Petermine r?cf sucK tAodt: P
n
 ^  Ρ,.. 
Vow оіерсяе ηβ ^w such that: Pun (rp ала, por all ^ е ' 
ω ίηΤΤ) я = s<j 
(..) r = ^pC (η|ζ)0'ΰίρ)^θ] and: (η|?)^5Γ » ? 
tu : 
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Then, for all ?€ " V J . 
¿) a*C6|(q|?)) л л - /д-р CCSKnl^VÉp) ^ оЗ 
iKerejbre: Pr 4 ^ алсі ϋ\ι& contraoUcts ·. f^ x Pr 
Spec-ccJtz-Cng fclus coKstructt'oM^ w€ UAtroöLace, as ex KvoJ to tí»e sat R (тот i^o, 
α. subset fi*- of ^ by ·. 
R* : = f Ä | 3nCr\ = ^pCo(0Cp)f Ol л >пР.
л
ісі
я
"ПІ 
Ike genet-oJ argi>on€tafc ілЖісИ (л^ е ouJfcUned а »поспекЬ aao, Q.ppl.i€s to Я*' 
Ол tke ofcKer Kanal, ib ¿«i true tkeub. C^R* < Rt 
Lefc < > ·. ωω χ шш —> ^ІО &€ о. раіпіиа (илс±іЬи Oh "Ί«. 
(We mentioned sudi a ( тсЬои jus-t before, dejxnx'tion ЬМ). 
It ¿ς аи easy matter - ало. we leß^ve Ct to tke reaot^r-
to defìihe (or eack me^^eui а сеоиллое С
Ж К 1е
и
'еи cud, tlia-t
: 
F a n U ^ i and. VetVJiCCD^M л DVpV) ¿ ]> й A, U«,nl<*,/*07 
Wow depthe SÉ "W sack bhaJt-- FWvtS) апсзІ) fbr odi OCG^W 
01 3pCCsio.)0tp^ol ¿ i C3pU 0 ' 0 CpHo3 л ЗрПл1)0^)^©]) 
Cío For all weiA), ft£iAJ ·. 
I f · . m^yLXpCoi^Cpìfo] л n= / - pCo í ^ 0 ( p ) ^o ] 
tke*: м- η = yuLp [(5|«Пр) ^ о ^ л [Slût)5^"·*1 - ^ ^ U « ^ « 1 ' 5 " ? 
One soon realizes tKaJtr VoíCCaR*(ot) ¿? R*C5M1. 
We. compare H and R* and evtaWish that: -ι ( R ^ R*)· 
Îu-ppose·- R 4 R* and^ и.&ілд AC^, deb* mine Se^w Sud\ tí»at·. 
Fiwitf) and·. V o t U R H ^ R*65M1. 
Let o££ α , ω omd oi 0» O-
ße.»*arb Riot), and·. R.*ÍS|oii and Э п С ^ к П « ^ о ] . 
Dcter»n¿he n=.yi.p Γ(δΜβίρί^ο3. . 
Detemcne t^étu Suck tkat: ^ [ ξ ο = 5 ^ -> (S|4)0¿n+ii = (5U)0(n+l] 1 
IkJtermtne r>^ suck tkai: Pn -<Pr. 
befíXe r |€4u sack tKat ·. Fa»ií»|) аж*, for all ^ e ^ u , , 
m 
Т \гг
І
 for all %е.шш: 
£? R^ÍSUriUÍ) л A=^pC(5|Cril4ì)0(pì^o] 
"ІКеге|оге ·. Р^  ά ?
л
 a n d tkis contradUets·· P
n
 ^ P^  
И/е KoA/e to adtfUb·. -ifRAR^ 
I t t& sea« a t α ς[Ια>\οε tívctt ·. Е
л
4 R* 
"Therejbr«·. -"(R^^Sa.) b-ecatas^ accorottKQ to tAeoi^ m 1Ί- 7 · ^ i f i ^ ^ a ) 
Also·. -i(|i*i fC\ , as, accohöU^ to 12.о ·. R i ς^. 
A(W allj R seems hearer Ь ζ 2 tha* R* 
Bat we destroyed any <Ja¿ms tKat R. rm^kt pat (orwcwd, Ь be a (east 
u ^ r bound to tke зе^иглсе Α1,ϋ*Λ1, 1>
3A1J— 
(We did not seriioaçty Con&cdet- Hie qaestu» of least upper bounds \vitli 
reçpect to the reduci bil ί ty relation <. I t doeç ncjt seew easy to firtd 
a nice example. TRe readeí- may try his n/its on ÇindUnq a- least 
uppei- bound (or A1 and £,}. 
12^  Let us retut-n to the constracttbn wkcK іл/е studied wi '2.1 
l
-
ek
 ^»^э··· ^
 a
 ^«"-^oe op subsets cf ^uu wktck puipds tke condition ·· 
\Jm 3*І\< P
n
l , a n d define Q ,- f oc/ Vn Γ η=/μρΓοΐ0ίρί * o l -» ^ t« s , ,)l}· 
We havfe 5ееи, in 12.1, tKat. if Vh3«*[-·P
n
(«О, Ьіви - ( D z a ^ Q Ì . 
We would like fco prove tlie ^пок^ег staieKiewt> VnC ч (D S w Q á I>nQi]. 
KVb will do SO, m twt» different waifo bid, tack time, ive kave to extend. 
ou·' ascuwptions Concerntng tke seouence P j^R ,^---
IVe observe, Ькаі_, cf the setç P0,R„... a re , exil of tkew»/ strOctiy 
analytical, tden tke resultuig set Q ¿s also strictly analyttcai-
CStt-ictbj analytical sets kou/e been discussed i*\ ¡O-l). 
Suppose- Vn Г P
n
 LÌ strictly cwalyticaJj 
Determine a S^ouence S0 , $ , , . . . of elements of ^ю suck tkat 
Vn f Fun ад л P
n
= R a í ^ a 
Define &ешш ?uck tkat·· Fun (6] and, for ail cxe^w •· 
ω C^kì0 »a et0 
ûi) For all ne ω·. 
(Slee)*" := « ^ ¿f η * yip С οί0ίρ) ¿ o j 
·* Α
η
|«*5κ ¿f п=^р[о(0(р1^ох 
A moment's (hougkt Wil  Convince you, tkxfc Q = R a ( 5 i . 
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In adcUtCon, δ kas the fbllowuiQ tiwo properties: 
CO δ|ο = О 
More or less ImÜDüting the proof of 11.22, vJe (гисі: 
iz.3.0 theorem·. LeA Ρο,Ρ^,-.. 6β a Secjaence of strictly ar»aJytícaí subsets of ш
Ші 
suck tkout ·. Vm з
и
 С Р^ Ί Ρ
η
 1 and·. Vn 3 * С -- Р
Л
 fail 
Let а · · - (c^l VnCh=^pCo l 0 (p)yo3 -> Ph(o(5»ìlJ. 
Then·, ft ¿s strictly analytical and·. \/n>o С Dn(ì < D n + i - Q l 
Proof ·• I t is easy Ь See tKat ·. 3«CiQ{acl3, Qnd, tíverefore, tkat i / n ^ o C D ^ á D ^ Q l 
We also know, (rom üie discusSiOH LM 12.1, thai • - '(D2QáQ). 
We build a своюелое δο,δ^,... of e leme^ of ш<м suck that: 
VnCFuniSJ Ap
n
 = Rd(5
r tl]( omd, frow it, an elewewfc i t^u) sack ttta£> 
Fan(8) A Q = Ra(6], like we did it just bejbre embarking арои tínis proof. 
Wow, let new, л>о a n d suppose: D n + 1 û é D*Q. 
Using ACHJWc deter mire. г^еЧи suck tbat·. ГтС^] and \/ocCDn+tQ_ioL)¿ Пп<2(ц|оі)]. 
We also de(ihe ; (or e a d i me ы, an element e m e wou suck tkat. 
0) (£„,!«)(<>) - «c<>) 
OU fcj « Γ == ^ І * " 
(.Щ) For all neu), n ^ m · . ( s ^ | a ) = ot? 
We observe: Vm<r\+i VOL [ Q ( ( ε ^ Ι ο ί ^ ) ] , tket-efb'-e·. 
м^п+і Vot[ D n + 1 Q(£ w | o i i ] and: Vm<n+± teCD^QCrilifJoOYl. 
Us*n^ CP № determine natural nawbers ^о^Ро··· Ян^Рг s a c ^ ^Ікяі: 
Ru-mipotinq tke lost hemark wkick preceded, tKis tkeorewi, »ue conduce: 
Vm<n-n Va [ (5cj
m
 = Q^
m
 л Q^«*)) -· a((/jloi)P*1 )] 
For; let m€tu, m<n+i and «е«*^ a n d 5 q m = G g m . 
Determine ße ω ΐο sudi fckat = £ ^ | А = О С and. ^0,,,= 2fyr 
We then see. Q ( ^ [ ( Ц р ) ) ? · - ) , i.e.: Q (frjl*)?·"). 
As \/гп<п+іГ p m < : n 3 / we may asstUne, iviüoat loss of generality, 
tdat p t >=p4 . . Lei: <j - ma^ (<je,c|,V 
136 
The reader иліі sense how thcs ¿s fco елЫ. we otre adoley how, 
by slcdlful gi-a.fttK\q , t o r e d u c e Ï»*Q to Q. 
Ftrst, ive define f e ^ u j su.ck tKctt Vnrq< ¿ f W ^ ^ + Q A Pn ^ Pg^l 
Then, we defùie a sequence f0,P1,Pz/„. o f elei*>e*vtç o f ω α· sucU fchctt 
Vn С F u * ( V ) л ^ot [ Pn(o0 ^ Pdín) i f M |«n 
Fincclly, we défais ^ e ^ u ; suck tkoJ: •· Fan(¿) а л ^ fbi- all « е ^ ы · . 
u)CÇTflocj - Ô ^ 
л С ί ζ Η ^ Η = 0 ^ 3*» Состой)«о A n*tlm)la*d. Уп[Шл)Ч^ fjoc1'"] 
Therí^  por ad «e^cu·-
DZG¿IOL) ¿? D2Q(4lot) A. teloOcj = 0 ^ 
Therefore ·• T^Q^Q, and, as we know, kkts ¿ς not true. 
ТКегфге·. VnC-· CD^^Q i Ь ^ and= \/кіГьпа .¿ D ^ ^ Q l . 
в 
Our hea-ffc ¿s f l o o d e d u/ilK joy a t tkis r«su»t. 
To oar regre t , tke under! y mg metkod oU'd hot Kelp us to prove tfte s a w e 
Ьклд obouut Q* (as def ined ΰ\ 12.a), οι- to Set up tke cohjurictiiAe t o i l e r ои 
uve base Q. 
The r e a d e r w¿ll rewember t ha t , in соипесіюи wttk Q2l №, t r e a t e d dibjU/vctton 
arvd conjunotton rather oUff?ere»vtlv. С Cf. theorems di.21 a n d ff.2.é>). 
Retktnlang tkeorewi I2.3.0, ive come to proue et anew, ол síigktiy c)tíier 
conoUtions, tkib? pavtfva the Way for a Scmtíar kardli'hg op соп/илсаюи. 
І2.Ч Let as i n t r o d u c e ^ г all Subsets Pf i ^w, Q S ^ U J , a sabsefc DCP^û) of " ю Ь ^ 
Fot- ajl o i t w w · . D e n t a t o t i . - Pi««») vQCot1). 
Let Ρο,Ρ,,Ι^,-. be. α secfuüZJice of subsets o f ^ ш -
lAfe col l tkes semence (й^алскМу сЫ^ ¿f \ / ^ Vn ЭНС Т)(Р
Ж|РЛ) ^ P ¿ 1 
І2.Ч.0 Theorem·· Let Р0, Р1 Ρ ,._ &е α dUsjOHctCwely closed, sequence of subsets of "Ό/ 
suck t k o t : тЗлІ?
т
-<Рь1 a n d . Vn ЗоС С-ι l> í« | J 
Let ft ·. · ( O Í I Vn Г й-^Ар С ty0íp) ,f o l -=? Pn ícySh ) l / . 
The*, Vn>0 L ü h Q « ¿ D ^ ' a l 
Proof·. Ifc ¿s ca-sy to see fckat·. loíZ^Giloól <ш*, tke^efo^e^kaJt ^ ο Γ ί Λ ΐ ^ Ο ^ ' ά ] . 
"nUs, of covJcse., ¿s a cheap observojtibh. 
13? 
1л іец/ of the lcu-qe worlc ojfc Kand, we se*cL (or our old p-ie#cjL 
f - [oil VwVn [Coi(mi^O л ot(nWo) -^ m^Kil (cf. Ц.2) 
Observe tltctt. - Voter [ ^ ( a i ] . 
Suppose·. VdLevíEJcCÜ. 
As O e r cxndL r is a subsphaaci of ^u) (cf. 4.2), ^
е 
Qfp^ ССР and соіслЛЫе. hea^ cfecu sack tAcsut·. 
TKCS 6S not true, QS we. ma^ defihe Д*ет Suck tkcd 
«5*cj = Qcf OLMd (ы*ГЦ) ^ o. 
Iherejore·. -. \/οί&τ Г E26o<ì]. 
We have, a t tlie same time, tkat·. \/t\>L -· Voter Г^А^осП and tKat: 
VnVoter V*[ . r- fw | in<n + i | ^ ^ = Ο ί ί } »η] . 
Ohe Symbol ^ Kas, usuai function of deiaofcmg tAe ССХГОІІПЫ 
nttmber of a {inxte 5€Jt). 
De£e™vüie a se^u^vce ^.fl , , . . . of mewbets of ^oü cuck tAcxt·· пС-^Ы] 
Define a subset Τ of 4 o by. Τ :» £ л | tfnVm [ « · £ · " = p^"]} 
RemoM-k fckctfc: гіеТ п ^ о Г I>nGU<*i ¿^ ^m<n С л " ' 0
 β
 g l " ] . 
Suppose = new, r»>0 a n d : 7> η + 1 ΰ χ D n a . 
Usino АС^, determine Se ω<» sucK fcKctt = Fu>n [δ] and·. ВДО^СМ^Ь Щ І 
Lei: as define^ fì>r eack ae шм a n d -Неси, natural niwnbers c^tt) 
ahd ^ ( ^ V 
(we pronounce: tKe crit¿ca2 numbe*· of л at jfoge t ) 
o^t ^ ' = Η 4 ' n < h I iSW^/M- oft). 
[The fvounber C^ (I) rcpres^nfcg, so to say, the лшпЬ-ег of 
altérnateos ^KaJt U¿ Kas left open, up till s tage &). 
Ufe claim {λα*·. Vp <n Vote Τ С VU с
ы
(1) >p] -* V*. С d^ ii) > f] 
We prove tkis by induction, and start: ivibi tke case p=o. 
Suppose, tKerefoKe, tKat a e Τ and·· ^[<^(4.) > o ] cmd: 
Calcuöate, (òr eack. m<n.. ^ , - ^ J L C 1 δ |
Α
Γ '
0
 í i ^ o ] . 
13S 
Cod calote cf еы such thcxt. 
Fmall^ remember fckajt tke seoue^ice ?0, P,,... t& disjunctively 
dosect cmd caJcuJate KleuJ sucW tiiojfc: 
N>c, a,d, DCP t o,P f O " ' M 
(k/e „rite. !>[<><.Д,... P
e
J Ibr, D C - Í M P ^ y - j ^ . , ) ) 
Irt/e may assume, iviüioat loss of generaliy, Uot o(0'0N=:QM 
IA/S cfeftte qe^uj ruck tAat: Раи(к|), and, for all ρ ^-, 
ÛiiJ For all j e tu, j >o 
H* I-pit ίηΙ^'0 íi) *ol and·. % ] ^ -pft 
(.luis last ,p,fc* is tí»e fixed secjuence щкіск (lilpcls·. π Pg ((іД 
the tkCrd- douse ίς to е»\ иже tkctt \/v \/j>o [-> Q(Cr\|y)^)]) 
Tke^ for all je 4o-. 
PN(¡] ¿? D^QCnl^ *, ί η ψ 4 - δ < ί 
Therefbhe·. PM ^ T>CP<el. —,Р в ) and tías cσ^píícts ivith 
tke ckoice of W. 
"Iks contradiciton skoi/vs tkab \/ле^[ VllcJl)>o\-t 4lídJl)*óJ]. 
05β/now, tkat pew, p<n-l and; 
tafiTC V U ^ O L b p ] -» Vtrc(
e t(l]>p] 
^ M/isk to prove tkat·· VbceTf АГс{(1)>р+і]->V4[c|J((i)>ptil]. 
Assume
 J therafbre· ote Τ cuvd-. Я Tc i^JL) •? p-n] and: 
alCd^ílJ-pi-il 
CaícuJoute ¿ecu cock tkat о^(1У=р+1. 
Calculate qeuj sudi tkat ^[^^^т^ЩУ^К'^^^Л 
We. may assume, witkout loss op gewerality 
\/т<р+іГ о і т ' 0
я
= Q^I and·- [ δ | α ) 0 ' 0 A,- Q(l
e
. 
ІЛ/е dejine ^ е ^ ш sack tkat· Fan(4) and, for all re"»-. 
to (Tifi я = Scj 
Supp 
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00 For all шею, m<p+i . Uly) 1 " · 0 - Q c j * ^ 
0«) For ой ГИЁЫ, Μβω: С^'у)1"'5" = /і
и 
Civ) For all mew, m^p+i·- ι Q. 6 ί η | ^ ) . 
Remark tkat·. ^ С ^Ij' e T ] . 
Also observe, [kat-. V p t ^ [ с Itì >p] . 
"îhe^efo^e, bxkcnq into accoimt іл/Kcxt w/e proved at 
bie previous staoe: ^ ^ r V?. [ ol [ty > p l 
Нои/е\/е^  ας. \/^ev Г (^ІИ a = Sea J, also: 
Г
е г [ o t ^ ,
r
( i l
=
 d ^ d o ì - p + 4 and 
and V^iD^lMUl^] , and·. Vfer Г Dn+1u (41^3 
and: ^ е г [ ь л + 1 А 1 ф 1 
And fckes is nofc b-u.ey as we kai/e cee^ Ob the beginning 
of tkis proof 
"IFLis contradiction shows·. VdeT [ 4Сс^А)>рі-і]-» а[еІ
ы
(І1>р+іІІ. 
This establish« our claim-- \/р<п оіеГ[Шс
и
(1)ур}-> VíldJÍ)^. 
Τκας, we know üvajt·. Voie-rC VKCc^ CÍL) » n i -» VlCû^ftWnl] 
Victory cannot escape us cmy inore. 
We define Іешш sucU fc^ai:·. Fan^) a n d : (brail ^"ш. 
(ι) fe>r all mew: О^)* ' 0 = ^ 
HI C i l 
(л) (or ail імеы, new. ^ly] ' = (і
л 
Remark ÜioA: V^C^l^eT] 
Also obserie thai;: Vysr С КЯ [ с^, il) ъпЦ 
h\di (іплск а^ (olloiws, Koldj>>9 up }OUr arms iw triumph·. 
ν
Γ
6 τ ν * [ · ά 4 ι іМ^я^ therefbre: V^r Vm<n [ ЙІЙІ^Г'0 = Q] 
OAdL: Vjer Vm<n [ Q (βΙ^^Γ^, алоЬ Vjer Ьпа ( S\(¿\fl , 
and so: V f e r f l ^ Q U l f ^ алаі: V^vC Dft*lA1C|'nf 
a flat Contradiciion, as »we saw b e ^ e . 
Looking |r>r a culprii, i»/e conciu-de·· Vt\>o [ т (Dn + 1 Q ^ D n Ql 
and: Vn> 0 [ Dnû< D^'Ql H 
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12.5 Cofiju^ction, anxious to Pty at least as High ας dísjuMckon, now attracts our 
attention. 
We introduced., just be|bre theorem 1125, for all subsets Р£ыи>, Q^w, 
a subset CC^Q) of tou, b/ : 
For all (Χ6ωω: CCP.QìCa) ·-= PCoc0) л Q M . 
Let Ρο,Ρ^,-· ^ Q· fec|ue*ce of Subsets of ^ш. 
ìfJz call uns se^uewce соиіинсЬС еІм djosed if·. Vw к» 3 ft. Г С (p^
 i Ph) x Pft 1 
125.0 Ipieorevrt·. LeA f^, R,, - be a conjunctively dosed sequence of subsets of 4« 
sucK fckat·· \/m Зи Г Р^ ч Р І^ ау»^ .. з« С А, < P
n
l. 
Lat 0 = = [ « [ V n f n ^ p U - C p W o T ^ Р
м
(о(€ иП}. 
TW- ^n^oCC^Q <C K + 1 Q1 
Proof·. It Cs easy to see tficxt 3<x[QMl a n ^ tAei-e|bfe>aJt \/n>oCCnQ ¿ C h t l a 7 . 
Tkts rewiark serves to loose our tonque. 
Suppose- леи», n>o a n d : C n + 1 Q < C*Q.. 
Using AC,,, deterw4>»e δε ww sack tKaJt·-Ruiff) and·. WxCC^eietl^Cuiil«)! 
As ih tl\e рюор of íAeo^w І2.Ч.О, we define, for eacU OÍC^UJ оичі 
-teoü», so-caJled ereticai huwbers с^ (fc.) and ^ ( ^ ) ^ 
hfe douw thai·· р<п\/Л ( C ^ Q M Vt[çlltl)>pl) -> V£ E cielll)>p]l. 
We prove tkis by indactton and start ivifch tKecase'p = 0. 
Suppose, thehejwe. oiewuj artd Cn+1Q(ûO and V l f c ^ i H ^ l 
and·. aiCd^iftJ-O]. 
Calculate, fbr eacU n<n. lm<~^ [ (5kP'0(fc) ¿ О І 
Calculate qetu sucK tKat·. 
Vf г ft-ag -^  ^^cÈi^ie^+iî-çw^i^+ii] 
löemember that tKe seqiLence ζ ; Ρ,,... ¿ς co»ijunct¿weIy 
dosed and calcúlale Ue<*j suck tkcít ·. 
М>
Я
 aiul. C C P ^ - . - O <Ρ
Ν 
(We ^Kte: С ( ^
Л 1 . . . , Р ) (ì>r·. Ci-.-iCCP^PcV-i-PcJ) 
14-1 
We may assume, witKout lose of gefleraltty , that oí0'0 Ni = 5NJ. 
We define η« "Ou suciv tfictt = Ftu»(r|) and, for all y 6 w ( v 
0) Щ^ =5c, 
Ой] For all ^ t o , p o ·. ^ | ^ ) ί = &¿. 
Then, for all f e ww: 
"[here(bre·. Р^  ^ ССР
г о ) - . ,Р ? ^ cuid fchis conflicts lA/cfct, 
Mie сіюісе of M 
TïvCç cofttradcctton shows fckcit ·. 
Su-ppose, now, tkoüb peuj, p < n - i and: 
Vrt С CCft+,a(«ì л vdrcíll^pl) -• Virdclífcj>pl] 
№> *¿sk b prove Üiojb·. Vo([(C>,+1Q(otiA^rq1<(tbp+i])-»^rol0(A)>p+t]] 
Assume Üíere-fore·. леш
ш
 a n d C n + , Q M and \/lícJÍ}>p+í] 
ouvd заго і 0 1 (а]=рі- і г 
С а Ы а і г Ι,,βου sack fckaU: d ^ c y ^ p i - i . 
Wt may assame, n/Cfckoui: loss of ^елегаіібу, tkafc: 
Calcúlate, (òr sack weiu sucktAoLt pt luwioi •· ßM-.=^l Ц Я ы р ^ ^ о І 
CalcuJate ^ е ю suck fkxt·. V j C p ^ a q - * V m ^ f í í ^ T ^ t 0 = C 5 W ^ ^ l 
Remember, tkat tke seqae^ce ζ,,Ρ,-- i« cohja«ct£ve(y cfosed 
aid. fckojb ЗиСА1і<Рп1 duct caícuJaJfe Wew suck tkat 
l f>q a^d : С С А ^ Р ^ . Ц ^ , . . . . Pg^ ) -C PN. 
We again need r\ot fear to endanger the generality op tke 
Orguitvenfc іДе* assui*una: Vm^pi-l f o c ^ N - ON]. 
We define ^ Ё ы и ; гасЬ tkod·. Рции^) ahd, fbr all μωω·-
00 М- /^ІГ ( ^ β ' 0 ί 4 > ^ ο 1 a«* Ulr)0'SM = r 
¿nu For all jew sucK tkoJt « 0<¿áp+ i : Й І ^ І ' = 0 
№2. 
(iv) For all jevj suck tkout p + i < j ' < n + l : t^ljf)1 =oii. 
The most pleasing property of tkts fùnctto*\ 2, is, 
that . Vj- VI [ r (fc) ? p ] , wkicU, ύι view of vvktt uve 
proved b«|c>fe tlie break, Aas tKe furtker conse^u.6*v^ 
fcKaJb·. V ^ t С 0L?lf ( W > p l 
Therefor?, (br eacK ƒ e % J ·. 
PN ψ ?f C^QC^Ii) A «55Я =5Я л w c c t l r t t j ^ 
¿* (V«n«p+l|:£(fc|jir'0eQ л 
A жЕр+і<ж<:п ^ P
€
 с (S iß i^ " 1 ' " - ) ] ) 
I t is behoud doubt, hoiv, fcliaJt PN é CÍKfy »—· 5 ,) 
ai\d tkcs coKfíicts iA/¿tk tíne choice of W. 
Iks contracUctim ςΚοΐΛ/s tKaA·. 
Oar claCkn obviously has been saved from all tnsihuatiohs 
Thaç, we know tbat·· л[ (Crt+1Q(o() л 4[с
ы
(А)»пі)-» VU d j í l ^ n ] ] . 
And tktç knoivledoe clears Ue way í>r a ffwcft a n d і^чр^ cor\ciasion. 
R£wark Uiot' Voci ( и к г п Г о і ^ ^ о І л QU*)) -^ т < п [ [ 5 И т ' 0 = О І 
Wfe define Ζ£ωι» such tkat •· Рил (ζ) and, for ali yt"·*,, 
( ¿ 1 | Г : - / a n d , for all теш susk ttaut »п#л·. fel^P=0 
Then, for all $ewuj--
Щ\ ci C^aUifi л VI[ c% l f (i) »ni 
"ÍKerefor«·. ftáA,, and b«s ¿s wofc trae, as: З п С А ^ Р » , ! and. 
Vh С ?n < Q3 
Tired as we haay be, ке Iprite down, out of /οι« of Ьок .-. 
Vn>o Γ π ( C ^ Q 4 С © ] and-- и^оГ C Q -С C^^Ql 
1Ч-І 
We apologize, butt we bug fbr the di'sjuncttve ascension of tAe Set Q*, 
whose acouaintance we wade ¿л |2.2/ and. Ore qoifiq to rt^g от- г^ сядіс 
sorq a fcKtrd time. 
"iheprew·. Let f£,F},... 6e a oUsjtuicttvely closed sequence, of subsets of ωω 
Let Q.* ·= [ы. | ЗиГ и=^рГоівф)^о7 л Р
л
 (с* ^ ) ^ and assowie: 
Va 3 a Г о(еа.л ^ Q.*(oiìl 
Proof: Ifc ¿s easy to see tKab 3«.Z->QL*№} and^  fcherejbre,tKat V ^ O C D V ^ D " ^ * ] 
That is not where tKe shoe pCucKes. 
Us-tftc^  АС^, determine 5ÊWUJ sac^that·. Гии(&) a*id·· кГО^а і*? DVtètól 
We define, for εαολ о(еши> Ofid (ίβω, criticai numbers c^ß) and d í^íl) by: 
c^CÍt^:
 β
 { m\ ιη^η+ΐ | ¿ГКОЯ - Ô&j 
We dai*, tfcab Vp<n лГ ^ [ c ^ i i b p ] -> V4[dllía)>pí. 
We provt tKtç by induction and start и/itfi the case-· p=0. 
Sappose, there(bre = «e^u, and: V^Ecoí(IÍ)>o7 cuwi З І Г о ^ ^ - О І 
Calcdoife, (br each м<п= ^ - / i f e Γ ^ Ι Α Γ ' 0 ( * · ) ^ Ο ] . 
CaJcuJaíe. eje ω sud» that·. 
V ^ C ^ ^ ^ -> т<и С ( ^ Г 0 ("СЛІ »CS|Aìw'0i^7T)] 
Rewednber, that the seoue^ce ^f^,-·· is disja*ictivdy dosed 
and calculate We ω euch that: M>Q a^ot Щ> о W p 
ln/e may Qsautie, without bffs of generality, ttat Ä ^ Ö W S Ö W 
kfe deftne ηε'"UJ sucfi &αέ ·. Гси\Гк|),а#н1 |br αίί ¡еш*: 
(О ( І ^ Ц = 5с| 
00 Ν « /ι Ι Π q l f ì 0 1 0 * = o í and Щ φ = ^ 
(inj For all ^6ω, 0<^<n+l : -ι Ω*( ínj^í). 
"Π,^ (or all χε ωω -. 
PN(j) ¿i Dn+1U*(^) л ( n f î q . a ^ 
vlt-l.Sf..., 
^ Ρι
β
 ÍtfWh5 ' · ) "•... ν p
€lM( mtt^n 
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Therejbr«: Pw ^ 1 ) ( ρ ς . - · ' ί ι , . 1 ) ι ν*0- t l , i s co4'i'cts weih 
Uie choice, of N. 
We way trust, now, Unat Va Г ДОГс^эо! -> V4Cd
ol(W>o]]. 
S'appose, now, üiat pe ui, p<n-l and·. ^àLlVitct<(k)>p']-t VlCc(ll(lJ>pl]. 
We w¿sK to prove that·. Vo(C 4Сс^Л]>р+П-» V-ftCol
el(t)>p+ill 
Aséame, tberejore : (Xeww and VlCc^dhp+i] and 3Kc^C4j=p*il 
CalcuJcute ^ 0 £ω suck tbcLt de t Cfe0) = pt-1. 
№2 assume, omd do not dcwiage, thereby, the generaJtfcv/ of tlie 
argawieH:, tbafc ·· \/т<л [ (¿ІлГ^ft
e
 = Q ^ ^ M<pi-ll 
Caiculate, (b*- eact. »яею such that p+i^in<n: ^ - ^ К ^ Г 0 ^ ] . 
CaJcuiaJte qeu- such that·· Vft ft*δ^ ^VMai[(δΙ^Γ'010 = 0 1 * ^ M . 
Remember, that the £ес|иеясе ^ , ^ , - ¿ 5 diçjuitctcwely cbsed 
and caJcu-late Mew sack that·. 
Ы>Я оясі D ( P V i , P w . . . , P V t ) ^ PN. 
Agaih, we do not expect fo 6e accused of dirty tricks, 
K/hefl assa ining ·- Vw<p+ i [ л " 1 ' 0 W = 5 N i . 
We deftne ? é w w sach t h a t : Ρα»τί4) a n d , fbr all ξβωω 
0) U Ç ) cf = ас| 
00 Ν = /ιΛΓ í?l^0í«^o] and U l / ^ - y 
010 For all ^'ew such that; 0<4Sp+l : U l ^ " ' 0 = Q 
Qv) For all j'feiu sucíi thai:·. pt-x<j'<fl+i-. - Ό , ^ ί ^ Ι ^ ΐ ] . 
Remark that- ^ 4 [ с ? І Л Я 1 > р О a n d , therefor«·. V j V t r d ^ ( t ) > p l · 
fberefore, (òr each fé wto·. 
For this reason : Р^ < ì)(?t ,... ? } a n d this co^flícts 
IVith the choice of N. 
We are fb^ced b co^cíude·. V^Cc^ilJ^p+l]-» Ш ^ р і - і ] ] . 
This wtobkfces our daim- \/p<n лГ ІГс^Л] >pl -» VtCd^Hì^pU 
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Thus, we know that·- V* [ Vllcjl)**] -* ViCo^dD »n i l 
Façter tlia»i evef, we are to hececiœ ü« pa/w of /юиош·. 
A/e observe that. Voi Г т<п Ì(*m<0=Q\ -* \/m<n[ ^ к Г ' 0 = О]] 
ІУегфге •• Voi Г 1/»и<п С ¿л " 0 ="б] -» - Dn β* ( Sla)! and-. 
VrtC V fn<nCoi'-'
0
=Q] -? - D n + 1 Q * ( o O l 
ΤΚις ί« co^vtracttcfcory, because, OLÇ З л [ ^ ( а ) ] also·. 3«[Q*(oi)J/ 
onot iwe way define « ' 'e^uj suck tka±
:
 Vm<n [(ς**)*'0 = θ] 
and- 0.*((ο(*)Λ), fcKertffbre D n + i Û* («*). 
A neiv gram c>f wisdom way be added to our treasury.· 
п>оГ - ( D n + 1 a * ^ DnGi*n and·. Vn>o[ DnQ* чТ)^^*] 
SI 
The method iwderiyifiq the proofs of fteorews {2.4.0} 12.So awd /2.6.о is 
a general one, admctting of applicatcoM under not too restrictive and 
vary ¿no ctrcu-mstances. 
The proof of the last theorem, /^htch footed tAat •• Vn>o CD^*^ D^^Q*]. 
sKo^s wore Idcefiess to the proof of the conjunctcue ascens-con of Q. 
СГ.е.: Vn>o[C n Q 4 С*+±Q.~l, theorem 12.5.0) than to the proof of the 
dcSju*ictLi/e asceiiS-ton of a ('-e. : пхэІГ DnQ < D n + i - a | theorem І2.ЧО) 
Sowe (juidersfexncttno of why this çhouid be ft), t's gained, when, owe 
resizes, that the t e t u* == { <л j 3n С n=yup Г(Х0(р)^о] л Pn(ûis«]7| 
ís/ dassícallv/, p a r e c e d t o 6^e set ·. f a | -. VhTn^pCc^ipl^o] -> -"Pn^5")]/ 
i-e. the compleinefvt of the sei whick resuJts frov* IzltCnq loose. 
the op^a t ibn л/ксЯ generated. Q ; on the Sequence·. №^(^1, WegCR,),·---
Let us rest ourselves a little, and philofophize. 
Let us call a subset Ρ of ω ω ( dtsjunctútely prodacttife, <f Vn>o[DnP4Dn+1Pl 
ІЛ/е know, (Vom theorems 4.É> and Ί1Ζ2. reçpecttVely, that there are ctsjunctiVe/y 
productie Subsets of ωυϋ, por instajice A1 and S z. 
And, пои/, theorem І2Л.0, [or, (or that noatter, theorem l2.3.o) enables us Ь 
find many more of them. 
Startina ivtth ^=^0,
 α
ι^ applying Üie generating opération fco the segaence 
A ^ DZA1 <.... t не find R,,, awi^ tKereafter, applying the same, operation 
to the seouence Я
л
-<ЪгЯ
А
<-- , ^ fìbd Я
г
> and, eontiauing in this way, 
Success^e-ly.. R0-< R^^-i... 
But this segiLe-nce ¿tse/f is also on ¿ncreasïnû tin the sense of the reducibi'ity 
heUatioh 6) a n d dxs/iAnctively dosed, Segaence. (We also may refer to the 
fact that aH ik members a r e strictly anaiyticad). 
Therelo^ another applieatton of the generating operation giyes bii'tK to 
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α cfcsjunctiuely producttHz. cet β
ω
 sucb tfcot Vntf. -< ß ]. 
Coritinuiji^, ive find ακ шлсоинЬэЫе multitude, of otisjuíictiuelv prodactcV« cets. 
Tïie hyperai-ttKwietico-l Ьіе#-алску tíieorew (theotem 9f) skoived as a v/ery 
dtPferent tvay Ь Wie braih that, lA/itt\ respect to the heductbilcty reíaí-іом sí 
илсоСигЬаЫу many lei/efc of cowplexcty hav/e to be djistinauuLstedi. 
Here, we cure (bctnq Q. рЬеиошепои of a more iooai fiaAxre. 
This ¿s even wore apparent from the ccmjwtctci/e siory. 
Let us call a subset Ρ of %ο çpnja/icttuejy producfìvfe
 ; cf \/ñ>0 [cnP < С"** Pi 
Wo. already met wltb some corjuncttvely productiite subsets of ωω, for екагиріе 
D^A, (cf. tkeorem 4.\5) and 9Z (cf. tkeorem 1116). 
We also know, ß-om theorem Ч.ІЧ, that tfce sequence A,,, D 2^,... is conjundriueiy 
dosed. According to theorem I2.5.0, fcbe«^ R-"W; ={^1 Vrirnsuptoi^^oJ^DTA,^)} 
Cs a conjuncfctytely produotive subset of ω ω. 
The secjLUbnce W0, C 2 " ^ , C 3 ^ , . . . is, obviously, ¿wcreas-tna and conjunctiveiy 
closed, and theorem 12.5.0 crom/ns it wiih a conjunctivelvj productive set W^ . 
As in tbe disjunctive case, a i/uMe seouence W0-< W^^ "W^^... ¿s/ 
successively, called up, and after it, apply ina the ûeuerajtïn^ operai ¿on to tkis 
seouence, we [ind a conjunctii/ely proòfucttve set Г^ sacK that VnCW^W^] 
This process well never end. 
Reflecting, now, that each оле of the sets V£,ty¡,...and "Ц^, and tAe *v/l»ole 
of fckecr yet unborn offspí-ina (under the same ge*erafc¿mj operation) do belong 
fco Π*
 ) toe [ose ourselves £И ivondet- ·. ГГ£ Seems to be rather complex. 
liie foregoing statewient reste см Ыо observations: 
(ι) Π° is dosed ander Ыіе opérât¿ow of countable ¿ntersectton 
(cf- tkeor^n к8). 
Ol) For аД Subsets A,D of ""и» ·. 
I f АеП° and D is a dec¿dable subset of " Ц then AuOe iï° 
(The sa«ie is true if we replace *П°* Ц "П^" or "Σ^') 
tote, also remaHc Ь\ак the sets К , , ^ , - - . " Ч о , cu^ cí their (oliowin^ and 
the se& Ro.R,,... RM cwd their {bllowCn ,^ a re , all of tKe^ reducible to 
S
 "f0 11 3 î r ï Ê a i A VnCoiCjrvi=ol]J anoL t^ka«. belong to <he class б , wkick we 
discussed in H.27. ТЦс, is, Ьесаже Б, as ufe кал/е seSÄ, ¿s d o s e d under 
the operations of finite union and countable intersection-
TFas ¿ς some new evidence (br the con^plexcty of С 
Still in Our pens-tve mood, we turn to theorew І2.Ь.о. Thts theorem gives occasion 
bo similar cofisAiei-aELons. W^  remrk. that, ¿f we start again, with the 
Seguot.ce А
і>Р
г
А
л
,—^ ••epeaJteot appucotion of the operotbbn advertized by 
this theorem, keeps us нгіУші the bounds of S ^ TKe compleitiby of S * . 
1Ч-? 
like that of ГТ^ , ís aJmost beyond ima-gii^ation. 
We mention only some op the rtiar\y aaesttons that iremain to be asked. 
Are all UK(v«*-£aJ rep rese* fatiVes from Üie Kt/fMarotr¿tíikMet(bal htetnarcky, i.e.·. 
the sets Ag., OS they fwave Ьееи CKtroduceot t'h 5-4, oUsjanctively prociactLi/e ? 
We know, from bhe KyperarL'thmcttcai hiierarchy theorem (theorem ^ . y j ^ a t 
these rets a r e „existewtially prodactc^e^ i.e.: Vere Hl$ [ Α
σ
 < Eje ί^\ 1 (CJ.ÍO.M) 
We кал/А proved
 l tu theorem Ч.Е», that Α., Os cüsjomcttvejy prodactive,, aíici 
Ore phepared, ои payment, to do the saune (br A
a
 cutd A3. 
We conjecture/thaJt all sets Ασ are dtsjunctù/ely producttw^bui míís a gewetal argument. 
Is there алу subset A of %» iwhiclv cs both „ dtsjunctiVely soLtcu-aieot'' 
and „ ex estent ioli y producteve" i.e.·· DZA^A алс*. A-<Ex(A) 7 
(Rehiark. that E,, ¿s an example ©ρ a set which ¿s „ Conjujictively saturated* 
and „ujuVerca.lly producfcti/e" ·· C 2 ^ 6 E1 < Aa1 
Ip fo, we would be surprtsed, but ive do not ¡cno\M 
h candidate, ίς ζ >- {o(J З^Г ^еа-
л
 л пГо((^»»)=оі|. 
This lands ας into the cfiwckcandç of Ml?- lAfe hai/e seen, tAere, t t a t 
δ ¿s dtsjunctutely saturated, and have stressed, that h/e do not Ыош КЭІА/ 
fco prove fehajfc S" w existent ¿oily productive, although we m/ould like to do so. 
125 Implication, like cm impatiefit little brother, has been nwatchtng the perß>rw\ances 
of disjonction and coKjunction, eager to show ¿ts own abilities. 
Negation plays aw important part in the unpliccttional show-
Recall, how we defined, in 5.2, to each subset Ρ of ωω/ a subset We^ (P) 
oÇ wco, by. Weg (?)·.= ( « ( -ір(ы)}. A subcefc Ρ of ши> is called stable, if Me^ fttejCPlI =R 
»2.9.0 Lemma-. Let P0l !>,... Ce a sequence of stable subsets of
 ω
ω
 such that. 
\ / m 3 n [ P
m
^ P „ ] a n d \fo ЫЪку CP
m
) ± M 
lek Q — f « J VnCn-^tpro(eíp)#ol -> Pn (οίδΛ). 
Th«2n.· -. (We^(Q) é Gi). 
nOof' Suppose: N e a i Q ^ Q , and, usino АС^, deber mene ί€.ωω suchthat·. 
Fun (Б) and VocC -iGtH ^- û (5 loti!. 
Remark: GL (О), therejbre·. -.(5(6(2) and -n3p[(Äl2Y4pi + O l 
Assume, (or the saine of argument: 3pC íS|QJ"íp^ + 01 and 
determine h0 :» yup С (5(0]°ί ρ] f О]. 
CaJculate q e u ) such that: VotC âc|= 0^ -»(Shf^+J) =(SlQ)0íri0+i)]. 
Calcoliate We ω suchthat . N>Cf a n d - Mea С Р
По
) < Р
м
. 
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Rnally, determine £ewu; sudi thab Faw(^ ) a^d, fb»- afl ¡¡¿"ω-. 
0) (Hyï q = Sq 
The«, (т>г afl /e ^UJ·. 
Therejbre·- We^ tPNl ^ Pn and, as PN and Pn are stable subsets 
of ши}, also·. p ^ l^qCPn ) ^ 0 1 ^ й co^f1*3^ ^ ¿ ü l &e Choice of W. 
This cotrtrodidion sho^ tKcxt = ^ 3ρΓ(8|θίσίρ] f 0] . 
And thus, the assumption: W e a M ^ Q ¿s see« ío íead «.s 
to absu.rcti.fcy. 
TP\ís lemma L« a іи/orlhy secjael to lewma U t wkucJi shxtedL fchafc : -« (Α., é Meo (A^ 
Tb be SÁjL.re/ iwe never Gltd encounter a subset A of Чи sucA ÜMIÍ-. A-<K;ca(A) 
a/id if anybody sees ohe, de skouid warn as. 
Let R 8e a subset of "»«ι. We define a sec^uerce I^R, Ι-,Κ,... of subseis of "¿ty 
(0 For all oce%o •. Ι,,βΗ ·•- R(Ä0) 
OU For аУ pe tu, for аЛ «e^w = I S p R M - I?W -* A1 CÄSP] 
Remark.·. Neglß) ¿ I , R 
ILsöig Üie (éditique of lemma 12.80( и/е pro№ a fixrtlier result: 
12.8.1 Lemma: Let Ρ0)Ρ%,... U. a se^aervce of stable subsets of
 ш
ьи Suc^ that·. 
т Э п С Р ^ Р Д 
Lei: Q : . (o(| Vn [n=^pCrt 0Cp)^oT -^ Ρ
η
(οίςηΠ}. 
ROOP · appose·. I^Q ¿ЫеаіО) and, usina АС^, determine &εωω such thai-
Fu*i[5) and АІ Ш*0)-> rt-Q) ¿ -•GííSM 
We claim that·. Vpi (SltíHpUo]. 
Suppose, 3p [ (fijo)0(ρ) ^О] and caJcuJate n
e
-/Ap[ (¿lofípl^Ol 
Calcúlate qeu) such Üiafc-. VotC 5^=Qcf - » U W 0 ^ - ( i j ö f (n0+li]. 
1if9 
Ге^ш: 
CaJcuJate New sucK üok. Η>η ала: Р
Пв
-С Ρ
Ν
· 
Fihaily, deíeriyícne ^ е ^ ю such tkoL·-. Fu*\(ζ) and, fbr a« Ke 
О» М = ^ р [ ^ І ^ 0 ' о ( р 1 ^ о ] a n d ( ^ ] 0 ' & М = ^ 
(НО ( ^ I ^ Í N ) +0 . 
Then, fbr ЫІ je w w ·. 
^ ( Q ( ( ^ ) 0 ) •* А, ( О Д 1 ) ) л i A,(fel»)1)) 
£ - Q (£1(2,1^) л ^ « ^ [ ( S l f c l ^ l p ^ ö l 
"Ійеігхг(Ьг€ ·- NíeaCPfj) 4 Neo (Р
По
) a n d , since PN a n d i j are 
atoible subsets of шш ·. R, ·< P. a n d this conflicts »dk 
tKe скх'сг of M. 
lilis c o n t r a d M i b n skoiws tkaJt Vp [ (S|Q^0 (pi « o ] . 
As ß l O V = Q , we have: Ql5|ßV 
We are in an ¿rnpossÁble situation, because, just as well: I ^ f Q l . 
Let us be ivise anot give up the assumption ·• 1^0 •£ Meg ÍU). 
SI 
Let R te a su.bset op ^w. Wc sa^ tKat R ís wajieirujg fn Q t'f: 
Vh 3Z i F u n ß ) A V d C t l M r v = Ô n ] л лС R(ofl ^ R(?|o<a 
This meows, wore or less, tkat (or eack n e w , РлОк ¿s a« couapJibaied 
ας R tfcsieÇ: (We wiqht savj·. R^ Rn On]. 
If you соме to Uink upon it, дэгу many rets ewe т емпа ¿^Q. 
We bajee tj« lost preparations before launcíurvg implicatio«·, and try to follow 
a line of argajnenb whicJi Kat been successful in tbe past (cf. Iemina 55). 
12.8.2 Lemma·. Leb fc 6c α Subset of ων, u/KtcK ¿s wa^ei-ihq in 0 .and sucK tbakRfe) 
Then·. VpVc|[ I s p R é l ^ R -> - ' - i C M e q i l p R W Nej í Ic jRf t l 
Proof: Suppose: p,qeiA> a n d I S p R -< I s R. 
Usina АС^, determine Ььшш sucU tkoit: Fun(6ì emd 
VoíClspRtoO^ IS 9R(SN]. 
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Consider α special seouedc« oc. un шш wkicin fltlp-'/s the coftditions·. 
Remarle. - I S p R ( o i ^ , tHerefore- - I ^ R Í & l « ^ arvd·. LS\oiéYq φ Q. 
AçsiLme now/, (t>r the sajee of cu-gounervfc ·• 3 η f (δ |ot ^ 0 ' M 4 Ol, 
and determine n 0eu; such fchafc·. (S|<**) (^ o) Φ 0 · 
Also determine ? e a. sack ϋ ο ί л [ δ£ = 5Γ^ -^ (¿| ^  ÍAo^  = (δίοί/^η^] 
Remember, that R is wavering ¿η Q , a n d détermine ^ewoo 
sacK tkat·. Fa*U) and- о і Ц І Й е - ο Π a n d : * / « [ £ ( * ! £ RUM 
Finally deteirirvine у\еши> such UnaJt·. F u n i ^ ^ n d fbr all )f€'*'««·• 
oo cqirì0 = г ι f" 
¿по V |Co<^|> -» ( η | ^ = ui'fil. 
7he«y (bf ali р . ^i«: 
Therefore: ^ Í I p R ) ^ We^íI^R). 
ΐΛΚε have proved, пои/, tKafc ·. Зг [ ffl^^ín^o] -> Í^Opft) 4 te^RJ) ]. 
And we knoi/v ОЫ·. -I-I 9 n [ (Ш^ШоІ 
"Iherefoí-e ·• -"· (We^  ÍIp R) ^ М^ Сі^ Ri). 
IS 
Lemma S.S is a special case, of lemma ·2.β.2·. consfde*· R =AA 
Implication now fulfxk its promtçes a*4, ^eaily, goes few-: 
123.3 Iheorgn»: Let ^ , R,,... ße a sequence of stoble subsets of ω ω sudi thab 
Let Q-.- {ο(|\/ηΓη=/χρ[*0(ρί^θ1 -> ftirfäO]} 
ІЬел.· VnC I
n
Q X I ^ 2 Q l · 
Pfoop: Let us first remahlc tka Q , and likewise ail sok ^ Q . ^ Q , . . . 
a r e atable subsets of "V^ as they are bailt from the sets A^ 
ζ>ι^ι>.·~ by recuis of operations (cootntabie iKteneotio^ implicatioiv) 
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wKich preserve stability. 
I t is easCiy seen tkat, fbr tad subset R of шиі = Ν^ί^ίΚ\\< I 2 R . 
And·· Vn [ I
n
Q s Л/е^  Chkq UnO))!, tberefbt-β: Vnil
n
Q. =< ^Ла1 
Suppose, how: I
z
Q < (^. Then: ^ ( . Ι , ΰ ) i I 2 Q i Q } and, 
as vue hcu/e to do іл/і& stoble scibsets of ωω ·. l^Q. 4 W«(j(Q.) 
Tívís, hotvevef; Κας Ьеел t-efUted. in lemma /2.Θ.1 
Therefore: - ' ( і
г
С І ¿ÛV 
Remarie tKat ·. Q ¿s wavertn^ i^ Q a n d · ÛCQ-) 
Let new and- define ^ e ^ w sucb bKcut·. FiuiU), onci, 
for all ^ ωω. 
(0 (TF^n = On 
M U l f ) 0 = Ön *{° 
GH) For all jew·. ( ^ У " ^ ' « ^ ί 
Iherejoi-e·. lemwa 12.8.2. applies Qnd, observing first tJiafc; α^αΐη 
because of stability-. VpVcj [ (Wé(j(IpQU ^ i I ( j Q i l ^ ( I p Q 4 1*0)1. 
we esfcoblícíi, saoc€sr£ve^: " • ( ^ Q ^ 1,0) , " ' ( ^ Q i IZQ!J .... 
i.e.= ^ [ - . ( I ^ Q ^ I ^ Q U and- Vn [ I n Q -C Γ
η + 2 dl. 
Thus, we qefc an Cncreas-tna sec^aence. Q -¿ I a Q Ч IHQ<.... 
We better leave out·. I,, Q, I^Q,---
It ¿s an tasy corvseqaeAce of theorem 12.8.3 that: -1 ( ! , £ < £ ) 
С For·, ¿f I , û-é Q, then I 2 Q ¿ a ) . 
On Soweiwbat stricter conditCons, the came conclusion fbllowc fk>m lemma 12.8.0. 
It ίς doubtful, on. ЬЦе otKer hand, wlietlier Q ^ I,, Q. 
We obsen/ed earlier, jusb befbr« tKeorem 5.21, tbafc Ι,Ε,^Α,, tKere^me: n^il^) 
Wz admit tKat this is not a very convincing example, as E1 is not a 
Stable subset of <V There fbre : НГ "* {£,* Ι,,Ε,Π. 
8ut Me Heed hot trouble ouirselves n/ith tbese questions, tf We concentrate 
upon Уіе aseen ston of ünplicafcccw. 
I t is cieow-, already, fckat, lifce its disjunctu/e and conjixActive predecessors 
12.4.0 and 12.5.0, bkeorem 12.8.3 is capable of hepeated applicaJtton. 
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Rrst, consider Ue sequence I, (•= АД ^( '»Ι, ,Αι) . 1
а
(== Ι^Α,),... wkcU tve introduceoí 
¿η 5.0 and, u-sóug /2 .83 , buMd. α set G .^ 
Remark: ^п>оС Ι / , ^ Ι η + i - ¿ ^ Ι 
lb«»!, consider tbe sequence: I 0 U 0 , I.Uo, I 4 U o J - and, us<*a '2.8.3 agcun 
bu^ld a set U,. Remark: \/»if І ^ Ц , < І 2 и + 2 U0 ^CIJ . 
Similarly, frow U, biuld Uz , fro* Uz buMd tt3 .... 
ThcM, cofistder tbe sequence. ^ , 1 1 , , U4I— a n d , us^ig І2.8.3 agoun,b(uld aset U^ 
And so ок. 
12-9 Also une second constructibn op diopter 5/ wkick led to theorem Sto may be 
generaifzed. 
Let R 6e a subsei; of 4«. Infe def^e a íe^uence Í,R, J^R,... of sabseis op ш bf. 
CO For all «e "»ω = J 0 RH .•« Riû<
0) 
¿iij for all pew, fbr all o^e^w ·. TfpRfoO «- J^ Rioc) -» EJoc^Pj. 
Remark tKaJt/ Cf R:= {οί| <*(о) = о}, tKe seouence 4 Д , - ^Ы» couxgívt our 
attention і^ S.?, reappeews. 
Tks teme, uve do ілл.Ц\ои£ І о ^ preparations ouic£ vue fcoJte Уіе tru-üi by ^arprise·· 
12-9-D "jbeorew-. Let ς,Ρ,,... ве a sequence of subsets of ^ш ffudiüvoi·· 
v€VpV^Vn3wcN>c л -.(jpp^ i J4pnn. 
Let Q* . . J[o(| ЗиС n-^ LpCocoíp) ^öl л Ρ
Λ
(Α 5 » ·Ρ( . 
ІЬел·. Wp Vq f (p+c| is add) -? -t(Jp Q* ^ J,, Q*)]. 
Proof·. Su-ppose : pew^etAi p-t-cf is odd and» JpQ* ¿ J ^ Q * 
Ustng AC,,, Gleter^iMe St1*'^ ^ис^ЫкхЬ lùr(&) cuid·· лСір Q*É*Ì <? ^ û*№l«1]. 
We call a secjaence осе •"u; nçqatinSb if·· o(0'0 = Q and·. Ví>o[e(í= i ] . 
Observe, tKat (br aJl ftegaJCcvist осе^ы·· -·α*ίΑ0) awd·. V^>0 Ε-Ε,ίοΐί)]. 
"Iherefon?, (òr all hegouttvist оссЧ^, (pr ail new-
if η is odd, ti»e»i J„Q.*(IKV ouid» if η ¿s βΑ/e*», ^<* -"J^Q*^). 
We See Л О ^ tUaJt, a s p t q i*. odd: ^/oiOisnegat«^-» &|a ¿s »cfc negoínyíst] 
More precisely. \/ы[ы ts n e ^ u / i s t ^ - "ЗДбМ** 0 ^© * З ^ Г О ^ ^ А С ^ ^ Х О ] ] 
ЛИ the same, we аллоилсе, boldly, tbat·. Voi Cot is negatu/ist -* (5loì)0'0=o]. 
Suppose·- (xe ыы, α ϊς neqat¿vist; and·. 3nCC5|oi)^0(n) φό\. 
CalcuJate lew sud» Üiab Vpj;jì£^*e-» (δΙ(ί)0/0(η
ο
4ΐ) = (δ|α)0/»(η
ο
+ι)]. 
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Defermine N6ω suck tkak -. N>C and -(JpPM * i ^ n j . 
FínaJly, determine ? 6 ω « sucK (Jat·. Fu*(4) a n d , for cxJl j-e w to : 
( « H . / i n f U l ^ H f o ] and telf)0'sw=f 
d«) for all |€w, 0 < ^ < ρ · . (?ly)í β i £ * y í 
Observe t k i t , ferali ^е w uJ: 
Iherefbre» J p Ρ ^ JL Ρη a n d t k s confíicts w/itfc tltedioíceof N. 
This cotóí-adícfccon sk^ws üiat ·• »іГС5|о{]0,0(к»1»о7. 
Going Ohe step furtAer, we assert·, tfotfoc is negativisí-» (ГО^і<|-> ^ОШ^^ЦЩ 
Sappose·. Le.из, 0<4pác| and·· n^eu», (
ь
а[оі1^''б»і
е
,)=.0. 
Calculate Pe ω suck &α£ ·. VjbC ^ = ôti-» (SlpìJ^n.)» б б і ь ^ ' 0 ^ ! . 
Calciate Мсш sucK t M - Ν>^ and·. - (JpPM ^ T£ P^. 
Remark ttatf. J q . i ^ Ц Ρ
β
. 
(Define Γ|€ωω sack tAott: FiwC*]) and, (òf ad ¿'e '^c«: 
TW. Vf τ τ<^ φ ¿? J^PoCql^n 
Ας ΰι Ыіе ρ devions paragrcipU, def ine, fv-оііи οι, Q, Ν, 
a séquence ξ£ωω SUJCI\ tKaJt ·. Fu^i fó) cuiöL... 
Observe tliojt fbf ЫІ ^е.шш: 
Ъ *
Ы
Ц) •? Jq Q* Í «lUIft) A [5 \Ш^М - О-
І Ь е г е ^ . J p P w d ^ _ 3 - 4 Т я . ± i ;Ц|> , (cf. tKeoKem 5.8), 
and tkis conf l ic ts vvt'tb tlie dioic« of W. 
This сокіЬгаоисіюи shows Ькэ^· ^ ' £ θ < ^ ί ο | -^ VnC(6loi)ííiilf о ] ] . 
The CjuarreJinq conclastOns tKxjfc κ/β reacKect ivill only c e a s e to 
anno^ ας, i f IA/C accept·. y/p\/cjC(p + q is odd] -> -»Cip 6 1 * ^ 1 Q Q * ) ] 
Wz do so. 
В 
"Rus iìmoreim enables as, оисе »none, to ffcrape tke city·. 
15f 
Using theorem 5.10, we starb и/сіА fcKe secjuewce·. JOÍJA,J¿,... and, αρρΚμ'ηο 
12. g. о, find %
v 
The*, considerine the се^иглсе: J
o
'lJ ; χ,^ζ, ^ Ί ζ , . . . и/е see fcKcit 12. g.о applies 
agcii*, and we find "KJ. 
Ih tbe scune Vwav/, (гсяг» Х^  iwe fW. "^ 4, from Χζ ive find X ,^ Oinol So ои. 
iWe Wien corvsider the secjaence: Ίζ, 1ζ, \ζ,-.- and и/е observe 
For all pjCjjrieu)-. 
З М С ^ . ^ ; 1 J p V j ] and: V N C J N ^ á V h + J 
tberejbre-, - С ^ V i ^ J " p ^ ) 
Thet-efjre·. 12.9-0 αρρίιβς again, a n d ід/e welcome fcKe new/ seJt V^. 
We may continue en this іАла.у fo^ qiute a long ttine. 
Л. strange property of ϋνίς construction LS tKaJt we do wot see
 / kow 
to prove, or to refafe ν 3n>o I V0 < J Χζ 1 
In 12.8, We established an Chcreasing line in U0, Ι^ί^, Ι4Κ0,... „by means 
of stability ", 
Here, tKe seis v¿, J ^ , з^ гс» --. are like cm unordercéle crowd, *Mick we. 
onl^ use ίο go u^ ) from V^ to V^ . 
Remarle, be^>re leaving tkis chapter, thaJt iwe cU'd Oar ¿wplicatiwaj 
dawberino n/ttboat raising tbe corwplexity of tbe Succedens. 
^ X 
The n/andering we made is neve^ to be Рог- / ^ И V Rotten: 
tkis wood of ladders, each of the*n геасЮпд towards 
heave*, and we, looldng for our iway between their legs. 
Where did they all come (тот? 
Is Saint Pefcs^  aslang us to clean his wendow? 
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BROUWÊR'S THESIS, AND SOME Of ITS CoNSEQUEIJCES 
Having made, im tine скарЬггя 11 and. 12, QH exca^sion aito bypicadly 
íntuitiohistic pkenomeha, «/e now/ cotm to some гмоше cjaçsical Questions, 
l/vktck ¿t ¿s naJtarcxl to ask út соилес&ои ІАЛІЙ chapter Щ bat и/ktck і*/е 
did nob yet mzfitioh. 
One. op the fawvous, beçtattfoJ fcheorews that Sousliii proued for classícaü 
descrCptcte set theory, daHfiQ ¿ts tüfaKcy, sav/s that the class cf aj sets 
which are both cmalyttcaJ awd со- ала/уttcai, coincides with the ciase of 
all hyperarifchmetical Sets. 
One half of tkiç theorem has qcne lost ¿h Ю. 13 already, where it was shown 
that cfc is rather exceptional, fb*- a hyperarithmeticaJ Sety t o b e co-ana|yt¿caí. 
We now tafii to the other half, and prove, in fches chapter, that every cet, 
whtch is both strictly cuaalyttca] and co-a«aiyticaJ, Cs Kyperarifchweticct/, 
¿ttdeeci. 
Soastfn was not completely Mrong, therefore, oyid i*/e shouUd perhaps be kùvd 
to him amd hot make too much cf the difference between a*alyttcod cwd. 
strictly a^olytical sets. (cf. 10.7-8). 
Xn defendaig SouAkn, We appeal to the bar- theoren^ a funda mental tenet 
of ùituxtiomstic analysis, and, probably, the inosfc ^uestcoKotb/e one. 
И/е put this theorewi irta a ^»rmuJatioM, i^ hCch slightly dtPPers frotn the 
Usaal ones, a j t d refer 60 i t Qs „ Broawer'* thesis* 
Brouuter's thesis deserts our syMpafchy, for сгеоііид, ¿и the midst of Ute 
и/oste /ajad iKto which the cjascicaj paradise has Withered, under the blaze 
of ht's Karch criticisms, some things of beauty. 
Ufe ІАЛИ see that ¿t also secares a separation theorem fbr strictly 
analytical sets, awd a cordlary thereof, saying that the ¡rexnqe. 
of a (strongly) injective function on шш7 tç hypevarithmetical. 
Yk hope fbr tMe ti^ uth of Broawer's thesis, really, and We first try to 
get cleair en what ц/ау Brouwer conoaered his own doubts. 
We. recall, from 8.0, that the set $ of well-ordered, sttrnps ¿n "ш has 
been defined, by transftmfce inducttew, as follows: 
0) Φ e $ 
00 If A(>, A,, Aa,... ¿s a séquence of eJemei*ts of £, then A беіопас 
to $, where А »^ Г^> υ U <i)>*AH 
ъ J
 песо 
ciio I f any çubsefc A of ш does bebnq Ь $, it does Ä> because of cu cwd C») 
We have observed, ¿n S.ij that every σ β $ is a decidabie subset of to, and 
tbab (or all ae І •• т\/пі(т&<т л ms»*) -> η e o i алі^ boi Эй С осп ^ aj . 
We now irvtroduce-. 
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Brotiw&r'í, ÏÏiesis, Cenerai Wars ion . 
Let R Q W ajid- Vj 3n [R(Jn ) l 
The«· 3^e $ Va С a φ σ -» Э М a efe л R(W]]. 
( I n words, и/К(сЬ g© back to Bí-ottweí-'s cUscassioh: 
the pmífce Sequences wtnch do wot Ьеіомд to $ , kcu/e to 6e pas^r- s«cuj-€cl 
liv/itK r-espect to R) (cf Note 5 on page ¿1^)· 
To justify kis thesis, Brouivsp used a (nefcatncutfiewafctcaJ argument, saying 
tKaJt, ¿f we have some way op protfifiq- Vi[3n[RCyn)~]i we. also bave CL 
sbanctardizecl, імау of proving it. 
We sinouid starb to break down·· fyHnCRfjiO] £«to. 
VjrC f i o ) - о ^ З И С И ^ Ц А VJfE^o)^! -» 3 * r « p ì ] ] л і'Г()'(о}=2 -• Зп[1?фп)7]л... 
a n d then d o the sowie with ea.cii of Wie соил&аЫу жалу proposta i оид и/Ніск 
we have before us, noi^ cwot contiwxe tfcic process, agcun a n d a^ain. 
5o»netcm^;, we weil strike upon an ejewe*tary ffcict, i.e. a staieweW: of the »^»-»n: 
VrCrea. -9 3nCR(fn)l] whicfi LS obviousty t r u e , fb·- tAe beason thafc 
З ^ Г а с б - Α Κίβ·)7 and whfcU, therefore, needs no further Ьгеакілд down. 
Brou.iA/er ςαγς that this M happe*» quite ofte«. 
He c laws thai, ¿f fySn iRifn)!, then the truth of . ^ЭпСйфЧ] shouJd adwi t 
of recohstructiohy by a straight^>nvard O^ganizatioK of eJeweWary pactç. 
Ihe s-tructure of this new proof ις isomorphic to Uie suunp a-, which 
Brouwef's thesis asseHs to exist. 
This short sketch of the argument should suffice, as we, en any case, are not 
able bo speaJc the last word upon it. 
kfe will not exploit the fidi strength of Brouwer 's öiests. 
Let us ùrtnoduce, for each ο <€4υ , a subset H * of w by: 
Ы * : - f a j V ^ C a ç ^ -> αιφΙοί] 
We How present·. 
Broawer's Thestc, 2рес£Ы Ifersion 
Let txe^uü a n d , V f З и Г л ^ ) - 0 ] . 
Then- З с г е ф С |oi|* « σ ] . 
( I c i * is a cLeccdable subset of ω, which consists of those jWfce segaences 
of nat ora l иимЬе»^ that a r e cwçecui-ect ivtfch. respece to oc). 
TRus, Broune^'s theses has an important thing to say about fTJ. 
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is.) Let Ρ 6e α one-to-one (unction jrowi IAJXW onto u>, i.e. α pairing |wictton ол to. 
Let С and. t 6e (unctions from u» to ю whibA are left- resp. rigKt-tm/erse 
Ь P, i.e.. Vm С PCeW^CwU = w]. 
(X&ina Ρ ive introduce a neu/ pair ¿л a (uMction on U'UJ/ and forget all earlier 
reworks ом pairing paicttons· 
Let us define, for all <*ewujy fte ω ω , α ςβ^αβΜΟβ. «of,ρ* іл '"«и Ь^ ! 
For all r\€u)- «ο<,Α> ι«) : = P( otfni, /?>M). 
Obviously, « > is a one-to-оие fujictioM (row "Чл« "Ί« ontot*,((jJ '-e. a pairing. 
fu*<±ior> on '"uJ. 
I t s teÇt- oftdL rigW-inverses a r e caJ/ed Я, resp. |> fo tboi Voti «^ -lof, pia > =0«] 
Rjrally, we introduce a correspondino (Wiction fronn (<o,&>| ^(a) = Ч^ІЬ)) to ω, 
as fblioivs·. 
Let afcui, е-бы and l^(a)s Pa(6-). 
We deftne «о ;Ь-» ¿nu» saci» tkat ^ U а, 6· >) = ig ία) and, 
for all η < ßg(a) · « a ^ ^ f n ) . · Pía(M,ft-íni) 
Wfe observe, tkat (òr each a e u j , tbere extsfc exactly оие хб w anot exactly оке 
UGuj Sitcb that a = < τ / 4 * υ*10·· С-0'1 t ' 1 6 5 2 numbers L(a\ resp. Ría). 
Therefbme. Va С « L (a), R(a) > - a l . 
Remark that·. VaVfttfnC «ο<,ρ>>η = « ϊ η , ^ η » ] . 
із.г We defined, іл 8.1, a. binary predicate < on % by tran sfinite inductiorv, 
as follows: 
(ID Por all σ,τβ φ : σ < τ '= тЗпГст·1 1 ¿ τ η 1 
We also olefineá, for all decidajjle subsete Λ
 ; В of ш •• 
A<*B : - 3JC V n [ ^ ^ N = V " · 1 A VinVh[hiun-*^syin)UVnC»ieA-i^H€ß,"j] 
And we esfcabliched, Cn 8.2 tKat fb»- ail σ,τΕ $ ·. σ ^ τ ¿? o-<*r. 
This completes oar ecjuipine*fc fbr the next step •• piling the wood, which will 
be kindled by Brouwer's. thesis--
13.1.0 Lemma ( Boundednesb lemma.) 
Let S e ^ w such thab: Fu>n(&) a n d : W^CA^ÌSIoOl 
The* ψΕΑίψ) л о(С|«И* ^ I p l · ! ] . 
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Proof ·. ( The ideo, of tbcç proop ¿s quxte simple : we know that; 
VaVr 3n U (δΙοίΚΓη)]-©, a n d , therefore bave to d o with a b a r 
ih "itj χ ωω. ft will ße the product of t rans la te^ fcKis ba r aito 
a bar in " V A ftcM-( of course, is rtofckmo bat a Wiember of Al,) 
We deftne & sequence ft ім ^u» sucK tKat , for aï a e t ^ · 
|3(a) = 0 ¿f 3 ( 3 » η Γ ^ β ι ) Α ΐ » ι ί ^ ί α ) A S ^ - V Q e t o » i л 
• = 1 ofchern/ise. 
Then, fbr all a e ω -. I f jbCaì-O, tben 3m<6^(a) VaeZ. ia)£(5|ot) RNm'=o3 
We datrn Uiafc- А^(%) 
Suppose : ire шш 
We write·. ( ο - λ Ι ^ a n d flr-plf, tKere(b№·. f - ^ ^ J f , » 
Determine m e to sudi t h a t (δΙν·ο)ί^ΐ w) = О. 
Determine -6 εω sacK tKaJt №m (γ
ο
Ι)Λ* *\Ь<1Г№т LV^BOI 
Let n = = h i a x f w ^ ) a n d remark - |iC^n)» p>í«70n ;^n^) = θ 
lAte undersbnd, how. \/^3nСj î l^O«ОЗ, i.e.·. AVpí· 
In addition, vwe daim tba* . \/*Z (Slotl* <* | д | * ] . 
Let oife^cM. 
Define a sequence г йг ^ sacK tAat, fior ail с e ω -
¡le) : - « a ^ t e ) # с г 
We observe, witfout d i f f W l t v , t k a t V c С ^ ( ^ И і = fy(c]7 and: 
ie.·. Ve Г c e Ι δ l a l * -* ί ( ο ί β | ρ | * ] . 
Therefo«!: IS|oiI* а* I p i ! 
We kept oar w/ord. 
В 
13.1.1 Lemma = (i) Vffe $ Vbc Г \л\* Q<T -+ AJiot)!. 
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Proof. Vlfe proue оЫу the SecowJL part, as the JT-rsfc part is easy 
Suppose· cxe^ui, fté^w, A^p) and: |OÎ|* ^ Ijil* and determine 
¿e^aj sucl» tKoub' VcUgUfcbàjfcfl and· Vc\/oL[cçoL ^ ? (c )^^d) ] 
and V c [ Vt<^(c)Ca(efc^o7 -» Vfc i^ icU (l(?fc)t) ^ 0 3 . 
Detei-waine η e "'ω sudi tlioüt- FWI(KJÌ omd· ^ vn [ ("ïfj^ )h = ^(^М]. 
Let fe 1 "« and determine M0éw sacb tkoJt·. ^ ( ί η ^ ^ - Ο 
"Шел. : pf ¿CfnJ * 0, (»A, therefore 3b <n0 [oiCfb) - o l . 
We see MOW, tKaJb- Vj f^cCotCf Ь)
в
о1^ ..е.-. A 1 ,^ 
В 
I32.2 Theorem·. ( SOILSIW - Brouu/er) (cf. Note (? on page 217) 
Lefc Ρ ве a subset of "'tu «oKicJx is co-analyticoJ ardstrtct'y analytical 
The^ Ρ is hypercmtJwnetücal 
Proof· Determine δβ^ω sucb tbat ·. Fan (δ) аиОІ VocCPíoc) ¿ ί A U 5 ' 0 1 ^ · 
Determme ^ e ^ w suck fcKobt· Рил(^) and P=Ra-(¿), íe 
осГ Pioti & З у [ о ( = ^ І ^ 1 
Remark üiat ^ Г А " , Í&líZM, a^d, apply(ii9 fcAe boand«d«fts /ewwa 
Оьго), determine | і е ^ sucK tKat Α^φ) ouicè! ty[ Ibltèlj)!*** |(*Г] 
Wow, Brouwerij tKests (13o) steps forn/arci and pinds as a ere $ 
suck tkafc ¡b* ς с 
We daim tbofc. Voi С PM ^ |δ|οι(* ^ σ * ] . 
Firsfc, suppose: oce^a» and Ρ И 
Determine je ωι*> suck tkat ot = ^ |/ and rewarlc = 
l&lotl* = ISlUlflï* <*Ι[ ί | *<σ 
Therefore : ΙδΙοίΙ* <* <г 
Conversely, suppose· a e ^ w a n d 15lot I* <*<r. 
Then, accocûUnq fco lemma /3.2.ι , А^  (Sie*), a n d , ¿йеге^пв, 
by ckoice of Sf P(b¿). 
This esfcabliskes our claim-
Vk observed, at tke end of ckapter 3, tkat tAe set І = І Ч Н - Ч 
LS Kyperorttkmettcai, andya$PálCT) P i s kyjfciWUebeaJ as we(|. 
В 
160 
It follows from the botrndecWss lemma. (ІЗ.2.0), ¿и the proof of kvkcfi 
ßroawer's thesis did. not yet fxaure, thai: A14 , ¿tself, is not strictly analitica/--
Suppose- δ€ ω ω and·. Fu»[b) ала· Va С А^  (£[«)] 
Цыпа 13.2.0, determine р>ешш studi thctt
:
 А"!,^) cmd Vai l&l*i\*<*&*'] 
Deftne a sequence S(ì e ^w ffachfchai:: Sfl(<>J= 1 owd УУп С ($р,)и = (?)3 
(Cf. the d e f i t t o * of So-, fbr <re $ , un Q.S) 
The*·. Vbt С ISIotl* < * l ^ r l * " ? and: A\ (Sp) 
Therefore·. Voi[ SI« ^ S fi. 
For, sappose oí e %; and ^ ·• -• S|ol = Ç(i 
Let re «>
ш
 (e such thai ·. Ve [ Po(c) = io Ыс))1 and : Ve Vá [ с с d -» ƒ (b) ς rCd)] 
and: Vcl νί<ψο)[¡(ctì^oì ^ Vi<b}(c) Γ Z0C¡&№ 40Ά. 
Consider the |b/bw£»i<^ cecjitence ! 
d 0 .«<>, d,-- <0> , d z=- <o># í íd1) .... dSíl:= <C»*x(d„),... 
Remarle that: Vnrf<j(d r)-w л c t ^ ç d ^ l -
Determine the anioue rje^w such that·. пСпеа,,!. 
Also observe, using induction, that Vn Vt<n С £ ( ôÇ, fc) ^  θ] . 
Therefore- - « Ξ η Γ ^ ί η ^ - Ο ] Oüid this coAtracUctç. A^?) 
Therefore; S|o< ^ Sp. 
Sliqhtlv adapting this p^ oof/ we way use i.t Ь f W , effectively, 
me ω, such that. β|«) Ы =f s(i ^ · 
Lot η ße denned cis abov^e, and detenwuie р е ^ such that 
Sp,(ripbO. The« 3t<pr(S|oi)ííjfe) i ^{ψΐ 
In any caçe^ A ^ S ^ a^d; VbtC <5|o( ^ £ρ7. 
Kfe Kave seen, now. 
Ш Р и п ф л VoiCAVSIoí)]) ^ 3(1 Г Ajíp) A VdC «Id i |i7] 
There ^ >re : А^  is not strictly analyticaj. 
To appease our SurpKse, our fcbougks 90 back fco ü<e sko*t discussion (ollowina 
appn Ькогем lo. 12, wbere we saw that fiwi t s ^ strict/vy arKaJyfctcal-
The two arguments are wDiib of comparisort, leadùig to similar condusÀons 
aJong, at least at flest sigkty rather oUffer42nt ways·. 
ІЗ.Ъ Let σε $ 
A well - <n-dered stump, Ufce o^  ma^ be used as a skeleton for matHematicai 
proofc. 
We »nay vertfy, by transfinibe induction, fcbe folloi«Ln<^  
I t i 
Principle op ctamp ¿лсАисЬюи. 
Le¿ ere ^ 
Lat GLQIU and su-ppose·. 
(ι) аіафъ -* a[Q)l 
m Va [ \/nCQ(a«n>)7 -> Q(a)7. 
ТКел: VaEQía)] ayvd, especially, Q.t< >У 
CorKibùiihq fcfiis principle w/t'tK ^roawer's оЙ€5і;5 (.13°), We a r e led tö a 
Principie of bar mdu-ctioM. 
Let Ь€ши> 6e sacK tKat ·. Vj-Sn [ftC?n)=o7. 
LeA: й с ы awd sappct^·· 
ii) Vaf í ^ f u E Í r л p ( f r ) e o 7 -* Q í a ) ] 
ûo Va [ \/η С QCa * ¿ n>)] -» Q í a U 
Then· VaEQ(a)1 awd^ es peccali^ 0. U>\ 
As L« weJl-kflown, ¿htuitioHififcs liice to const'der, bestbles Wie neqattVel^ defined 
ineouûULty relation, a ConstructLWfe apartKicss relatuo« oh ω ω^ wíicd* i's 
denoted by Φ a n d def ined fe^·. 
For a l rtÊ^ui, ße1**^ : 
We are hot going fco recite the litany of good properties o f # aw£ 
OKily тЫСои fckat: Voi Vp> V[ [ ot 4 & -> ( o ^ i ^ ν / f ^ ^ · 
Let Ρ omd Q *e süÜDseJts of ^
ω < 
Wc say that Ρ ¿s separate fVot* Û., a n d ц/rtfce : Sep (P,Q) if^ 
ОС\/(?,[(РС«Ь αφ] -* ¿у#рі 
LcJb Ρ, û , S a * d Τ &e sidsseJts of w^ 
He say 'fcbai: the pour ¿ζ,Τ? çeparajtes the pair <£P,Q:> tf·. 
p £ S л Q s T a n d Sep ¿S,T). 
Let Ρ and Q 0e subsets of «"ω 
We cay fckafc the pair <P, Q> ¿s hv^erarLtbrneticaUy Separobje (or. 
Eoreß- sepoiroble) i f there exists a pai r ¿S^T* of Kypercirttk»\ei£cad 
Sets, iwluck separates tke pair <P J Q>. 
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We ore going Ь рюче tkot Omy pair of scparctte, strict/y owalyticaJ setç is 
hyperarCtfome-tocaJly separable
 # and. kav/€ fco wa£e some ргеркз.гоііоілз·. 
іъ.Ч^. Lewma.·. Let Α^Α,,Α^,... afid Βο,Β,,β,.,... бе two sequ.€*ic«s of subs^s of %i 
saciitkub. ^ »>[<А
ІИі
В((> fe KyperarCfcKwetc'callv ç^parabie î 
Ткел. < Ü Ah U & > ος huperar<:Uwet(¿aíly separable . 
neu) n ' леи» h r 
Proop · UsuiQ countable ейо/'се, detôrinùie fbr eadt fb£u>, n€í>u 
KyperaLrCUifrieJtícai s-ets £
т Λ
 оиоС f^
 И
 sacA tAaut·· 
A
m * £»,* Α Β η S FW/M arid ο φ (Е Ж / Г 1 , FM#ri) 
Cohsttleir the sete £ — U Π Е
ПІМ
 Оші F « U Λ FM n 
(Xhd. hemaHt fcKat botK E and F are hyperaKüitfiefcicaJ owd tfcai 
U Ah G E a^d U Bft ç F 
пеиз
 n
 new 
Fo\all^ vve sKow fcKoJb·· SepiE^F) 
Suppose: oie^w a n d Ete), (ХлОІ·· p>€wu; and FCpO 
Deternaine n . e w SULC>» fcktt·. o(e Π EM _ 
Detehncne H, eu/ suck fckat·. р>е Π Fta _ 
Remarie·. о ( е £
П о > П і and- p>e F ^ ^ a>rd ^
Ε
η
ο Λ
> ξ
ο Λ
) 
iMercfore : ot # (i 
We see, now/, tMt· . о<\/лГ(ЕМ л FC^)-»«*^ i.e.: &p(E,F} 
therefore: U А о E and·. U В, o F a h d ·· SepCEF), i.e.-. 
tb« paü-:«<: U А
П( (J 6 Л > Cs Aype^aKtkmebtcally separable. 
We Cntroduce another notational convention. 
Let δ € ω ω 6e such tKai;·. Fu^lS), and let a e w 
TKen· 
¿ ' 'a , - { ( i | З о С е а Г б к ^ р ] } ' 
S " a ts the iwa^e of the set a —fot|oC.€a} - (<х| <*·%(<Α = <*} under 
tKe function 8. 
UmoLrlt. VkaL RaíS) * &"<> (ср. з.О-
ІЬЗ 
гач.і Theorem:- (Qepara±U>n üxeore^i of Lusi* - Brouwer). (cf. Mote έ> on page 2/7)· 
Let <Р,й> te a pair of separate, sòrtctly awalytcca/ sabsetç of ш<*, 
Ткеи·· <P/Q> ¿ς KypercxrcbKwetCc-ally separable. 
^£of·· Determine Sfe^tu sack fckat. ^ ( 5 ) awd: А С Р ^ <¿ 3^CD(=SI^J ] 
Determine ДЕ^СО fadi bkafc ·. Firn(^) a n d : ^CGiCa)^ ЗКГО(=4ІІ ' ]1 
We tKeh кмо«/· VoiVpi 8[<*. # 2l|>>] and, tkerefbi-e·. 
Vj3ni:(SlCMjfl(nH. UKpIfììiM] 
(Here, Я omd ρ are tKe ini/erse pxnctiows of tke paù-m^ /ш»с±сои ^ ^ 
as fchey were defmed ¿и 13.1). 
TkiLs, we are offered a bar ¿^  £д/
ш? and. we IA/CII rectck our QoaJ 
by ал applicairCcM of tKe principle of b a r mducfcuw (cf. 13. ι). 
First, deftoe a seqiLence p> Cn '"w cack tkat, fb«^  ali a e u> ·· 
|bta) -. - 0 ¿p 3n<^(a) 3p<^(Q) 3q< ^Ca) Γ 5"^ І й ρ) f О л 
л е<рГ5 и (Е^)Ь)-о] л 2Й(Ё(^Ц) ^ О л 
л V«<n3fc<ßjia)f ^(¿йГьМЫ л 
.·= 1 ofcherwtie. 
(Here, Lía) and R(a) are ftíufce sec|u.e^ces of the same /engtíi a s Ue 
(xníte seo aeree ay ivkccit resalí; (Vom cattíiv<j a into оімо, a s in 13.1). 
Henark bbafc, fbr oí aeu) , ip ß>(a)~o, fcíie*)» 
л VoieL(a) Г 6loC б fr] л Vpe Ría) [ ^Іρ, e с ] ] . 
Remark. oJsq tka¿ : ^Зп С j>,Cp)so] 
Lejb ƒ€"«*> a^d determine ft0Êu; sacktkat: ( б ^ Я ^ Ю ^ З Д К О . 
Determine р0еш suck tkat Vmin0 3t<p0 Г S·*
1
 ( (Щь) Φ о}. 
M e r mine q06U) Sack tkafc Vm<n0 3fc<q0C ^ m Cipïjlbi^o] 
Let n = = ΗΐαχίΛρ,ρ,,,^) and observe: piFn)=o. 
Tñcs Jastdftes Üie rewafk. 
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Next, tve define α Subset Q. of u? by 
For ЫІ afcto· 
û(a} .= < Ь<сЦа.)/ 4aßi*] > LS KvpenaritivmeticoJIy separable 
We clcuwi tkal:. Va С ft (a) = О -> ΰ(α}1 
Sixppose aeiu and p>(a) * 0 
Determine &-€ω, cew sach tbai ^(ft-| · C<jCc) < fejia) and 
ег^ с ana- \/&еЦа.) Í Sla € fri a*d \/(4e RN С 4lp e c] 
<Ь-;с> is, obvtoaïlv, a peur of hypzrar<.tkm<ztical subsetç of ^ш 
w/ktck sefat-ates < 5icL£al, ^"Rtaï?. 
It ¿s eas¡K| see«, now, tkafc : Wx С 36-[as6· л ji(W*o] -? û(a^] 
foe akodoLm fcKaut· Va С t/n CCtia*<n7)l -» Q(a)] 
^Uf[>ose aeiw a/id Vn £ û ( a*<n >)] 
Then·- м п í< S'4Uo)*<m^,Ζ"^^М * <п>)> « 
Kypercxrcthwetccally sebarable7 
U-sóvo lemma. 13 Ч о ; we conci acte tbai· 
П£(л> Л€ LU 
ίβ KyperarcfcAwetLcaJly Sepaü-aJole, í.e • Q(aJ 
TKCS establi'slies oar daim. 
Ihe prchccple of bar mdactton ОіЗІ now tells aç Qt<>) ;ie the peur 
-Í S" Ц о ) , ^R(«c>)> =* < 5Α< >, ^ " ^ > > - < Raiô), βα(4) > * < ζ Q> 
is Kype»-ajrctjimetica.||y separable 
And üiLS ¿ς tbe conclusión и/е soixgKt for. 
В 
In bbe classical theory, fcK-ts gwwiol 5еро^Ыюи tKeorem. ts fbresKoLotow/eci. 
іл more modest sttxtemerifcc, |or iA/ktcK, кои/eve»; there ¿S »o obvious 
corvstructtve ЁоиХ /аІекк. 
For exctmple, it is not t r u e bhat any pacr of sepcxraife members of Σ * 
¿s separable by a pair of dectdable subsets of шш 
Leí ye^u» and ^ · = / ι η Γ ^ η ) - θ ] бе the vuotile number of j ' (cf <i.1o) 
L'iA P . * {ot | (о((0) = 0 л З п С п »£л г І п і ) (а(о)*ОлЗи[п«Ьл--(2|иЯ){ 
Let A » f a | (ot(o)*0 л Зп£п=ІА-і(2т) Ы(о)+0кЗ*ІпЛ*г\п~П] 
RemariL that Ρ a n d Q belong to Z° and üia¿ : 
1fc5 
Уо1Ур>[:(Р(оО л О С ^ ^ <А(о)£р№ ,і.е.: P i s sepaj-otte |TOW a 
SiLpposc, now, thai: <S,TI> is a pair of reparate, dectdabíe 
subsets of шш and tfiaJfc. P c S and. О.я'Р. 
Cohs<:der the ouestioit wKetKer ,Ι'&^; 
ip p S , kk<m WiCn»i -> 2|n] 
If ¡¿S, tKeh VnCo=fe. -> -.(2M1 
Both oLnsw/ers au-e recklesç, omd a general metliod to ansiveh 
this question,, for гаек ϊ^ω^, ¿ о ^ not extçt. 
Ih É>.is, we have see*» other symptows, ftat, Q¿ ^е- (oivesfc le^el of the. 
artthmeticaj hierarchy, dCsappovvthient Iway be uractm^ /br as. 
Another feature of the dassicaJ theory ¿s thaJt, there¿rt, tkeorem 13.2.2 
(Souslin- Brouwer) may be derived, from the separation lheore*n '3.4.1 
(Lus-cn- Brouu/er). 
We car» not go this l»/ay; for Ыо reasons·· ive do hot ¿dentcfy a/ual^ticai 
and strictlv/ awalyticai sets a n d we dCsttK^at'sh Ьеі(і ее*і co- arialyfcöcaJ 
Sets and ^ets whose com.pIement cs analyticoLl. 
One sitcculewfc fru^ fc, however, ¿s still hawging there, and. does nob seem to 6e 
affected, by the sCckneçs of unc.onstruct¿v¿fcy. 
Let ας try a h d e a t ¿t. 
13.5.0 Lewwo.·- Lefc Α0,ΛΛ, Аг,,.. 6e a seoae^ce of subsets of %ч sacK Üiafc 
VmVhE »л Φ η -> <A
m
,A
n
> is Hyperarithmetically separable]. 
Ihen tlaere exists a secfuoice Ε^,,Β^Β^,... of KyperartthniettcoJ 
subsets of ωΜ such thcU:·. 
CO VnC А
п
с В
я
1 
(и) \/m\/n С мфп -> ß m is separate prom ß„ 1 
Prpof ·. UsinQ countable choiûeJ defermine, for еасіг me.ω, neuj such üiafc rn^-ii, 
hyperarithmetôcoil sets Е^,, and f^
 Μ
 SacK thai:. 
A
m
u E 4 l | л А ^ с Р ^ anol: S e p C E ^ , Fw /,) 
Defìine, for e a c ^ n e w ; a subset Β
Λ
 of " O Í b y : 
V - = ^ Enm л Π ς,-
I t is easily verifuzd thdt tfve secjueKce B0,&1)BZ(... fulfds ошг 
prowüses. 
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Let Se Чи бе sack that = Fu/v (δ) 
We say thai Ь ¿s strorvqlvj ¿ttject¿i/a if : VOt Vft[oi #[>.-? Sloi #· 5l(?.l 
13.S.l Theorem·. Let SÊ^CU 6e cu.d\ tKat·. Fun (δ) a n d S ¿s sfcrorvgly ¿nj'ectivë. 
The*!·. Ra(5) ¿«s a Kvperau-ií^ínetical Gu¿sefc of ω ω . 
Proof: Le¿ rieou (wvd consider Sn ·.= Ça( £αία)=·κ»}. 
Remarle that = Va Ê ς
η
 Vb- e Çn f a Φ è- -* Sep ( Scca, δ"-ίτ)Ι 
Iherefot-e, accordiAû to fcheorewt іа.ч./ 
а б С
г
 νβ-€δ
η
 Г а ^ е · ^ <S'c<(x/Sí<^> ús hv/peraritínnetccallv/ separable I. 
A-ftd, according fco lew ma 13.5.0, IA^ may defoie a system, 
^o - )aeS of hv/perarikkiwettocxl safcceJts of '"CA» suck tkafc 
VaeS nC S«a s Ъ
а
1 and «χες,,νβτβξ,Γα^ fe ч δβρ(Β
α ) Β & )1. 
Docna fcKis for eack ntui, we assign, to eaefc a € w, 
a к operar ¿fckmeticaj set Ba. 
Mext, we deftne, for еасЯ а € ω, a Kypcrarcfckínefcíco/ set С
а
 b^·. 
I n o b s e r v e bhab: ttxV/6- С --íasCr ν 6-с о) ^ С
а
л С & « £ 1 . 
We cbim tkafc ·· VA Г ^п 3aeÇftCCa(a)] -»· Зу Vn С С ^ (осП] 
Suppose·- о<ÉL ^uü andí Vn3aeSnCCaCo£)]. 
l l ano А С ^ не. deter»n¿ne a sequ-ence. α , , ^ , α « — 
of natural nitinbers sucK bkat ·- ^ηΓίοία,,ίχη л С
а
 («)] 
Remark that·. Vn \/m f oc € C Q л C a ^ с ^ ] and, 
bkerefore·· bhere exCitç exactly one {^ш such that 
№1 С jf€ Qn] and·. Vn С fr» « Q J . 
"IÑxs, oar ciaim ¿s establfsked. 
Rnallv, we observe tKat» fyVdC п С С ^ И ] -» <х-51^1 
Тнегфгъ, for all o(eww--
a € ßa-fS) £ 3
ί
'Γο( = δ | ^ ] 
ϊ ? г і Э а б С
и
С С
а
И ] . 
And: R a ( S ) a Π U CL te (vvjperaKtkmeKcotl i n d e e d . В. 
neto a e s , a ^" 
л 
"i^e dassi'cal converse of 13.5.1 does not sarvtve constructive critccism. 
lé»? 
14 THE COLUPse OP THÉ PKOJtCTWE. HIERARCHY 
Classically А^  and £ j , tJ>e sets we studied in chapter to, walk a t the ^ead 
of a bhg procession of subsets of шш. A"}, E;, A;, е1
г і
 Α^,Ε; , . . . 
The (members of tkis procession are defaedi ^alher sfcra^gfitfbrií/ardly, 
by repeated use of fcke operottioKs of e)iiste«tiaJ and untv/e-rsai projection 
witk respect to ыии. 
In perfect analogy to the ariíAweticoü hcerarcKy, оие [bvds tkcit: 
Irfcaitioni: 
Mill see 
istica-lly, йои/е е*) tbe ахсоцл AC4< disturbs tKis dream; making, as we 
in tkis chapter tfecut A^ < E^ awi A^ 6 £».. 
Tïus is a serious application of AC^. 
(Молу otKer appli'cObtioKs £г\ tb¿s treatise couJd Яа е been avoided 
by a change i^ tbe deftn/èion of У\е heductbilifcy relation (ef 2.і)
у 
ЬіД Kot tK.cs one). 
Tïni-s, tke projective kierarcky breaics off out E^. 
Tk^ oMy kappas by our reÇusaJ to recogncze. со|^ірІетел(Ы;іои os о. 
blameless tneJtkod of building new subsets of ωυϋ. Соінр(сте«ІХ7Ц:1'ол 
imwealcately encíbles one fco mate SubseJts oj ωυο wkCcA a r e not reduccble 
to Ъ\
І
 b'y сЦадопЫігілд. 
At кКе e n d 
Wkick hesCsted 
t of tke ckoLpter m/e again kav/e to face some nasty questions, 
st  our OJttewtpts to answer fckew, sucK as, wketKer Е^ < A^. 
HO Ws itfaivb b uçe/ in tkis chapter tke pacing jùnctCons ом UJ and ^ω 
»vkcít ka ve been öitroduced ¿η 13.1. 
<: > is a pairing fu*\etioh on •"ω 5исй thai;, {br aü ote^co, l ie^u, ne ω, 
tke value of tke secfuence « o i ß ^ a t η is produced by gLeing' toqetker 
&ltC) and iitnj. 
The left- a n d rCgkfc- inverses of tkis pairing function ate called λ and p. 
« » a k o olenoteç a {Unction wkick pairs fìinifee sequences of ecjual lengtk 
into a fxntte sequence of tke same lengtk^ employing tke same metKod tkoUt 
kis namesake uses in. pairtna in(in.ite seouences. 
Remark, that tke domain of tkis |г«пс1юп ¿s not tke wkole of WXUJ, but 
only ( <a, &-H < α Λ > € ω ΐ Λ ) | Cgfa) « e^ ffr-i} 
Its Ie(^ a n d ^igkt - inverses are total junctions, a n d are called L and R. 
Tke pairina function * y on ^UJ is different from tke one кое introduced 
in ckapter bf just before defi>ution ь.Ч, wkere we learned wkafc it means/ 
if fl& is a class of subsets of ш
ш ) oind Ρ bebnas Ь Ift, tkat Ρ is a 
unWersaJ element of Qt. 
Tkis hotion depends on tke pairing (Uftctcon tkat we use, but in a ratker 
innocent ΐλ/ay : 
1é»S 
Let ας assume fchcxt tKe clcxss I% ¿ç dosed under reducibclity : 
ie.: jb- all subsets Ρ о м * Q op "ω-- ¿f Pe M , amai. Q ^ P , the^ Û-eW. 
In generai, Üus i's a. dcf^calt hofcbn, b e c a u s e of tl»€ ku^e cjuanitfte*·: 
# fbr ail Subsets Ρ a ^ d Q of ^UJ'.' 
Ir» practice, Іаоіл/е»/вг tKiç oaarvttfCer may be t a m e d often (cf. £¿mi|ar 
ггтаіііс ¿и Ь.^ Ь-Ь, З.ч, ю.о) and wc observe, easily, tka t all classes of üie 
hyperaKfcJwetCcal Kierarc^v, and also Σ", a n d П^ , fufftl tj^e cowditioH. 
Suppose, now, tkat U, e 04. a n d U. ¿s a universaj elemeKt of W w/іУ i-esp c^fc to 
ttie pairinQ pxnctuon < >· 
Define U* : - [cc \ LL(<Я [«,p |o(>)l a n d observe: LL* is a universal 
dement of 04 vvitK respect fc© tKe paircno function <έ ·5>. 
Conversai y, Suppose that U. e Π4ι a n d U. ¿s a luuvercaj dement of Щ vjìtU. 
respect to tke роігіка function < >. 
De fui« U 0 : = [QC [ ( i í ^ c ^ ^ (У1» l a-w* observe·. U 0 i s a untv/erax/ 
element of 04 witK respect to üie раігіл^ function < >· 
We may be convinced, now/, that tke neotf pairi^q (unction, ¿s, te all purpoieç, 
quite a s (juodL as tbe old one/ and we ivill see fchab ¿t is tecKnically Superior. 
We rewind tbe reader of 1QQ wKere iwe oiepinect a subset £* op '"aj 
by· E^ := ^o{ 13fVnCdLC?n)^ ol}, сила i n t r o d u c e d tbe c las s ZL\ of 
all subsets of "»ц, ÜoJfc a r e reducible to E*. 
We also irvtroduced, in tke discussion (ЫІои/іпо upon theorem 10.13, for e a c h 
Subset Pof ^ a subset E IP) of " ы by. 
IIP) - ^ | 3
Г
[ Р « с / / ( Г > ) 3 } . 
We how conside-t-. E*(P) : = Ы\3 ί Ρ ( « * , / > Ρ } ^ с 1 P»-oV€: 
іЧ.і "IReorcm: Let Ρ Ce a subset of шш ¿uck that PeZ\ 
fhe^: E*(Pi É S ; 
ProoP = Using tKeoretn 10·1, determine a decidable subjei: A of uJ sud\ Ikctt--
tix С РЫ ¿ i Зр п f <5(n,^n> e A ]]. 
Remark tkat, Vo< С E*(P) (oí) £ З^ Э(і п С < « Ч р п , ^п > e A J] 
Define a subset A* of w by·· 
For all n e u ) : 
ПбА* ¿i 3 a 3 & [ n » < Q > > л bjíaj-fye-) л <*a,LíM>> K(fr)>eAl 
Observe tkafc A* is a decidlable subset ofu), a h d that: 
Vp tfolC V n [ < 3 h , p » > e A * ] ¿± Vn[ ^<έοί,λΙ(1>Λ,ίρ]]Γ)η> € A]] . 
We claim that Va [ Ε*ίΡ)(οή <à 3 |і пГ <о(и | |$и>бА*Д 
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Suppose: «eta'w and E*(P)M. 
Determine ¡¿"ω, ?βωι« such tkok-. ^С<«йТ->п
І
 in > e Al-
Wow, suppose ·. «e "Ίο auid [Ьешю and: Vn ί<δίη
ι
 fí>n> e A*l 
Define·. У-.= ЯІ | І awd ^ : = р | а cmct redarte.: 
\/nC <«öqVr\7 | n > € A l 
Therefore·. Ε*(Ρ) (a). 
Us-tAQ tkeof-em lo.l agauíi, we conclude·· ΡβΣ^. 
I t fbllows froi^. üieorem 14.1 ttatt, for eocb subset Ρ of "ы: if PeSÍ.Üie« fffPleSÎ 
(It suffîtes tö caill up P ^ ^ f ^ l \>C< Цоі, р|а>)}). 
Ifïe орггаЬои E aUd not come aJone. 
We LK-trodUiceci^  ¿h the dUscuss¿oh fblloiwiKO арок tKeorew <0.13; fot· eacji 
smbsíJb Ρ of " У a subset CUI (.Ρ) of ^ ш : 
Й(Р) : = (ог| v í 'CPC<oí /p)]} 
We now pref^»- fco Conside*- (Ш*(Р) = = f a | ^С Pí<pf#^>)l]. 
W« defc^e a subset А12 of % J Ь^ = 
A ; == { O L \ V f 3 | i V n [ o { ( « ^ p n ) - 0 ] } 
^екпагк fcKcO: we cUd, not dc|v\e: A^ -.s. (УРЧЕ^), because w/e did <iofc 
tkiHc this defì'nitioi to 6e the most сои^е^келі: one. 
>vfe depne a d a s s П^ of subsets of w ^ by ; 
For every subset Ρ of ωα;·. Pe n¿ ¿ i Р ^ AJ, 
Life 2 , , ТТ^  bas many nice properties. 
We introduce a notational convention wfucK is to Kelp us ¿n proving tkis-. 
Let S£%k> a n d а е ш 
^ ivrifce δ |α for the icni^u« ρ e UJ such that-. 
fypUfya} л Vt<^Cp) Эп<^(а) С Sfe(ân)=pifci+1 л W i ^ C S ^ U ^ o l ] 
AC^tp)<^(a) -* W,<e^a.) Гбв <3(Р ) + і(ап1 = Оі) 
Remark fckot, CÇ FuriíS], (Леи \/а\/ос[ otea -> Slot e ¿ ( a l and: 
Va \/m 3n Г <ta(S|Sn) >ги] 
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/4.2 Theorem. Lek Ρς ω ι>ο 
Ре П^ ¿fondi only ¿f ¿Aere exists α. dectdctbfiz. subset A o f ui 
ςιι& tkal: \/ο(ΓΡίο() ¿> V¿'3|bVnC<5<n/pn,p?eA]] 
Prooj^  : fi) Suppose: Ρ еГТ^ ard, usd»Q ACM| deJbe^ mine δβ^ι« sac^ tKat·· FU«L(S) 
Define a dec¿doble subset A of ω by 
For ЫІ new: 
neA ¿? ЗаЭ^-Зс f e^iaU ^ ( f t - U ^ f c ) л η = < а Д о л 
Vt < ^ ία}[ « ξ 3 1 < ^ ίSla) -* (&|aX«"Ç7*fc) « θ]]. 
Rework. tKat ·. Va V(i fy Γ Vu [ ISU) («]Г^ h) = ο ] ¿ ί Vn f <3n/ ^ , f n> 6 A]] 
"ІКегф^е: Va Г Р^) & V ^ p V n f <δη /Αη /^η> e A l ] . 
ÚO Leí A ?e a decidoble subset of ш sucK tíiott, 
Voi С Piot) g V{[ 3(4 Vn Г <Sn/pn/^η> e A l ] . 
Detemine 5€ωίΑί su.cb t/\at Fw«.(Sj a n d : 
For aJI OÎ€WW and ^-euj, c e ω sucK t h a t : Ée((^*&^Cc) 
(Slot) (<6iC») - O ¿> <;5%i&-)) ^ c> £ A. 
Rfthnaii tAat: VoiVjiV^ С ЬГ<5гп,Ьі/Ри? € A ] ¿ V n L ^ I d J í ^ ^ n ^ Q Í ] 
Iherefbre: Voi [ P M £ Vj Зр
 л
 [ (b\oL)Ì4frJ9h) =OÌÌi 
i.e.·. Vex Γ P M ¿> A ; ( S H I a n d : Р б П ^ . 
El 
H.3 "fbeorew : lei Pc ( ию. 
Ρ e TTj if owd only ¿f ^еге exists a subset Q. of ωω ^acb t k i t 
( i éZ Í and P= y*ÍQl 
Pbot1·. ίο Ftrs-fc, suppose·. РбГТІ, úwd, using &ео**іт Ni, determine a. 
decidoble sublet A of ω с а ^ üia¿·· VotCPí«*)*? ^ пГ<^п(Гп^еА1] 
DeJternune a decídctble subset A* of oo suci\ tKaJt' 
For all ae ои/ 4-e u-> 
< a # f t > e A * ^ ( ^ í a b ^ í f r ) л <Lía), β; K W > « A ) . 
D«f£iie 0. = = f OÍ I 3|i Vu [<:ôrn/jîn> ^ А * ] ] , алаі, asirtg tbconem /о/«, 
remount t^ctt. Q-tSj. 
1?1 
Also observe tKat, fot- au о с е ^ г е ^ ю . 
¿? 3|iVh С <о(п^^ yn^Ê A"]. 
TherejbfTe, for all OLG. WUJ·. 
fy[ QU<*,ƒ*)] ¿^ ^ 3 ( і иГ^5п / рй / р>€А] 
¿ P(o(). 
/•е.: P « fcir'ÎQ). 
00 Corwersd^ siqjpose: Q e S 1 , , and, astrvg t/ieorew 10.<; clefcer»n()ie 
a dectdable subset A of ω such ttoUb \/tfCQío(^ 3^\/ηΓ<δη/pi>eAl] 
"Пел: НаСМЧСЯМЗ Vjr3(iVnr<44j>nlpn>€Al] 
Determine a deadoble subset A* of ω sucii thai·. 
For all aeuj, t-euj ceoo·. 
¿ а Д о e A* ¿ (?<j(ab ^(fr|- fl^íc) л « a / : * , ^ ? e A ) 
Retnark. tKott ·. Voi Γ Μ*ίΰίίοή ^ ^ Эр м Г <»»·, p , ^ n > e A* I l . 
and therejbne, accoröLtho tö theorem (42-. Ρ = (УІ*Й e ТІ .^ 
Iheorem : Π
ζ
 contains a ujìiversad element. 
Proof ·• Define tbe subset a of %u by·. 
For all «e^uj·. UloO ¿? ^ 3|bVn Γ ίρΜ^(ΑίοΓ)η,^η,ρ>) = θ ΐ ] 
and note thctt U. belonos Ь П .^ 
Let Ps^ou a n d РеП^. 
Following theorewi /42, determine a dectdable subset A of ш sucJitíiat: 
VdC Р И ¿^ V^3ft Vn[<ân Sn/?n>e A]]. "Determine SeHj su4i fcKcxfr·. 
пГ S(n) = 0 4 n e A l Tbe«: i/oc[P(oi] ¿i ^З/і пГ^<5и /р ) /^п>)=6]] ) 
i.e.·. VoiCPM ^ U C * « ^ ) ] . 
IS 
A very ttiinor ckanqe in this org u/n ent woidd Kai/e gi^en a cmive^aj elewent-
With respect fcb ол ; otber paij-tno funebbh. 
Like Σ^, П^  is one of a pair of twins. 
The time has соме, пои/, b consider its bfotker 2^ . 
Our specuJations ои П^  will be mirrohed. 
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№> remind the reader of Í0.9, where we d e f i e d a Subset A^ of ω α , by: 
A ^ s f c * ! ^ З м ToíC^njsOJj, ала Chtroduced the dass Π J of all subsets of ωω 
thai a r e reducible to AJ. 
Theorem: Let Ρ &e a subset of 4 u sach that PefTJ. 
Then·. У*(Р) еТТ;. 
Proof·. OLç^ iq theorem 10. i q determine a decidable subset A of w sach thai.· 
Voi [ P M ¿ \/(l 3n С ^Sh, p i > e A l ] . 
Remark t h a t : ttxC (УІЧРКОО ^ V j V ( i 3 n [ ^ - ¿ ο ζ ρ η , ¡ьм> e Al]. 
Define a subset A* of ω by. 
For odi h e ω ·. 
he A* ¿ i 3 α 3 ^ [ η * < ο > » Λ β ^ ί α ) - ^ ( β - ) Α < * а Д і М *, R(&)> e A l 
Observe that A* ¿S a decidable subset of a» and that·. 
VjiVoiC 3r«C ^ 3 h | f i i > t A * ¿ 3 η С < «oc, λίρ-^η, ípíjviи > e A l ] 
We daim that·. Vol С И*(Р)(а) ¿ V f b 3 n [ - ¿ Э л ^ и ^ е λ * ] ] . 
Súpose·, OÎÊ^W of ld (УІ*(Р)И. 
Let/J,eww and dtàermine neu» such tíiat: 
<^оі;Я[[і>п< íplpi"> € A, and, therefbre·. ^ ôcn, jïn> € A*. 
ІЛ/е see.noiy, t h a t : (Ъ 3r\ Г<5л / j în? e A * l 
Mow, suppose : oLG^uJ a i ì d : V(i3rv [ < » п δη> € А * ] . 
Let j e ^ w a n d ^e**'«« and determine neu/ such thcrf: 
< Ä n , « j f , ^>K \>e A ^ a n d , therefbne. <4ы}^г\, %"> ^ А 
We see, now, that: Vj-V^ З л С < < Г 5 ^ и / I n > e A ] , 
i-e.: Μ * ( Ρ ) Μ . 
В 
We define a sabset E^ of шш by·. 
E ; : = ( « I 3J р Э п С с х С ^ Ё р п Ь о І ] . 
Ihcs dep>ufcu>\ parallels ejuxctty Ы^ е deftnition of A^. 
We define a class Σ ^ of subseis of '"UJ b ·^· 
For ел/eiry subset Ρ of 4 u , Ρ β Σ ^ Ρ ¿E« 
Whetrv ¿Ь coweç to pleaçant propertteç, Σ ^ doe« nofc ^íeld Ь ТІ^ = 
1?3 
ІЧ.(, Theorem •• Let Р а ^ . 
Pc Σ ί ¿f and only if bfoere exists a decidable subset A of
 ω 
Pfoof·. io Sappose. Pe Σ'
ζ
 and^ aserto AC,,«, detergine δ€ωω sucíi tbctt. Fu*(δ). 
and: VocTPfcO i i E ^ i l o d l , i.e.: VoifPCot)^ % ^ З м Г ( Н И ( « р ~ р п ) = о]] 
De(wie a decidable subsefc A of ω by· 
for all neto: 
neA «i З а З И с Г ^ ί α ) = в^«.)г ^ f c j л п ^ < a > y c > A 
3fc<^iflûC^Ç^t <^ίδ|α) л ( 5 | а ) ( Л ^ е ) - 0 ] . 
ÍThe hotaèion „ S/a* has been introduced ^Us-t ftefohe theorem 14.2). 
Remark, thai; ·. Vu \/ç> fy С 3n С (δΜ U ^ p n ) - o l ¿? 3n [< Sn, An, f л > £ A l ] 
Iherefbre : \/o(Г Р И ¿ i 3y V[i 3η [ ^ й п , ^п, р > e A l 
00 Lei; А ве a dealdable subsefc of ω such that: 
V O Í [ P M ¿ ? 3yV( i3n i : *3A ,ß r i , f n>eA3] 
Detiermtrie Se^i« sudi fcbatt Fu>ai6) and·. 
For ail ae^uj a r d 6-€uJyceou suc^ thai ß ^ ^ f t ^ c ) 
( 6 M ( < ^ c ^ a O 4 < ^ » ) / β · # ο € Α . 
Remark, that ·. \/ot \/(i V^ f [ 3n[<:5n, fth; pn? € A l ¿? 3n С ¿δ|οΟ(<Γ^ρΛ) = 0 ] ] 
Iherejbre: Vot С Р И ^ 3^ V^ Vn С ( ^ И ( « " p p л) ^ θ ] . 
i.e.·. Vo¿[ P i a l l i E^CSIoOl ant- Pe Σ],. 
В 
14.^  Theorem ·- Let Ρ e '"ю. 
ΡβΣ
Λ
ζ
 if and only ¿f there exists a subset Q of ^ω sucfc that 
й Ё П
1
, а ж і P= E*ítí). 
Proof • fi) First, suppose ·· PeS^ and, using kheorew 1^6, determifle a dect'daßßi. 
Subet A of ω such thai: \/o([ PfoO ^  3^ \/p 3n Í ^ân, ftw, pyekl. 
DeJbernune a d e c i d a ^ subset A* of a» sack that·. 
For all aeou, &•€ to : 
<α ; β'>€ A* ¿i (^ ia} -^ i f r ) л <L(al/er/R(a)>é A) 
Defte a:-{oi|V( i3nC<5n /ph>eA*l} ; aitai,using Уіеотаи fcMo, 
1 7 ^ 
remark that йеП 1 , 
Mso observe tbaJb, (or oil ле^щ ϊ&ωω 
¿ί |?»аііС < δ η / ^ ρ > Ε Al 
üerejbre, (òr all ae.%ϋ·. 
3^C( ì ^o ( ; p ì ] ^ і З У ^ З П Г ^ Г , ^ , ^ ? fe M 
i.e., P=E*ÍQÍ. 
60 Conversely, suppose- Qeiï^} omd, asina theorem to.io, determine 
a deadable subset A of ω «лей tKat·. \ /ot[Û(<*)^ /р-Зл [<5и/5и>еАІІ 
1йе#г: VocCE^QÌH ^ З ^ З п и < ^ р и , р л > е А Ц 
DeJfermihe О. d«cidbble subset A* of ш sack t l i a t , 
fbir all aeui, ft-euj ce ω: 
¿ а Д о е А * ^ C^(a) = ^ íW=0^íc)A < < а / с ^ Д > е A). 
Remark tKat: VOL I £*(&)(*) 4 З ^ рЗи C ^ 5 h / p , J n > β A*11. 
a n d fcherefohs, accoi-din^ to fc/ieorew '4.6= P= E *"iû) é S ^ · 
в 
TP>eorem: Σ*2 contains a aniversal element. 
Proof. Define the subset U of шш by: 
For all α€ ω ω: aid) 4 ^ V p B h C i p M K ^ k K p , j : n>)=ol] 
о л і note tKat U bebr\os Ь Σ ^ 
Let Р с ^ a^dL P e S ^ 
Following Uveorem 14.G# determine a deccdatle subset A of u> sudi Oat. 
\/oíCP(pí)^i Зу |ьЭп[ <Sf» /5h /p>é Al] . "DeJbei-mine Ве^ш sack tAat: 
Vn[ StnbO ¿» neAl . "Iben-. 1/οί[Ρίοί)^ ^V^níJ(<5n/pjn>)=ol] 
í-e, VocC P(OÍ)¿ U^<y fS>n. . 
В 
In this last proof, any pairing function, ot^er tfiow < ^ would do ûs well. 
Llnfcil noiv, o w ryorraUve Kas been ctf-aigKtfbrward, o-rxd almost boring. 
But tbe followtng, simple гежагк. ¿s ffurpKsâio·. 
ns 
It is su-pptcïent to sbow üiot А^ bdoKQs to Σ^ 
Usi>\<j АС^, obçerve, ü»oU: fb*- ail Ые.ші^: 
А^  И ¿i у Эр \/n С о( C^fjy η) = оЗ 
¿? 3srFu>níS|^ Vc[ o tus ic , ce^sH^=oi7 
Cïïie notattoKi , Sic" has Ьеел e-stabd'sKect just before theoreíti ^.2) 
RecaJ^  from chapter le? tKoUb Рил e Π1,, a n d re*ncu-k (Acut 
(«o(/s5'|Vc[o(C4sicicegís(c)>)=o7} bejo^s to п ^ п ; . 
А^ Τΐ
Λ
, ¿5 closed, (meter tke operation cf flaute mtersectoon 
fcf. fckeoi-em lo.iz) іл/е rna^y coftcJude; {XQinq fcKeonem ІЧ.7; tKout 
A^  belonqff to Σ^. 
а 
We now prepare to оІеЫ a ftnaJ blow fco ctn^ rerwainCnq hope of a projective 
hierarchy. 
We defvne a subset A^  of шш by: 
А'з : = [ o t | ^ З ^ р . З п С о с ( 4 « ^ 7 г Т ^ n b o ] / 
Wb define a claçs ÏÏj of subsets of '«u) by·· 
For every subset Ρ of ωυυ·. Ре Γ^ ¿ P^A'j 
The reader ma^ trust, or else, for ore time, 90 for himsdf into the treadwitll of 
ρ atient calcul aitón, that·-
For every subset Ρ of Ш(А»: 
Ре П^ ^ there exists a deaidable subset A of а'ш suck that 
Voi Г Pía) ¿> VS If Vp 3n Γ< δη, ρι( ^ δη > e АЦ 
and· Ре Π' ^? bhe·« exists a subseJb Û of ωα/ such that: 
ΰ 6 Σ ^ and P = W u ) . 
ІЧ.ІР Theorem- TT3 = Σ'
ζ
. 
Proof ! (Afe leave ιέ for the heaole*· to prove that Σ»^  ^ πί-
As to the coiu/erse, Λ ¿s sufficient b show that A'j belonas to Z'2. 
I4.q Iheorem· 
Proof-
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Usino AC11( observe, tKot for ojl ο(€ωω: 
(ІІіе notation ¿¡a bas Ьеел ecbablíshed just béfele tbeo^eni '4.2. 
Ir\ üie lust tine, 4 >^ denotes a fanetton tvkcb pairs ft'nifce sequences 
of ecfiujj lengtíi, cf. W.o) 
Recall, froto drapber Iq ÍJ,QJt Fun e TT \, and »-ehiaHc üiat 
( ^ ο ί , ζ ^ Ι 5 (ьЗпЗаС5&ал ftjí^ía) = n л oc(.*<iïn,4la>,Sn>l»aï} 
be/on^s Ь Tí{. 
As TT1 is dosed, uwdeí- fcbe opération of finite intersection (cf. ίο.Ίζ), 
Wfe fnay condude, using üieorem Kí.?, ¿Kob AJj Ье/ом^ tö S¿. 
Putting togetKef tkeofems ІЧ? and W.íq we see, tha£ (or all sublets Ρ of "lu: 
If P € S i t t e n both E*(P) and Cyj*(P) belong Ь 2^. 
Ifc is hot difficult to verify ttafc tbe operationç of countable Union and 
ihtersection ate bat special cases of £*, hesp. ¿ff* 
I t te ùrposs^le, Utei-ejbte, to qo beyond Σ'2 by a*y one of these mettads. 
If we are so obstinate ας not to use negation
 ; or іилрііслііоп^ a n d so dull as 
not to invent different methods of buMdxny subsets of ^ Σ^ ¿ς Уіе enc(. 
From a dacsicaf point of vieuv, theorems IH.9 and /Ч.ІО are strange, indeed. 
l/ife cAill may learn sowetking fìoni ctttempting the good old diaqonai arguineKt··. 
Lejt us consider D = =»fo<| ^ З ^ пГ 0((<5<n/ftn^n?) φθΐ} 
Ό is easily seen to be a mewtber of n¿ ; and may be caJled·. 
U« diagonal member of П .^ 
Accordi^ tb tteorem W.g , Ü also ЬеЬлдс to Σ ι , and, using 
theorem 14.6, we determine a decidable subset A of ω sudi that: 
Vot f D Μ ^ 3f V|4 3h С <: ôfft^n, ^п > б АЦ 
Usin^ Α0
ο 1, we find 5e
w
uj sucK thaut·. 
We observe, now that 
D£61 ¿ i V| Зр Vn С 5 ( £η, jjn, pn] itOl 
1?7 
Tkerefore·. -· D(5), i.e.: 
-» Vj' Э|Ь п С S i Sn, pu, йп) ^ о7 л -. З^ Vjb^ r» Г S ( ìn, ІЦ ^п) =о] 
Sudi α S ¿ іл/οΗλ α. prize: <£ e»*»bod/'es üie nonsense of classical logic 
Lûokinq for a place where to lodge £t ir\ our zoo, w«. cAooçe a caqe next 
to this аліжаЬ 
ìfik. claim ü\aJb: -. Vo(3hVtr»Co((h] = 0-^otím)=o] л n3ocVw3niCot(nl=OAot(mì^ o7 
FCrst, suppose: &.Зг\\/тСоі-Ы=0 -» oc (m) s Ol 
Ltsihq CP С cf. 1.8), We determine neu», qta» sucb tbout« 
(гС ¡bq = Q^ -• У т С р И ' О -^ ^ m i - O l i 
Lefc W:= maxC^.n-ti) 
Then: Vp.CÄN=QM ->• ( ^ о З , and tlitç ¿s ft)t so. 
Ъгге.С>ге.: -· оіЗп Vw\Coíín)=0 -» ос(гк)=о1 
МгхЬ, suppose: З л п Smíoc0\)-O л a ( m l ^ о] . 
Cltoose sucK ал ^ ал observe: O Í = 0 Л-»(OÍ« Q ) f 
Therejbre: -τ Зое V'n Зиі С ос(п) = о л oí(mi^Ol 
This harmless creature seems to 6e tKe moet simple représentative 
of its Species wKicK perKaps migkfc be called . tKe species of 
de Morgan's ftùjKtincM'es. 
(Ulfe do not bvow/ if Were are any de Morgan's ntgKtmares around t fckat 
cause paiuc aboafc tke Quantifier- cowbCnatCon·.
 ;|Vo(3n'') 
Idfe cannofe comead our u^norance concerning some ¿rrtporbant points any longer. 
At tie end of cKapter *> me menbbnecL our ¿nabtlit^ Ь settle the question 
И/KetKer AlJáE^, oi-^ecjaivajentl^ П } А £ | . 
If ¿t ffboald be so thai AJ^EJ, hotKing remains of tAe; once, proud 
projectens K¿erarci\y, as Σ,* с д 1 . 
Otherwise, if not·. А ^ Е ^ , then also not. Σ ^ Σ ί , a s fTjeZ;. 
I n tKis ccise tAere £s another рюЫеиі bo fiaunt us, nawely, wfcedie»r 
^ ¿Sr\^ 
] dear parents, 
/ the biixtc are very Mice. 
I bui: if I try feo buííct α­
ϊ fcower from fcKei*, ehe оие stnts into t k otk*r. 
\ (Jus 1 depbre. уоаж ςοκ. 
1?β 
15. A CONTRAPOSITION OF COU-UTABLE CHOICE 
This ckopber presapposeç some ¡ove op 0« fow Wieorem 
A fou» is aseot to bring diçtractcon and a moderate breeze., ddJJrinq tj^ 
unimportoM cbalfcerùigs vubCd* ma>j occur when the Keat op tAe day ¿s o\/€r 
Leaning on tbe axiom AC01, we were able to prove, yi cKapter iot that 
all byperaritKwettcai sets OWfe auial^tiooJ. 
We are not able to prove tbal all Kyperari&mefcicaJ sets a re co-CD^al^ tuca.^  
{br, as vie. bave see»», tbe arctk»netccal set DXA1 is ret co-anoJyticaJ. 
In tbis respect we fall behind a. classical matbematicidii, wlio и/Л stand on bis 
Head, and tfoet^  moüting the moveinenfcs required (or analyttafcy, sootlie <\ts co*sc(€Hce. 
To carry tKrottgli the clasçicial argatnent, wc need a constructive contrapocction 
of ACO1 ;. tbe second of tbe tub principles of countable dioi'ce that we acijrutted 
Cef. І.З) 
The resulting principle of reasoncwg , therefore, cannot be vaJid tn jull qenerulit^. 
Once, watehing the clasrical cirais in the company of some good friends, 
We discassed the question, what is the range of validity op ЛС
в1- tarned-
upçide- down. 
This question, though not too serious in itself, could be given a Simple and 
elegant answer, which wül be the subject: of this chapter. 
Coritrapostfion might be anothe»- method of constructing hterafchicai 
Structures of (neo-)dascical beauty. 
//e mention this poccibt'/ity a t the end of the ctapter, but are not 
elaborating ¡Jt. 
The folloiving lihes are deuUcafedj¿n frtendbhip, to To (rielen and Mervyn Jansen. 
(cf. Mote g on page 2'?). 
15.0 We remind the reader of the axiom AC01, that has been introduced and 
defended en 1.3.: 
А С 0 ± Let As ω , £ < ν 
If пЭоіСАЦоО], then Зл пГАи,*»)]. 
Dancing to the piping of A. de Morgan, we are led on to the following 
Crazy principle·. 
CRP Let A Ç. ω к « V 
If сжЗпГ Ain,*")], then SnVoiEAin.aìl. 
As we are entertaining already some graue suspicions against CRP, Í¿ seems, 
Wise to consider also a relativized version of It. 
For each SubspreadL σ of шм which fUlfils the conaülion·. 
ыГоіба g VnTot^eo-l, it rnaJces Sense to study: 
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CRP«,. Let A c (A)Kwuj. 
If νο«:σ3η[Α(η,ο(η)]
ι
 tKen 3n Voteal A(n,oO] 
We remai-к tKai the above- mentioned conditioh ¿s wet by fcbe binary (ал 
(^, whose, accjuaihtance we made in H-lf. 
More qejierally, we may 'игЬ-осЬхог, for eacb peuj the p-ary fSa*i ^ p , by: 
^or all a e ш: 
σ·
ρ
(α) : = o if Vntt\<<!ijia.) -* a(r»)<:p] 
: =• 1 otherwise. 
We remark, that, for each peu), (Γ- meets the abovfe-mewtionecl condition. 
IS.I The argamerxts given in the preface to this chapter may have cohvCncecL 
the readier bjuxt CRP leads to a contrcLcttctton. 
Perhaps becaxise of a morbid trait in our character, we follow it ance, 
more on itç way to absarcUty. 
Mfe first introduce a conséquence, of it, which, at the Sight of ¿t, ¿s 
somewhat less disturbing· 
CRP* Let A& wKui. 
If V« 3n [ Α (η,αίηίίΤ , then 3n Vm [ Ain.wil. 
(The attentive reader ^ay observe that CRP* is Α0
Ο{)-turned- upside- doK/n, ju&t a s CRP is nothing but Α0
ο1- turned- apside- doiA/n). 
We claim that CRP implies CRP* 
Let A G uj*u> ße such Uiat Voi Зп [ A(n,o(Ml 
Define A^swíx^tu Ь^ ·· 
For ail new, cxé^u» 
A*(n/oL\ » - Л С η, «(OÍ) 
Wfe claim that·. VoiBntА*(П,ОІП)]. 
Let аешм and d e t e r m i n e r e i suchthat VnWM« ot^OÏ] 
tfetermine neew such that·. Α(.η0|ο(*(ηβ^ and 
observe that A* (n0,o(*0). 
Applvinq CRP we find- r^eu) such that VOL[A*(л^ai]. 
"Ihere|bre-· Vm [Atn^mil, оиг^ bhus, our claün proves harmless. 
180 
Ійе danqer op CRP* qUwitnzrs tlnrovufl tbe fbllowtng constoleratton; 
Sappose: j e шш and let 1:=.μ(\ζ{[η)φο1 ße fcAe uolaítle number o f ƒ 
(we oUsca^sed Uiis notion just after tbeorew Midi 
L<zi as define, a sabsafc A op u;xa> by·. 
For ail new, meu»: 
Afn^ w) ·•=• ( п < ^ л т а Я ) ν n>fc 
A is pretty close to Kai/tng tiie property mentioneal Lm the conduision 
of CRP* for, i f ^ exists, fclie», Wn CAÍ6,miauet ¿f not, then т[А(0,»»і|] 
β Φ'S/f/ The r e a d e r will see /br Acwse/f tíictt seil/, tri some 1 Cases, ¿fc way be reckless to assert Uat ?n VmCAGyt)? 
«· Ahd he will observe ttatt, on tlie oüier Кало(
у 
the premiss of CRP* goes íArough. 
And now, a jafc contradict ion, unable to hede ¿tse/f any tonger, creeps from 
the bashes behind Cfcp*
 : 
isa, ois define, f o r each \с.шм, a subset A^ o f ыжш by·. 
For al l new, m e ω: 
We claim that : t/j Vot^n Г A y (л, о с И І 
Suppose re "'ω, ote^cu a n d considfir OÍ (ó) 
IVe cUstingiush two coses: 
- I f V£ < oi(o) С j í Q - O l , the»,.. A j 10, o(/oi) 
- I P a í ^ o c í o i C j - W o ^ then·. Abol ió), «(ЛЕО))) 
I n either case, therejbre·- З п С А . Ц а М П 
Applying CRP*, we f i n d t h a t : Vf 3n Vm С Α- (η,ο ί ί ΐ 
lhere|bre·. \/j 3n Г fC«) = 0 -> V m C ^ m ) = o ] ] . 
And this is easily seen to ße contradictory·. 
(Jts-tng СР^  the principle op continuity mentioned іи 1.8, 
и/е determine qeu), п с ы sucK thcut: 
What about a member jf* of "Ίυ such thai: 
WcwCn, 9) < yLLpr^*ip]foJ ? β 
ΐάΐ 
15.2 irtfe mentiorteot tbe (ал tbeorem just béfele theorem 11.4 and fepeai: it, noi»/: 
Let A &e a decidable Subset op ш ал<± ^е^ш fe а Раи. 
Reaxll tKofc р,ешш Cs a fbui if the set of fcmfce Sfecjuences determifted by it 
is, every where, fCncfcely-Splitting , i.e.: 
VaCjiiaJaO -* ІС^ я ^ п | п Ё ^ | [ i í a « n > ) « o ] ¿s finite.]. 
The fan theorem ¿s a most famous conséquence of brouuve.r's thesis, which 
has been presented in 13.0 and, ¿n its spectaj version, reads a s follows: 
Let oie^w and \ff3nloi($r\)~d] 
Then: З а е $ Γ Η** ест]. 
lïie valuable set $ ¿s the set of well-ordered sfcawvpç in шш/ a s we know 
Ct from 13.0 and 8.Q 
The proof of the {bin theorem goes by showing
 ) by transfcnüs ¿Mduction, 
that for each. p,€wto and eacK ere £ ·. 
I f fi ts a fan, then. Ç <x\ а е с г л [5£Q-)=OJ ¿S fentte 
Once this observation Kas been wade, we quufcltly enter the promised /and. 
Let A fce a d e a r i a b k subset of ш and. с>ьшш бе a fan, 
suck thaifc ^ e ( i 3 n C A ( p l 3 . 
Determine a e ^ w suck tka¿ УаГ ot(Q.)=o ¿f ( a e A v |b(aHoì] 
Obser/e that ^ У З П Г О І С ^ П ^ О ] Cef· №Ье 7 on page 217J 
LUtng Brouwer's thesis, we determine <re $ ^исй thctfc. 
|oi|* » { a I V& С a s í r -» oiWiolj я* 
We remctrL that ·. Г а і а е о - л ft(a) = o} is ft^be, a n d 
Calculate m e ω suck that Va Г С а е т л |ï(aWO) -• Paia) ^ m] 
Yle füiCsK by noticing that: Vjep 3 n [ n<m+l A A(f^)]. 
Combining the axiom ACto (cf. 1.5} a n d the fan theorem, и/е ftnd tlie 
folloK/tng principle of reasontna, which we want to apply freely in tKe secpd: 
&2.0 Let Α.£ωω хш Ond (Ье^а» ве a fan 
I f V^^anCAij.rl l, then 3m V^ep ЗпГ n s m л ACj^ ni] 
The contents of tKts Section Will not surprise someone who is accjwainted 
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with an ¡production to ù^tuitiontetic analysis, fbr cnstOJice, Kleene a-hd Veslev/ igbs. 
I5.S We will prove., Cor each ire ^ш, iA/hick ¿s a pa^ and fxlptis tbe condition: 
Voit л е г Ρ VnCo^erï^ that CRPr. 
We first make a simple observation: 
15.3.0 Lemma: Ut А с ы х ш ю a/d VGWUJ fa. α ίαη such üvat Mx[o££r¿ VnbVt-l^ 
û/vd Voter 3n[A(n /otn)]. 
Then: л е г ЗпСАОух)]. 
Proof: Lefc ot£T a n d determine (ber such that МіСр>п=л1 
Deíermine n0ew such tha.t Αίπο,^"«) and conclude: A(»i0)oi). 
В 
The nexfc observai Con is wore than twice as difficwifc: 
15.11 Lemma.- Let AÇUJX^WJ a n d t-e^uj 6e a (im such that УлГает^У/^о^ег!], 
ayvd Voter 3nCA(п(оіл1] 
Then.· Voter Vfter 3n[ Ηη,οί) л A(n A)] 
Proof·· Le¿ otér, fter. 
We need the assistance of tbe binary few <т
г
 .=f ¡[ | пГ^(п)<:2]] 
(cf. I5.0 and 112?). 
We determine ^e^u» such thai : Fun(£) and^ 
for all r€Gz, for all n e w . 
- ¿f fin) = o, tAen Й / ^
 =
 ot 
- cf Jini, i , the^ (?^)"-|»-
Thu-S; We Kav/e a hipping f^ om o1 onb Wie set of aJI members 
of r v^ hoSe only subse^aences are oc a/\d p,. 
We, know: ^ ε σ 2 3n [ Ain, U I ^ D l , and, applying I5.2.0, we 
caicuiate Meui Such that: 
Let us assume, (or a moment only, that M^2. 
We then kwav, how bo fiju^ for each Y C ^ , a natural number ny 
Such that. n<2 л ^U)(Щn\ìU,.^{0>Щo) ^іЩ)1)^^^) 
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Ih deòermming &e triple (¿Ijf, (l^ì1, Шу}г we have b doose one 
out op ecgkt posstbilitùes, from οί^ οί,ο/ ... up to M,ß. 
"Ibas, we ore offfered eig t^ pieces of bruü\t Ь iwit. 
A(0,a) «· A(i,ofl ν A(2^ 
and A(0,o() ν М±/Ы) ν A (2(b) 
алі: A(0,p ν Afl^i ν A(2,^. 
Eack of tbese гідк. staíemer\ts produces at leasb one trae Çcxct 
of tke form: Aii,S), wdere i e {0,1,2} and Se foi, ^ 
Now, eifcKer·. ΑίΟ,ο*) and Αίοα) are both among ftese trae pacts, 
or: Ad,*) and Ail,^) are both among these true facts, στ-. 
Α ,^οί) and A(2,{>>) are both алюкд these b-ue facts. 
For, ¿f, fcr instance А(О^), А(1;ос) and A (2,(1) a r ^ a/! t ^ e e 
of them not among these true facts, this conflicts Witf» Our 
haiancj foand troue· A(o,|*) ν Αίΐ,οί) « Α^,ρ). 
Iherejbre: ΒηΠΑίη,οί) л А(п,(і)] 
Thiis woroíy arg «.inent has been necessary, as we do not know 
that A is a decidable subset of и ) * 1 ^ , a subliefcy iA/hick 
eiudes the classical mathematictan, 
We cbse Uie proof by expresstfig our confidence У*01^ síouJct 
К have been some other number than 2/ vve could Ьале placed 
a sinulor game. 
В 
Lemma 15.3.1 has an obi/ious generajization·· 
І5Л2 Lemma: Let A s wx^w and ε·<=ωυο 6e a fan sack that Voiioievp \/пЫл€ТІ\ 
and аегЗпС ACn,**)! 
Let ρ e CAÍ, p> о. 
"IKen: Vb(
o
er Voí^r.... Vo( €f ЗпГ АС",^)*· Aín^A.. . л A(n,oípU 
Proof: Let а 0 €Г, α,βΓ,.-.,οίρΕΐ-
lAte need help from the p-aryfan (Γ
ρ
 »= {fl I^Cj-inUpîJ· И·15"·0) 
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We determine ££ωα> sucb tf\afc= Funi^), αηά· 
for all f£ <r for all né ω ; ^>r ail WÊCAJ^  w<p·. 
- i f r O i ) « * , ІІіем felj')'1 = ^
m 
lhas, we Kave a mapping fVo^ σι o^to (Ле set op a/I members 
of vt all w/Kose subseou«i\ces a r e diose/i fron^ f^j^i,·-- «p/-
"^e rest op tbe procf is also entufe similar to tAe proof of 
lemma І .^з.і and wili be omitted. 
Я 
WithoiLt further delay, we cbse our eyes, and jump: 
15.3.3 Ihieotem: Let A s и)хшш and re^cu de a Can such that Vcdoier^ І/пГ^егі], 
and Voter Зг\ГА(л,<*,,П. 
"îhen: 3n Vwet Г A(^o{)]. 
Proof-. The waber ¿ε colder than n/e thought. But nev/er mind-
Suppose·. Voter 3nCA(h;o(n)]. 
Тйеп, according to ffCP ( cf i-9)-
Va&v 3n3m \fji€T[ ^m = 5im -^ A(n, [i")! 
Therefore·· Voter 3n3m f p e r f p m » «?^т -> Aír»,^")]. 
We define a subset A* of ωχ w b^: 
For aU η e ω, aeoj ; 
Α* (η, a) · =• Vcxea [ « e r - » Α(η,οί)] 
Observe that : Voie t* 3n З т Γ A*( n, ы" m)] 
ILsino 15.2.0, we defermine M € CAJ such that·. 
taer 3h3m<W Г А * ^ ! , ^ ) ^ 
a n d we remark. that ; now: Vaer Зл Г А * ( п / а п Л ) ] 
lAfe define a Subset A** of ωκ^ω by. 
For аЯ neuí, «e ^Ί« 
Α**(η,*ΐ . - Α* ( η , 5 Μ) 
Observe t h a t . оі€Г ЗпГ А**(п / 0 ( п )] 
Irtfe ηοιν coh9ider S^— { a | ^ ( a ì - J 4 A τ(α) = ο} 
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As f is α {cm, S
n
 (s a f ¿nife set. 
lb each a e £м we determine a secfixence ОІ
Л
 e "Ίο radi tAoJ;: 
σ(
α
 M = α л o«f
a
 e г. 
We apply lemma 15.3.2 and find new suck (¿at 
V a € S n C A * , l ( n l e i a ) l 
Retranslating, we see tAafc.· 
Va e ^ Г А* (я, «
a
 η Я, ''е. = Vae ^
П
Г A* (η,«)] 
"Iherejbre: ^a€ S ^ [ foeafoier· -^ Ai«^)!] 
Qnd·· Vo<€ r f Ain,«)] 
We will prove a converse fco theorena 15.3.3. 
We first treai Une readei" to л sma/l iecAnLcaJifcy. 
Let ré^wUeasprea^uwkà^ fulfils the condition·. Voi Cocer ^ \/пГоіпе ΐ-Ί] 
Let a« define, as ùi 9.0, fbr eacK a e co, a deadable subset fc^ of ω by: 
ІА/е datm tKak Va С t í a ) - О ->- k j = ІС^ 1 
lb ju-sttfy Шс сіаші, we »-eflecfc on tAe cooUno fIcMctton f cf. 1.2) 
RemaHc. ¿Kout = Их Г a > 0 '-> З п З ^ Г 6-<a л a = <n>*fe-7] 
1йеге(і,ге- а Г ( а > 0 л r(a}-o) ·^ 3 ^ [ í r < a л *(ft)-o A I C ^ I C J ] ] . 
HencejortK^ if τ€:^ω ¿s a spread such tkxJt: оіГосег ¿? V*iCoí',erl^ 
we wKfce ICT · « IC¿ 
г- »nay be tííougKt op as &e set ^(K^ 
f ¿s а (ал if оясі оиіу if К1" ¿s a ptnifce cet of naturoJ numbers. 
Mertfc, л/е tolde a look, of Something wlvicA oimos^  ¿c a fan: 
conside*- a spread t'eu,u, suck that: Vocfeér^ W\Co(n6r"l] and 
і с
г
= ( О
л
Ъ } wKcre ß. ¿s a Volatile nu*rber (cf- the discuss^« fbliowtng 
on theorem 41.lo), and a far one. 
I t is recLless to assert ^а^ f ^ a fbm, this comes down fe 3n[n=fÚ 
I t also is dangerous fe clatw thai τ fUpds tf»e fan fcheorecn (cf. /s.2)y 
for, a s Voier З т Γ o<(o)=^3y the fan theorew ivould ùnply 
3n Vaer С oiío) ^ п ^ ie.·. ЗпС Ιςηί. 
Finally (A/e adt/ise the reader aqainsfc preaching tíroL· f fai f ¿is 
1Ô6 
fche crazy pcihciple CRPr 
We hay/e oar rea-sows (or doiruj so 
ІЛ/е dcfme a subsei Λ op ыхшш by 
For all new, о<е%о 
А(П,о() = cii0)=O ν n = i 
IVe claim that Voter 3n С λίη,<χη)] 
Lei; « e r and consider oc0(o) 
- ip ot 0 (o)=0 , then A(0,o<0) 
- I f о( 0(о)^0, t^en 3nI>=R] and Зг\[пЛ л Aín.ot"]] 
In any case, therefore. ΗηΓΑίη,οί'1)] 
Арріуіла CßPc., »v/e wouJd find 3n \/o(er Γ Αίη,αίΐ. 
I f Voi e τ-Γ A to,o<)] ^еп fi LS a kafluexnakon. 
I f З п Г п ^ О л Voíe r íA^oi ) ] ] , the* З п Г п Л Х te 
i kxs ?>een coixgKfc 
ßoüi asserfctons are overbasty. 
It seems wise, tkerefbre, not to datm CRPT 
Tajang (to heart the lesson tkab tks example forces upon us, we ftnd 
IS.4.0 Lemma Let re^u» &e a spread suck Üictt Voifoier ¿» VnCo(ner7] 
and CRPr 
Then· Vm Í V£C t-Éíb) = o-»£ái»il • 3ΐ[ί>ηλ t(<f>)-o1] 
("^Ы ts to s a y tke
 Λ
 cAoCce seJt' ІС'Г= Kjy is, 
in a sense/ persptcaoas We may finot out^ for eack weu), 
if tKere is a me»^W of k^ greafce«- tkan »и, or not) 
tVoof ·· Let me w 
life defthe a subset A of ωχωω Ь^. 
For ЫІ ne ω, cíe. ω ω ·. 
Αίη,οί) * ot(o) ^m ν [n>»n А т(<п>)-о) 
\Ñe daim tkai Voieù ЗиС Α^,οί'1)! 
Let oí e f and. consider <x0to) 
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- If oi^oUm, Ute*: A(0,o(0) 
- I f оівСо)>й», tben·. t (<o<0(oì>)=0, 
ü\er€(ore; put6wg n:^o(0(o) , ACn,«") 
Іл u^v case, tKere.fohe·. 3«ΓΑ(η/οί*,ΐ'Ι. 
Арріуіл^ CRRj., we cabalette neu) sucii üicxt VoierCAC^oiil 
We tker\ dtstcrvquXsk two cases. 
С") n^wi, tbew·· ЬЬ(€гГо((о)<т1 and: 
Vii r(<e>)=0 -» l^ml 
('О г\>уп7 then г(<п>)=0 and·. 
3 U Ь м A r « b ] = o l 
Wow tbat we l<ave plowed, the ladde^ yje Kave ho hesCtatioM to pick òhe apple, 
and eat it·· 
І5.Ч.І Theohew·. L«t fe" 1 !*) ^е a spread sucK fcKafc і/ыСоібг ¿^ W»[o(nerl]/ 
cw^ d CRPr· 
1Яел
:
 3m Ш г(<і>)=0 ->> Umi, and, toerefo»-e·. г ¿s a fow. 
B-oof : Iftfe. deptne a subset A of ουχω(Λ> by. 
For all exe "Vu : 
AíO.otí .·= 3 U 6>o(ioì А тгС<Ы=о] 
For all ο(€ωίΑ;, (brai l ne "OJ, Л > 0
: 
A(n,o() . - ν ! Γ τ ( < ί > ) » ο -^  ^ sw]. 
We clcum tKat= Vote t-3n [ АСп
І
о(',П. 
Let öfer ai^d cohsidÄr οί0(θ) 
Applying Jemma is.s.o, іл/в cLstinocush bvo cases · 
(0 3er^>oi0(o) A rC<e>)»0l 
Тьел: Aio, o¿0) 
сю v e r r M > ) = o -? e<of<>(on 
Then, puttirvg η ··- <*β(ο} + 1 , АСп,«*1). 
lisina CRP
r ; we cajeuktte. HÊCAJ SUCK fcKout Vo(€r С A ^ a l l 
Again, there are two possibiJtttes: 
1SS 
(O rwO 
Ihen: Vaer 3¿ Γ ί > α(θ) A r(<í>)=0] 
"íherefbt-e- п е к ^ З К ί >κ» л ne ÍCrX 
Ας ЭпГпек
г7, έΚί? shows fckxt lc r is an ¿nftwbe 
and decidable subset cf ы. 
Thus, U\ere is no urvportamfc d^ e^^ re/ice beiween r* owic/. шы 
AccorctCng to І5.І, (Леи, f does not fulfil CfcP
r
. 
IRis case Aas to be exduded, and we cune (ed fco·· 
(η) t\>0 
Then: V¿C t í < b ) - 0 ->Í£nl 
"ihet-ejore: ІСГ is a fintfce set Qy\d с Cs о. fa*. 
ІЛ/е reached, oar Qoaí 
В 
Ibe tKeorems І^ .З.З cmd І5.Ч.1 complètent each otfver and ckaractercze 
the fans ûunon9 the spreads t tbat fulfcl the conditc'on Voiicnevg пСЛг]] 
as those spreads t" t^at obey the crazy prcnctple CPP .^. 
This ¿s a neiv occasion to throw the ranks cf öie dasstcaü <2rwy 
into d¿sorder. 
For, upon classical readina of the ^ctantcfiers, CRP^  is \/aJid for 
all spreads r 9aiCsfyin<a the abov/e- wenttoned condcfcton, especcoily for ωω CtseJf, 
<lnd Ч^ few theorem ¿^ not. 
I5.5 In conclucion of this chapier we invite the reader for an exercice 
¿л the dtfpòcult art of cocmterpotKt. 
Do tot tfie SH/eefc ine|odi?s of chaffer 7 and 9 deserte of a counterpart? 
Consider A a -=f r t | пЗтСоіЧт)»olj, write Α
ζ
 - { ( Х | ^ пГоіп£уЙ»о]] 
and try ^ - f OÍ | V¡Bn Cofn^(nì) « о^. 
Consider A ^ ^ f o í ] п З т Г A z í o í n ^ ) l j ; Write A 4 - { a | 3 ^ n í A t (лЧ^)]) 
and try P 4 . « foc | ^ЗмС Р-СоіЧ^)])· 
0^ write: А
ч
- ( л ) 3 ^ 3 8 п\фГ o C ^ H p ^ ^ p ^ ^ o l j and 
try Q4:« (oi| vy W3nap[oi4w'P CSC^p^ol]. 
Іл/^ ciJ: ¿s there fco say on fcbe beAauiour of this kinci of sets lW»der fcfe. 
reducibclity relattoh d ? 
We did not explore tta t^eestiow and it does not bok easy. 
A^  probably i^ oodd lifce it to hai/e some wore sets to boss. 
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lb THE TRUTH ABOUT OETERMIWACy 
the axiom of deterwincicy is f>la^ <*g fci-sfc fidale (η recent di'scusstons 
Oh Uie Subject op descriptive sei theory. с cf. MosckovaJcis 198ο) 
At the next audibfoh, we want to hear if it cs able to play a constructive 
tune. 
Our expectations are Іои/. 
Its style of ріауілд is that of A. de Mof-gcm, and. of the tn/o notes he 
produced, oNv/ one v^ as »-CgKt. 
Music aside, ¿t is d e a r that we do hot have a Method to decide 
whtdi one op tuvo players is to win a one-»nove- game, if the nutnb«r of 
ajternattves at this one itvove is inpinite. 
The Qxtow of determinaci makes this daim a n d ventures to extervd it 
to QOjnes where there are infin-itely rtiany moves. 
It seems that the sfcabe»nent op the axiom of detehmtnacy : 
under such- and- sudi ctrcamstances, either player I is bound to have 
a wmiunq strategy / or player E ¿s, expresses ar» idle hope. 
V\fe improve i s chances by hot taking it от its disjunctive iace va/ue, 
and testing instead, the following hypothesis·. 
Suppose p/ayer I has an answer to each strategy player TL 
might follow. 
Тйел player I has a Mnning strategy. 
Observe that, whe^ the даме is being played., player I does not fcnovA/ 
which strategy player II 19 followng. 
Jh calcuJatmg his moves, he has. to гескои with all possibilities. 
This fconuJation of the determinacy problem, & reminiscent op ffitucxtioivs 
iy\ dauly life, like playing chess with а с/ел* uncle. 
Suppose that player I is able to win the game, if, Ott each move, he 
¿s allowed access to any finite in|brmattòn on the answer whod* pfayer I 
l/vill give, іл/haJtever be the outcome of this ùiformatOon. Then Ke should be 
able to find, the i-ight moves wikout askina auesttons as well. 
The device of robbing dassicoj statements of their disjunctive structure (otnd 
thereby, of blatamb íotls t^y) by making the constructive contraposttiow of ofie 
of the two disjuncts into а соксШои frow whicíi the other one should 
fallow, Kas been su.ccessfall ¿и other cases. 
The continuum hypothesis, to mention only оке evample, comes trae., by this 
thecttment. (cp. fielen, de Swort and. Vfeldman igSl). 
Having made this first and Sensible step, we have Ь {ace another 
disappointment : two-move- games still need not be determined. 
To be sore, tve proved, that in the previous chapter. 
(We have seeh, ¿к IS.ι, that the following step, ¿h general, ¿ neh permitted·. 
CRp* Let A s . UJ<w 
IP Vot 3n С А (и, а(мП, then 3n Vm С АСи,т)1 
Here, OÍ shoaloL Ь« interpretect as a possible sttrxfcegy for the second player 
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The first player, though hai/ing on answer to eacli possible strategy of Acs 
Opponent, cnay not knoiv Kow Ь move. 
Thus, we are forced back to a more restricted sctuaUon, iwhere, at 
eacK move, a player paces a finite choice. As the number of moves is 
still infinite, counting doec not suffice and we hav/e to think. 
Now, the fern theoi-ewi Comes to our a id and save«, the honour of determinacy. 
The story of it пай be told in this diopter. 
Wa firs-t reconsider the determinacy of finite games ας и/е cannot trast 
A. de Morgan m/ttk this task. 
We then go on bo some not boo difficult ¡.nfinitary games n/hicJ\ are 
enacted in the monotonous fans that we know from cKapfcer 11. 
Rnatty, we sdue the problem for fans in general. 
Ihe conclusion of this chapter is, therefore, that, from a constructive point 
of view, determtnacy is a compactness рНеПотвпон 
(cf. Note Φ on page 217) 
lf>.0 We first have to coin some berms 
Let r e %o fte a spread, and S 6e a subset of шш 
Together, r and δ determine the followino qame &ίτ} ζ) 
PlayerG I and Χ co-operate ¿n producine^ some ыелг 
Player I chooces oiio), then player I chooses oíd), then player I 
chooses «(zi, etc. 
These choices are restricted by the condition that Vnfr(ôtn] = o] 
(τ (fôno a sp read , the game is not fruçtrated out any finite 
ç;ta^e). 
Player I Wins the game if oieS. 
Player IE may be said to win if OÎ4 S : his interest is in 
preventing player 11 from winning. 
We already had an crccasion to mse game- theoretic terminology, vie. in 
chapter fj and we л/ііі baiid on іл/hat i/ve have laid down there. 
Let С€шш. y may be interpreted as a function defined on finite segitences 
of natural nuwtbars, arvd therefore, as a strategy for either one of 
the two players I and TL, which says him, a t each possible posction, 
how he has to move. 
We introduce two subsets Zjty) and З д Ы of ω by· 
Sjijl ·- { a| \/i [ 2t+i £ fcjian -^ л ill) - ^ЪігШ 
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Σ,(*} is tke set of poscUons wkicK rtvay be reached if player I Ifceeps 
to the strabeoy ait/en by j 
S (и Cs the set of poscfcions whcch fray be reached if p l a y e r ! ttee^s 
to the strateay (^ ¿ ел by f 
Uk ешш U. a spread. We d e f W S t r o t I (f); the set of strctbec^Les for 
plav/er I ^hicU keep htwi within the spreaal f, prov/Cdedl that his opponent 
does ^ot leave ¿t, e¿fcheir; b y 
Strak^ Cr) ·· = f ¿ Ί Va [ (¡ia e ^ j ίχ\ * ^іо] ¿^  «/en л v(a)=o) ^ ir(a*<^iaj>)= o) 
л ( ( а 4 S J C J ] ν i<j£a) es a d d ν ΐ-(α)^θ) -> ^(a] = o)]}. 
lïie correspondûva set Sfcrcxt^ Cr) LS depmed by^ 
S U x d j C r b - ( yl V a C C C a e S ^ l л^Са^ LÌ o d d л tr(aì=oì-> r C a ^ H ' ì - o ) 
л ССа^ S^C Ì^ ν ^ ( σ ί is even ν r C a ì ^ o ) -»· jfN - ò ) l } . 
I t ¿ς eas>y to see thai StraJt ICf] a n d Strair-CT] tkewselves a r e spreads·. 
We also cMroduce the ho£tOK> of »оЬеуіла t o a straLtecaNy'' 
For ail o(€wtt/y j - e ^ и/г define: 
0 1 E i IT : ч - ^ л С δ η e ^i^Jf^ 
de..· the secfuervee oc ¿s the result of some pla^, 
Lh whiclv player 1 obeys to the s t ra tegy o ¿ven by ¿Ύ 
ο( Ej-jc •·= лСоіп £ S^Cjfì l 
Cí-e.: fcKe Seattence a LS the result of sotrve. plavj 
¿h wkCch player I obeys to the straAe^y ^ і ел by f). 
The following property es to be ike object of our ¿nt/estc^atCons: 
LeJt tre ω(*} Йе a s p r e a d ar\d S 6e a sabset of H J . 
We Ole|Che ·. D«fctf, S) Cí-e.·· Ç Cs determined, іл r ) , by· 
Det (r , S) ·. = Vj'G Strcxtjj. Cr) Jot Г oí Ejj. у л S(*\l -? 
In the introduction to this choipter we have gcven some explanoitio^ 
Qs to ivhy we prefer this formuiatibn above other possible ones. 
It-i Before losing ourselves ov Lnfcntte qames t we have a c a r e | a l look a t 
finite oneç. We will t reat them odong scmilar, bat shorter lines. 
Let Τ ße a fmifcs subset of ^ such that \/а\/Ы С а е Г л a c & ) -^ 6 - e T l 
Let S 6e a subset of a». 
Together, Τ a n d S detergine Uve Jbllow/ing gawe G-f^S)· 
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Players I arci I Co-operate ικ prodaanq sowie a e T 
Player I chooses o.(oì, tKen plav/ег E cAooses a ( i ) , then player I 
ckooses a(2l, eie. 
These d\ou:es a r e subject to the condttion thctt, air eacK sto-ge, 
U e finite sequence produced until Uie^ belohos to ^ 
"five pla-V ertöls, and ends окі^ ¿f there ts ЙО co^túiacxtion of Уіе 
finite îec|uence wífcKin Τ, a n d player I іл/cns, tf tke f trai fuute 
séquence beJonc^s fco S; oü\enA/cse/ player iL, wKoSe Chberest ¿s 
m preventing player L from і/ імсид, may be s a i d to tven 
a e T 1 is called T- complete, if -. 3n [ a*<:n> β Τ ] 
Let с e ил с may be interpreteoL as a finite sacjuence, a n d also a s a. 
funefceon »vhose оіомсым ¿ς a finds set of finitfe sequences., a n d therefore, 
a s a strakeqy jor either one of the Ыо players in some game GC'P.s) 
A natural number с is called a strategy for player I in Τ if 
bjic) = niax(T) + 1 л VaПо-еТ л tgía) к е епл 3n[a.«n>€fP])-» а*<сы>€.4\ 
Ъг sei of all straíegíes fbr player I m l 7 is a fruife subset of oo, wkcK 
is oaUed Stratj, CT) 
Lilcew/ise, a natural number с is called a straieay for player Ι ¿η Τ if 
£D(C) « naxCr) +L л Va[ ( a e T к laCo) ¿ς add A 3nCa*«in>6T])-) а^ксСа^вТ] 
Ъе set of all strategies {or player 1 in Φ is a finifce subset of to, loKich is 
called·. StraJtj. (T). 
Finally, we introduce the notion of „ obeyinq to a strategy* 
For all a eu», с e ou, к/е define: 
a E
x
c ··» V6- [ ( a s 6· л а ^ о - л Cqífr) ¿s even)^ C&-<e<j(c) л a s &-*«=(&)>)] 
Cíe.·. tKe finite sequence a is the result of fonie ftnite play, 
in t\/Kich player I obeys to the strategy given by c) 
а ЕдС ·-• V ^ C C a e C r ^ a ^ e r ^ ^(fr) is&dd)-*(^<^íc^asft-*<c(ft-]>)] 
(i.e.·. tbe finite sequence, a is fte result of Some finite play, 
In tvhich player 1 obeys to the s t ra tegy qiven by c) 
We had to go tkrough all these definitions for the SaJt of the folloiving 
simple truth : 
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Ib.l.o Theorem: (Determtnocy op ftnifce games) 
Let Τ 6e a finite subset of ω suck tAat Wx t/6· CiaeT'A ac&) -? 6-e Tl 
Leb S 6e a subset of ш. 
Suppose: Ve e Stmt д (Г) 3 a Г a ¿sT-cowpíeíe л a £ a c A S(all 
Then- aceSti-oij-CT) Va. [(a ¿s Τ - complebe, A a EJ.C) -* S f a ) ! 
Proof·. The proof goes by ¿netuefcton or» т а к Ç f^ia) ( a e Tj. 
Determine few suck that ftj(F)« rnaxCStroijj-iT)) + 1 and : 
\/c€ Strai^ CT) [ f (с) ¿ε Τ-complete л Р(с)е
я
с л Ç(Ç(c)\l 
A stroteqv с for playw ί »ηα^ be divided, into different 
ракЦ eacb part answering one of fcAe possible ptrst moves of 
fche first player. 
Let uc consider the finite set K ^ :« ^ i [ < t > e Τ1]· 
Ac in 10.2, и/е defLne/ for eacA ce ω and teu), sucA that i< ^(c), 
C 1 := the code пшиЬег of the i-th subsequence 
of the finite secjaerte, codeol by с 
Ш claim that- З і е ІС^ VceStrot^tT) a d e S t ^ C f ) С с1~а> A f í«U)fc>^t] 
^ ψ WW í '-e-·· tbere is a subtree of Τ suck ttaí, 
^ s í < i ¿ ^ - ^ > whatever player TL is s c h e m ^ on this subtree, 
player I knows /\oiw to answer kim) 
For, suppose not 
(Remark that the statement which w«. »vont to prov/e 
is a decidable one) 
Kfe now determine, for each ieK^y | c^e Strat^ (T) 
such thoub.. V i e l c j ; Vd 6 Strata (T) Г с с = d* - > ^ ( < >) ¿ i ] 
I t is c l ea r fcbat, builotina c e Ç-trat^ LT) suck that: 
іеК^ Г с
4
- ( с ^ ] , we find. і е І С ^ C(fíc))í<>) i i l , 
i.e. : a contradiction. 
kfe determine t 0 e k ^ such that VceÇtrat^THdeÇtro^CrjrcVd^/JfidJj^^iT 
ie is a safe first rnove for player I . 
Let as cofisidet-, for eac^ ^'e k ^ ^ ·•« • C i N v p ^ ' 1 1 } the даяіе 
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GCP^S*), where T * : = < ί « " 3 > Τ . - ί α ( < i 0 , p « a € T } 
and S* == < i « " ^ S * - { a [ < t e f j > * a e S } 
С We relativtze tde game (r(.T,S) (¡D Ü« position <i0,i>) 
By our chotee of t 0 ; we k*io»v tAafc 
Vc feS t ra t jC^ * ) 3 a С a is Τ ^complete. A a E j - c * ^ * í a ì ^ 
a n d , as max { 2<^(a ] |ae r r *J < fhax f fejiaijaeT]^ ive may determine 
Cv e StrcLtj СП*·) sack tkufc VbuCCa ¿s Τ1*-complete A CLEJ-C) - > ^ * ( a Π 
Putt ing ail fcííese fckngs together »we fù id c e StraJti CTÌ suck tkctt 
cC<>) t « г 0 
and, (or a.* ¿e ^ < г · , for all a e <го'Р ιγ , 
О 
We e a s J ^ observe üxoJb Va Г ( a ¿s Τ1- complete, л û . E 1 c ) "* ^ба-П 
We skouidL complet tk¿5 proof by ti-eíxtgv^, sepoü-afceky/ tke case·. 
m a x ( ^ C a ) | a e T } < 2 
ßuüb tkis well be left (o (ke heoíler. 
S 
Remark, tkojt, ¿n tkeoi^em it.i.o
 y we dtdL not ¿mpoSe олу condit ion о« & е s e * ^· 
I n ca.se S Gs a dectdaiole s u b i e t of ω, we may of course, prove tAe 
tkeo^em by classicoü joggltnq witk cjitadttfuers. 
Tms iç an easy metkodL, bu i w>t ver\y protne^ing f o r tKe k i hd o f problems 
We a r e studytng. 
i t ^ A Simple example of a spread, is o^ ( n o r l ( c f H o ) 
I t Cs ¿и this spread. tkaJt we woLnt to platy o a r - f i rst enfenttfe gaines. 
S t r o n g nerves will Kelp you, wken playing ¿n ^¿mo^-
"liiere £ç one decisele move, сг. rpentioning tke f^rs^ i ù* the, seotuance 
o¿ K/ktctv tke players I a n d П. are wprhiaa upon. 
"ïïvtô move may be d o n e by ecther one of tke tn/o play ere , as long a s 
kis opponent kas nob yet n^ade Cfc-
I t L« possible, in cccse botk p layers ' l i ke suspense
 / Цга^ Поікілд каррелз. 
Wë fcken a r e wctKessing e n efvcLlessly p ro t rac ted edet war, in whtda 
tKe f u s t str ike is, Aecessart ly, the iasfe ohe. 
Ifvfe (A/Cl prove tkaJt, in s^mon » ev'€*'V д а » і е ¿s determined • 
Before doing so, we reflect, fo r a moment, on Strafc^ (^won) 
Tkis is another simple spread, not very different f rom σ 2 ι τ ΐ 0 Λ i tself: 
remark tka£ • \/цй S t r a t ^ Limoni ^m V n H f йи) ^ О л j í n ^ o ) ^ m=nl. 
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Fbr elementary reasons, tWefoi-e, StrabE (<raw1on) satisfies tAe conclusion of 
the fbn theorem (cf. МЛ) 
We waflt to ase tke folloH/ing corollary of tKe Can theorem (cf. I5.2)
: 
Let Î-€W(A* U a fan and Se^w Ce sudi Wiab S·· f->oü (cf.И) 
Then: Α·.= ( η J necJ | 3o<er Г 5И = njj ¿s a. fc'htfce subset of ω, 
especially·. tfafneA v-«(fi€A)7 
We now redeem очк nvord» 
ife.2.o Theorem: Let S &e α subset of "w. 
Then- D e t ^ ^ , s). 
Proof: Suppose^ VfeSfcra^C^^atfroiEn.df л 5(«)7 
Lisino GAC^ (cf. 1.9), determine 5еПи such that ¿ ^^^ д ^ и , ^ ) 
a n d : V p S t r a i ^ ^ ^ j i : δΙ^Ε^^ л S ^ ) ] 
We now deçcribe a strate« y Ζ fbr player I. 
What will be his first move? 
He considers A== { CSIfKol | j-e i t r a t j (^ 2 m o n)} 
As we remarked j'usfc before theorem ß-Z.O, ^cs t's 
a decidable subset of ω. 
Player I disfcinciuches two possibilitieç : 
If l e A , Uer» Zt<>\ ••-* i 
I f H A , tben ^ ( o ) ' » 0 
Wow suppose that the game has been played, for some time/ and 
players I and ÏÏ kat/e reached, ¿n co-operation, the position 
62n s < Ο,ο,. . . o ? (2n times) 
Player I stiH has a choice. 
He considers A . - ( (5І^(2п+0 | Jf€ Stratj ί<τ2ΥΛΟη)} 
"This i«, again, a decidable subset of UJ 
Player I discerns two possibilities·. 
If 5 2 n * < 1 > e A l then £(U2n) := 1 
If g i n « ¿ b 4 A, then 4(62n] : = 0 
This complebes the description of a strategy for player I, as, 
in ail other cases, he Kas no choice. 
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We have to sboiw that fctas straíeoy Ζ ^ ^ w e desenbed , is 
a wCnnmo straieoy for player I / i.e.·- that ^
0ieG
"2mor\^0lEi^ *^ ^ М І 
We tfU do fcKis by pro**?: Vo(6a
a w o n
 [aE I^-r3|eStrai J IC<r2 m o„fo(=Si^] 
(We Ka^ e 60 heason in tbt« care fai w/ay, a? ive do hot Icnoiw 
Kow complicated S es as a suhseb of taui)· 
Ferst, we establish that: 
^ [ и = /1рГ«(р)^о1 -, Зуе8Сгаі^(в-
гтоІ |іС »»кпГ^б»»)-р]А5І^жоі]]. 
Pappose new af«ci fv =μρ [aCpì^o]. 
IVe disUnoixisb Ыо posstbilitces: 
Case (0 : η ¿s otid. Player I has made the decisive wove. 
As player I has been |òlloiA/ing the strateoy ζ, we know 
Ыю*. V¡e Sfcratj (
 гтоп
) l (Щ) η
 Ä δ η ΐ 
Leb fr e Strat^ Cq-¿won) &e suefc thafe = oiE^jf,-
Remark: (SljrP)neÖ* a n d · S l ^ e ^ ^ . 
Therefore: ( δ Ι ^ ) Ν - oLl*)- 1 a n d : ^ ' f r - 0 4 · 
Observe that. Y0[un)=i and« Vni<nC к, (6mi = Öl. 
Case 60· M is е/ем. Player I Kas made the deciscVe moue. 
As he is following the strategy Ζ, be has done so 
for the reason tliai;·-
S j f e S t r a t j ^ o ^ j C (Si^(n+1) « Ön*<l> - О((л+±П 
We пои/ determine ρ S t r a t j í . ^ ^ ) suck that 51/ = «^ 
and observe that, as 5n = On and, осЕд.іг, also·. т<лГИбт)=о| 
Ufe now describe how fe find^ , step-by-step, /eStratj-C^^oh) S^ cK &α* 
Λ» Sí/. 
For oil η 6 ajy we say ·. 
-if n^iApfoitp) f ò J y Uien·· V»r»<n [^(Öm)=oJ 
-¿J п = ^ рГАСр)^ОІ
у
 then ^ ftiay be determined 
completely sudi that гл<п С^СОт) = о] Λ 8\](=<*. 
Observe thaJt ; fbr tfUs JT·. Vn Г^БІ^п =оіл]у I.e.·. Slv's oc. 
19? 
ІЬ.З Ine i-eadet- way suspect thai: üieorem іЬ.2.о generalízes to the other 
ínonotoíious sprecxcts ^„ю,,, ^тои»- ícf· < 1 · ' 1 ^ an<^ ¿t ^ 0 6 5 S o , ¿^deeal. 
Before proving i-, we first esfcab/ísh a lemma which ¿s also useful for other 
purposes. 
Recall, how we defyiecl, ¿n 9.ot |br all г-еши) onci aeto, a dectdable 
Subyet Icj of ω by: lc£ ·.= (njneuj [ f (a*<n>) = o} 
I f Те ы(л) is a spread and τ(α) = θ , the set ІС^ ¿ς the set of 
tratar ad number« by which the f m ¿te sequence a way be coKtínued wíthúa r 
(Ь.з.о Lsmna: Let r e ^w 6c a fan ojid S 6e a subset of шш suck that·. 
Vp Strafc^Cc) З л е г f (ХЕд^ л SM] 
"Then·· 3t6 IcJ^ VjeStrettir) З а е г [ оСЕд-у л S(otì л <χ[θ)=ί]. 
Proof: Usina (^АС^, determine Еешш suck that S·. Sbraí^ (t) -9 ωω and-
Rework that / ας ν is a fan, StraJt^Cr) ¿s also a fa«. 
LLs¿ng the fan theorem (cf 15.2), »ve calculate /η β ου such that: 
VffiStrajtttir) V¿€ Stratjj. ir) С ym = ?m -> ¿δΙ^ίο) = СЯ^)(о)] 
Let ¿'e Strata Cr), jf ¿s a strateey (òr piacer E uà r and пойУаМу 
jails apart Cnb d¿fpere*vt parts у 1, t e ^
 ) гаек роЛ ansu/ert/ig 
one of the f^ fst moyft thoU: a r e орея tô player χ 
Ας ^т already is sufficient Ь decidte about (5Ы(о), we 
may reason as in the proof op the determinacy of ftfufe. 
games, (theorem ι(,.ι.σ) und we dtxim that: 
ψπ/ 3 i e C> ^ « ι α ^ Μ 3 & S t r a f e c i [ f ^ « S , л(5|?)(0)--і] 
(ie.·, one of the first-level subfans of r has the 
property that, whatever player I pkwis (t\ this 
subían, player I knows some ansn/er to it.) 
For, sappose not. 
(Remart that the statement ivhich we, want to pro^e is a. 
decidable ohe,- we have to ехамнле only { ^m| ^ é Strat^(;r)l) 
lA/e now determine^ for each t e ІС^, ^ € Strol^iv) 
suck that·. Vieic^ V ^ S t r a t ^ t j C p m * ? т
т
 ^ СВДо)**] 
I t ¿ς d e a r that, btuJdina ^eStrat^ir) sack that: 
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Vie kj; С ^ = LfiW , we fend- іеіс^ С (Sljlfo) t<\ 
I.e. : o. coKÍradictton 
We observe that fyeStraJt^r) ЗОІЕТГОСЕД^ Л Sfoi) л otfo)» i
e
] 
owd s-tgK oar rejief. 
El 
Lei г е ^ ш 6e a s^ Aea-d and а€ш íre sack tkat г(а] = 0 
Then a r (cf. 1.2) is also a spread, cons issino of those ih finite seouences 
oí for ivK.icK a* ui £ г 
(a»<* is tbe ¿ftftnibe Se^aence и/Яьск we get by concaJte^ajt¿A9 the finite saqtuenot 
a and tke Сл|гіл>сЬе secjae^ue oi
v
 i.e.: a * OÍ e а. л νηΓα*οί(.<ς(α.)ι-η]-оі(^]) 
The sprecxd a r is the resoJfc of relatt^czin^ tbe spread r to fcAe position a. 
Su-ppose, in addition, üvat S is a subset of ω ω sacK that: 
' Vje StratjjCtI 3oi€T-C oiE^Jf Λ S(OÍ)1 
Let us Call a eu» sucí\ tKat r(a) = o a poSction wkek ¿s S-safe-fbr-pla^r-I 
if: Ic^lcù ¿ç ei/en л VpStrat 1 I C
a
-r) 3<У€ агС « Е ^ Л Sia»«*)]. 
We have seen, in lemma іЬ.З.о, tkafc. 
Э І Е І С ^ V/felcJ t> Г ^ S p ¿s S-safe- £>Γ-ρΙαν<^-ΐ1 
ІЛ/€ eacdy generalize this to tKe followLnq condus^on: 
а[(іг(а)тОл a ce S-safe-(òr-pi ay e r - I 3 - ^ 
іб.Ч Iheorew Lei S &e a subset of ш(м and шеи;, w^2. 
The- ^ ^ m o n . S ) . 
Ptoof: Suppose: ^€5*1сй
Е
Св-
И ( И о я^01е<г т 1 | 1 О Г 1Сл^Г A S M 
Us¿n^ GAC^ (cf. i . g), determine Se «»ω suck tbat δ = S t r a t ^ ^ - > «„ 
and= VjeStrata fcWm) Г £ |Г е , тт<иоп л δ Ι(Τ£ΐΐί л S ^ W 
Let S* !={o<|0ceo-m l H o K |3 i€Çtrat I C(<rm W o , ) i :ot = 5l i3} 
Remark Ü»at S * Q S . 
l\fe advise player I to qo, eacK tune, to the rúghtwost $*-&з$г~ 
position, but we ИІ reftne this adi/ite in a «omeht. 
The proof that sack a strateq у wdl bring victory to player I , 
¿S by ¿nductton to wi. 
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Suppose, tterefbre, tkxt m>2 and tínat tKe theorem has Ьеел proved. 
{br all m', m ^ m 
(The case ni=2 bas been tajee* care of in theorem /fc.2.0). 
Let us fnalce a starb Wtth Wie descrCpti'on oÇ the strategy ζ, which 
we want to cow mend to player I, 
Using the fan theorem ( which is an elementary tlieore^ ûi the 
cace of these hnonotohous f a ^ cf. theorem И.Ч) we ftnoL icew 
Such thai·· ^ ^ г с Д £ ( ( Г
т
^ ^ ?
е
5 ^ а Ь
й
( ( Г
м я | о Г ) ) [ ^ = ^ ^ ( Е І ^ о ] = В Д ( о ] ] 
FblloH/ing the proof of lemma ІЬ-3.0, и/е distin^utsh tkwo Cases: 
CaseCil· 3¿>o ^ e S t r ^ ^ ^ H ^ e S t r ^ t c r ^ ^ i : ^ Α . ξ Γ ^ ^ , ^ μ · ] 
In this case, we choose such a humber, say i 0 , and ive 
detergine: Zio) •= ¿о 
Remowlt that after the ansiA/erûvg move by player JE, tve 
reach a position <іо,І> such that 
Observe that <to^>(5'mfnon t s isomorphic to Some 
АррІ>/ілд the LhdttCtton hypothesis we blow Ifiow to Complete 
the construction op ^ as a іл/іппілд straxeg^ for player I . 
CaseUO -> CbseCi] 
Мои/, it seews that player I heed not hesitaie very long: 
іл/е determine·. 2, (<>) ==· 0 
From lew ma ІЬ.З.О іл/е кдоі that·. 
¥ s t r a t j [ ^ m o n ) ^ ^ e S b a ^ f i r ^ C p 4 . | * l л ίδ^)(ο)-θ] 
It is clecwr that player I has made a sensible first move. 
BuJt he does soinethtng цюге. 
He is а иегу humcui being and he wonts to кяоіл/ vd\a£ 
player IL wouldi have done, shouid (49 (player I's) first 
move have been différent. 
Mot catchihg player I's intentions, player I does hofc WQ/** 
to tell, estimating tha^ in any case, a bit of wyitery 
2 0 0 
iviII add to Kcs reputation 
Player- I, tberefbre, Kas to make a coh/ectare 
ChewL'ng OK the proof of lemma lb.3.0, he f^ciç u0 in 
Strata (<г
т п ю л
) sudi Uiat: 
andj tKerefbre. 
Player I Mow suspects fcbat player Σ n/ouJd Kai/e 
¿wiswerect a possible move fco <:Ό>, t>o / by follotvcng 
fclie s t ra te^^ C^) 1 
In reaJcfcy, koiveii«^ kts first move is to <0>. 
After tKe ansiwerinq wove by player I w/e reacJi a 
position < 0 , j > · 
Let λ e s t roJr^C^ ' í 'V^^) 
Determine ^€ ^trokjii^inmoii) £uc^ ^10^'· 
a n d remark: («SlH Ед^  ^ л Slj € < о , р 
Let U.S dejìine: 
l\/e observe УіаЬ 
We, of coarse, do u/idersband ц/hat player Г ¿s aiming αέ 
as we withecsed kis ivrestím^ in tí»eo»-e»n ib.z.o. 
He wants to ensure tkat, if oí is a game played accordtfcg 
Ь kis itraJfcegy Ζ/ we aire able to find Д€ Stratlt(<TnlmoK]j suck 
tkafc: a=· Slju. 
He will be successfuJ ¿f he continues His strategy in the. 
Way he bas begun ii. 
Wki|e ΙτναΙαηα Ζ, He diooses, рэ^ each fttuj sud* tkat Щп+і) 
belongs Ь 2 1 U ) I a S t r a t e ^ ^ и from Σ^ t<rmmoJι Çuck tkafc: 
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(0 Bi2n+0 e 2ŒC^Î 
di) As α conjecture about the strategy used, by player TL, 
/*„ extends ^ „ . , , i.e.·. 
V o I ^ W ^ 0 A ^ a ) < 2 n л ^ ^ ^ % - я-, I 
№•) VjéStrofcjfr.m^jr ^ [ ( ^ M o n í a i = O A j ^ a j < 2 n + í A 0 f a W 
(Placer Ι Kas »nade the moye ^ о т Q2n fco б(2п+/), OMÍy 
becow.se Ке IvicL ио otker safe pc>cscbdt¿y. lihts ¿s ^ Ц Яе 
juay cleJterwuKe μ
Λ
 Sudi tkiJfc UnJ йоиз.). 
Yk dofifie., (or eacK netu, feu; sucíi fcjtat ·· O^n+0 +<}'* € ^ j í · ^ '· 
And we observfe fcKaut: 
We How sec Kow player I ¿s Оосла to Мл. 
He is fccying to leave tKe.spine of o " V m 0 n a s soow. as possale. 
І кіІе biuldtog, ik co-operatton witlt pbyer I , a secjaence 
oí €0^, he conjectures niore cxnd, more about the 
tfrategy / i e ^ t r a t j ( ^
Μ 0 # ι ) lA/kcck is Ь fußffb o(=SI^. 
WKeii arrùrin^ a t 32n Ke conjectures the value of ^ on a t 
least all positions of length <2n. 
Aç soon as the play, ei ther by his ow/n dtoice. or by the 
command of player I , leaves the spine of öV,WOh, player I knows, 
usövj the ¿nducfcibn hypotheses:, how Ь> complete oc and μ. 
Ih any case, both d and a. are grofc/ina, step-by-step, Gutd, 
observing theiu; we establish: Mi С «n = CS/^nJ/ Г.е.·. o¿= 5lu 
We abitacn (row a formad defmttibn of ζ, and. v»/e guess that 
the reader in/id hot depb^e tiuç dectscon. 
2 σ ΐ 
ІЬ.5 Player I , bavùig lost Kis fear of player IT, is broodtoig on fcacttcs to be used. 
in {ans otker bbcm tbe monotonous /iuis, whick, иоц Üiat be has seen khrouqk 
Ünew, do K\ot attract Ілім аяу жоге. 
I t does not seevn easy fe g^eralcze fche proof op fcAeor€»n Ifc.^  
P/ayer I Wis successful en tlie inonotonous fans, because., iviitfe ріауіио 
a rim OÍ ¿η sucU a few, he ivas able to guess large parts op the 
strategy whicK player IL appear eoi fco follo и/· 
As be окі conjecturecí on the possible behemour op player TL си parts 
of the monotonous fan that the^ could not e>iter any wore, duttng the. 
present рІау
у
 Kiç dreams ivouíd never be disturbed by reaJity. 
In general hoiv/everj he has to base kis »noves ом a supposxtüo« 
ConcernLng the fatare doìnas of player E, ateo at some posctions 
wtach they still mtghf: come to pass, ¿M the jtirtker coarse of the доле. 
Player I might be hustaJce*, therefore, ¿и his asscmpfoòns reqprdinq player JÍ 
the wore so, a s player I i/vdl try to thw/art hes eApectoLtions. 
Тйае^  We have to go a neiv way. 
Happily, we iearr*t a lesson from the dasstcaJ adventures of the axiom 
of determinacy, 
We ßrsfc try to рпэиз it, ¿n case the pay off-set S ¿s rofcKer simple 
Сіл the Sense of the kypercu-CÜMme-ttcal hcerarchy). 
In this section, w/e ілііі come ahead. v>/¿th Q-ale a n d Sfewaurt 1953, and prove, 
for fans Cn general, the deternunaoy of open a n d of dosed sets. 
jb.5.0 "iheorgm·. Let r e ^ be a faw and S t e a Subset of ши) such that Se Σ°. 
Then: DetCr^S). 
Proof- \À.Unq theorem b.Z, determine a decidable subset A of ω sucK that-. 
VaCSÍa) ¿ 3m[5meA]] . 
Suppose tbcLb Vjfe St ra t j i t i 3ο(€τ·[ ofE^K A £(&)}. 
Then: Vre Stro±K(r) 3οί€ΐΓθ»ηΓ oíEjjy л öiMeAl· 
Remark, as en the proof of lemma /έ>.3.ο, that, as t ¿s a fan, 
Sfcrat^ (г-) is also a few. 
uLs-cng the fan theorem (.cf. Ι5.2.ο) we calcuiaie Meco such that: 
We stroJbj-fr) Botet- Вт Г d e ^ л 5m e A л m¿ IM] 
lA/e define: T . - f a J r ía)»О л Ціа]йЩ and-
A^.-fa) aft-Casb- л β-€Α7} 
We observe: Ve e Strat^ (?) З а С a ¿s T- complete, л а е £ с л a € A*] 
2 0 3 
Ійе finite game (rCP,^ *) is determOiecl, accoroltng b theorem ib.io, 
aiid »ve caJcixlate ceStrafc (T) such tAafc 
Wx[(a is T- complete к a EjC.) -» a e A*] 
Rewcxrlc tKat for ail re Stratj-Cr) ivjuch agree witK с on Τ : 
Voifef С OÍ Ej.^ -> ôlmeA*], and·· ^erToiÊj .^ -» S(oO]· 
В 
/b.S.i "Ійеогегиі Let î-e ыіо &€ a fem cwd S be a subset of '"ω sack thai Se. Π",. 
"ТРіел^  Dee (r, S). 
Proof.· Ustiiç tbeorem Ь-7, debermi/ie a decedab/e sabset A op a/ Scicfo tí»aí: 
VbilTSfoiì Ü т Г й т е А^ . 
Sappose fckafc: ^е Strat^tr) Soi£v[oCE
a
 J' A S («Π 
Let us caJI a. e ω suck tkat г(.а)=0 a position which is S- iafe- for-
plav^ I . if"· V a ) « ели л ^eStrtxt I l( ar)3oí€ ar[o(E I [y л S (a**)]. 
Using lemma. іЬ.з.о and kbe subseouent discussion, we find fé Strai^tì 
Such that Va С τ (а) - О л tytot) ¿S even л a e Σχφ) -» a ¿s S- safe-fbr- pla^ €r-l7 
RemaHt fcbal: ·. Va Г С r í a b o л a £ς S - sape- jbr - player-1) -> VfrCac &-» 6-e A]] 
and, there^re- VcKerCoiEjy -? WnfôimeAl'I and· 
Vocet roiEj.J' -> S H l 
a 
'b-t The qodi. are srniling upon us, at our next undertofceng. 
Tbe determinaci of iï°- a n d 2 ° - sets kas to be conoaered^ лоі . 
it-6.o Theorem: Let τ€ωυο be. a fixn and S fe a subset op W<M suck Ü»afc S e n f . 
Then·. Det(rS) . 
^ppp' W-Sing tKeorems Ь.І2 and t.2, ive defermine a sequence AOJAin... 
of decidable subsets of ω suck thak-. ы Γ SM ¿? ^ З т Г о < т е А
п
і ] 
Suppose bKat · Vjë Strat ^ (τ) З а е г Г oí Ед^ у л S(o(ì]. 
Usina GACfi, we detsrinine Se^^o suck fckat. S·. Strotzt) - ) ω ^ 
and V^^trat^lí Sì^ef л SIJEJ,. ^ л S(5I^1 
As Г is a fan. Strainer) is also a few, and, applying tte 
|ал tkeorem fc|. IS.2) μ/
β
 deíe»-»nine a sequence Wp.m.,,... of naturai 
2 0 f 
numbers such íhok Vn V^ e StraJb^Crl 3mCm<mM л (δψγη e A„l 
N/exfc^  we cieft^e a subset S* op ωα> b^·. 
Іл/е obser/e tKcaJt S* s ζ олсі Üiat. ^ЙюідСгІЗАегГоіЕцУ А С*(
в
Ц 
As in (Jie p»-oof of Uieorei»! it.5.1 wc pend r e Sb-at^. (.r) sucfc f Août 
аІ[ [о)^0 A Pg(a] « е ел л аеЗ^Сц))^ a ¿9 S*-safe-fD»-plQyer-I]. 
Recall tkxt aeuí sucít íhoJL f(QÍ=0 (ς called S*-sa|e-&>f--plQ^€r-I 
φ fijía) Cs even A Vjf6ftrat t tíar) Зоі€*гГ « E,; ƒ A ?Va*«)] . 
Remarle. fcKajfc : 
ΙήιΓΐ/αΓ(τ(α) = 0 л a is S^sefc-fbr-player-1 л ^ ( a ^ m j - > Зб-Гасй-АМ
п
1] 
Therefore: VoíerrocEjJ' -* Vn ЗиіГт^. m,, л Ъте Α,,Τΐ-
and: VoíerEoíEj^r -» Sl&tì]. 
We mCgKt have cohdaded tke proof oiço by percecving tbat 5*€Π°. 
Oud Ькел referring to tbeorem lé. 5.1. 
THe proof of tte debermihacy of Z^-suL· wii be (n Ыо steps. 
First, we make Q- remark iv^ ccM improves on lemma. lb.3.o. 
Leb T e ^ u ) tea spread Owd S ße a subset of ш си. 
V\fe define a subset W ^ t S ) of ω by: 
H r i S ) : s £
a
| riaUo A^ÍOÍ ή even л V^eStret^^r) 3o(€atC«Eí[y л£(а*ос)1} 
WfíS) ¿s tKe ret op oH positions in r iwkcK are of even ІелдУ» and 
ζ-safe-for- player-1. 
Ifc.fe.l Lemwar Let Tfe^w te a fan and ^ „ S , , - ^ 01 sequence of subsets of ^UJ 
sudx Uiat, V^CtratjCt-ïaaerCoce^j- A З п Г ^ М і ] . 
The* •. Vp Strafe^ Ciri 3 a [ r i a i = О л a € S^C^ л 3n [ a e W
r
 (С
я
)]]. 
Proof ·. lisina G-AC ,^ determine БеПи Sud» that S-. Strot д. tri -? ши) and 
VjGStratj.ttìC S l p r A 5І^Е
г ) - л Зп[Сп(&1^] 
Re mark. ¿ К ^ a s f Cs a fbn, Strot ^  Lr) ís aJso a fbn. 
Let j-c Stratjj-Cr). 
U-Sing tke Çcm tKeoreW; (с .^ 1S.2) we calculais wieuj, песо such tfeut·· 
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We consider ^»yi' 
f m is α f «Hite initial part of a çtrctte^ for player 1. 
We define a subset В of u> by; 
B·.«. J[ a | t(a)^o л ft^a) ts ел/ел л m < a 
A ^Г(ае ft- A a + &• A ^(4·) ¿s е^ел) -» (6-<m л а с ft- *<¿(6)>)]i 
(Wheh arriving at a position in 6, player Ж bas to make up 
Kis mind, becauise, [Vom now от, his moveg are nofc deterftu/ied ouiy 
меже by Fm). 
WKen we cKoose^ , for any member a of tlie pi'm'fe sat B, OL straifegy 
^
a
 in SVat ( a r ) , Уіеге exßts exactly one sfrate^y ζ WL 
Strat^M sucK tKat I m - f m A VaeBC a-2> = ? a ] . 
Rsmark fchat : V^eStrtxtjjir) Γ ^m*fm — 3 a € β [ £|ζ e a]]. 
Using Уне -fan theorem, we calculate реш such M»at p?>m and·· 
^б Strat1 L(f) Vn6ÇtratJI.(r)[(^m«ijm=^ л I p ^ p ì - * VoeB[SI?éa^Sjr|6al] 
(i.e.: for any Ζ e S-troJt^  irì such УіаЬ | m - ^ ^ it is safjfxetent 
to know | p , ¿И order fco decide wkicj» »nember of 8 S/^ (л/Л 
pass tkrc?ugk) 
Lei 2, e StratjCt) Such fchaé f m = fm 
Ζ /latwajly falls apar t into cUfferent parts 
а
^ , а б В / eac/i oie representino a continuaéioM 
of ^m from the position т. В Ь ІА/ІМСА 
player I likes to go. 
Reasoning exactly a s wt the proof of lemma /¿.3.0, we condixäe-. 
З а е В V^e straber) Γ | ιη» f m - * ЗЦЕСЬО-Ь^Г) Г i^m^fm л 
д
 α
η ρ » ξ ρ л δ|η e а ] . 
CaJculatina Sach a numbei; о. We observe: 
i.e.: a e W
r
 (Çn). 
BI 
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(t».í>.2 Theorem·. Let τ-e ωω be α Can ojid S 6e α subscfc op ωω suck that S e Z ^ · 
Then: DetCr^S). 
PrqoP : Us-tng theorem Ь.іг we determine α sequence S^,^,-. of Subsets 
of ыю such tKafc М Г С е Г Г П cwd S « U С
и 
Suppose that·· fye Straijj Cr) Зо(€ Г С« Ед. -^ A ÇfoO] 
i.e.: ^ € StKxtjj. Ст) Зосег [ ^Ед- γ л 3n [S^fail 
Us-thg к и ш а ІЬ.Ь.І^  we obsei-νβ tKat: 
VjeStra^ (г) З а Г fíaj« О л a e 2
Я
 С^ л Эп [ а е W^ ß^ill 
Reading tkroagli tbe proof of fcheohent /t.S.O »>/€ See tkt£ ive 
way use it to f n d ^eStrat^-Ct^ sucK üout: 
Wxer f oí Ej φ -» ЗШЗЙГ ôiW6Vv/t(^n] 
(We пед/er used tKe fact tKai: the subset A of ω, wkicA ÍTCCU« 
in tKat proof
 / ι'ς a dectdoble subiet of ω) 
Assumirvg Üie gratefuj Koíe of player I/ we ob«y to this 
strategy ^ and call ü>e play tkat now develop?: oc 
Quietly, itfe WoJte our Moves, bat when we come up to a posdion 
am, sacb that З и Г 5 т €1 Л ^ . ( 5
п
) ] , we ask some time por refketiw. 
We. caJculafce new iach tkat ôcm 6 W^ (S^) and. we observe 
that V p S t r a t j ^ t ^ p e ^ r [ (^Ед^ л ÇnCsm*^l. 
As 5
η
€ΤΓ°, vve recall theorem ikS.l a n d fend a strategy 
^éStra t j .C^r) fack tkat V f i e « w r [ (b£x? -> S^CSw»^! 
I t seems wise to be obedient, from now ОЙ, to this strategy ¿I 
Qnd we do so. 
CoKtinuinq the play, we are sure thai o( will betong fco Sn Q S1, 
CLnd this is happinecç. 
В 
lt.7 The reader who is dasçioally educated, will expect q. bng series op 
further adventures ¿n determinacy. 
But he к/Ш be OUsappointed. 
A slight extension of the method used ¿и t/ieorem lfc.b.2, solves the problem 
once a n d for all. 
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it>.7.o Theorem-. Ut r e ω ω 6e α (ow and S 6e a subset of'"ω sacíi tAoè 9e Σ ' . 
Then·. Defc^S). 
P|-oof ·· Llstng theorem lo.l и/е defcermine a decidable subset A op ω 
sack tAat Wx [ Siot) ^ 3p ^m I <&»», рту e A]]. 
Sappose tKa£: V^e Strot д. Cri 3 a e r Со^ Ед. jf л SM]. 
We agaùA ¿mag¿he ourseíves to be player I for we do not like 
games that we do not win. 
We deftne, for eacK new, a subset Sn of ω ω by·. 
S
n
 ·· =· f « f Зр т Г <âw/pm>GA л p.(o^  = n]j. 
and. we observe fcKat 5 = il С, 
neuü ri" 
Appl^tna lemma. lí>.é>.l, we remarít fciiat: 
ала, using the metbod of tKe proof of theorem ¡(0.5.0, we find 
a strateoy f0 e Strettj ($) sudi that. 
VO<€Ï-C of Ej. y0 ^ am Эп С am е.
 г
 ¿Sn)]]. 
We now start tKe Qame, producing, in co-operation with player Kt 
a play oí while keeping to the s t r a í e ^ JO. 
ІЛ/hen W€ come up to a position am0 such that 3n[ äme€TAZr(Sn)] 
We ask. for a break. 
Remark, that we way α ς came that m
o
>o. 
Iks follows by a short ref lection on the proof of lemma lí.é>.| 
ІЛ/е May sligfvtly modefy the deftMition of the set &/ 
телЬопесі there, to ensure that ail numbers Сіь В have 
a bosctins (engtii. 
We calcolate n0 such that 5 м в £ ГТ ( 2 П о ) a n d we observe that 
r(äm)«0 A meis ewen л ^ С Ь т ^ р ^ З ^ ^ ^ г Г ^ Е ^ A S ^ V ? ) ] , 
Therejbre·. VjeStrat^ ( 3 · 4
τ
) 3 ^ € B V 3(it ξ Ε ^ л 
Especially .· « а (о) >} < n o » e A. 
lAfe get it іпЬэ our head, to produce, wKile « o(evelops, a sequence 
$ешы such thai: VmC^m^ftm^eA]. 
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We stm-t this project by patting: |b(o) ··= η 0 . 
We define, for eacb (reoo, a subset S{&) of ωΐΜ Ьу= 
Stfr) » [ O Í [ З^ Vm[<5cm,Âm>eA л p>€U->7l 
Remark bkai- VnC S(<n>) » S J arvd-· V ^ r S Í 6 ' ) = U Sffr*<n>ì7 
v
 " ^ new 
Ik n/cil be cleour that we hai/e Ьэ f-epeat oarselves 
Arqamg (ike we did before we started fcbe play «, we ftnd a 
strategy ^eSfcro^ ( ^ ^ r ) sucb that: 
С
€
5 М
в г
 [ ^ E j j j . -* ЗжЗпГ 5.№io*|m € 'Цг(5(;<пв>*<п>))]] 
We continue the play oc; keeping oargelves to this strategy ^ , till we. 
^eacíly in co-operation witK player EJ a position öfwi, sucA tíia¿ 
m1>nil) and·- 3 n [ оіт1 e ^ г ( С ( < п 0 > * < л > ) П 
We cojcalaute n1 such tKat аиц e ТТ CS(;<ii0>*<n1>ì) , observe 
thob < ^o((o)Joi(i)>, «tfjiio), a , » e A and, confidently, put |i(l) ••= ^ 
And tKus we go on. 
Mule plavyinq oí, we find a Seou-ence % , Ь0, пі1э în,,.... 
of natural nambers sucl\ tKat: 
(0 V U wi£ + 1 ?m 4 л ^ С ^ Ь ^ + І л ^ + 1 S ^ І 
сч Va Г àm4€ W^ÍSCMl 
In order Ь move (rom ótm^ fco öim4+i} we use a sírafcegy 
í t+ i ^^ 0 ^ W e f^01· by сад application of le&wia iG.fc.l 
Finally, we coroidei- tKe sequence fte^u» tKat («Jfils·. 
\/iC(î(.^+i)=(r tl and wfe observe that : пГ<5іі/рп>еАІ/f-e.· Si«) 
V\fe hold a small reception to celebrate ou*· victory. 
В 
Actually, we have nothiAç left to wish for-
Ifc.y.l "îïieorçgt (Determinacy of games ¿n íWütry spreads) 
Let t e ^ i u &e a fbn and S 6e a subset of 4 « . 
Then: î«t(r,s). 
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Proof ·• Suppose that Vj-eStra^Ccl 3OL€.T [ot Erf л S(«)]. 
Usthg G-AC11( determine Ье^ш sucí. fcKat S : СЬгоЬдСтІ -^
 w
ui a n d 
VfeStratjC^r δΙ^€τ A S I ^ E ^ ^ л £ ( ψ 1 
De.p¿ne a subset S* op ωω Ь^-. 
S*.= [oc I äfeSti-at^CeJCSlf-oilJ. 
Obser/c that S* с S оиЫ , V e^ S t r i e r ) ЗОІЕГ СосЕд-Г л S*^)] . 
Moreo^ev, S* ts strictly oncxlytLcai cmot, fcbecefbre, belongs to Σ, (cf.lo.f ) 
Applying theorem ib.7.0 uve find ve StratΛτ) suck that 
Vrter [ oc E.j.j' ^ S*(OÌÌ7. 
This satisfies us. 
lt.8 liieorem it.f.1 admets of a minor extension. 
Suppose that T€ ^co is a Spread which fulfils the condition·-
Va С ( r í a j - o л C í^a) is add) ^ К* is finite]. 
t" need not be a fan. 
When a game &(г, s) is enacted ¿n the spread r , a moue by player IT 
is aWxys the result of a choice among finitely many possibilities^ wheteos 
play-er I May be offered, now and the«, an ¿nfutifce list of alternatives 
to choose {тот. 
It es eotsy to see that Strat^lf] LS a fWtary s p r e a d . 
Assume that S ¿s a Subset of По such that ^еЗЬг ±
к
і )^о(.е [оів^ л SfotfJ 
As usual, we deterirvine, With the Aelp of 0Ν2^
ί
^€
ω
ω such that: 
i-. Ягаід-Ст) -» w w and Vp StratjjCr) С Slj-er A &l$EKj[ л SCSlj'H 
lLs¿ng the fan theorem, we observe thai, jbr each new: 
{ (.&lj)n | j e Stratjj. (f)} is a finite set. 
Therefore, the range of tíie function S is but a tomfed part of the spreaolr. 
Workcng steadily, we filad V* €Μω such that: 
0) t-* is a pïUfcary spread. 
OU Τ* ίς a sübspread of г 
C»0 Var(r*ía)=o л fyfa) tsodd) ^ ICj*
 Ä t^ 3 
(ivj VjeStratjj-ír) f S l j f é t : * ! 
Hayer Γ ΐς oble to ensure that any play ¿n r is actually ¿и t · * and, 
of Course, Ke Resolves to do so. 
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This restratflb pays ¿fcselí1, becauç^ ООІ , tAeo^ew ib.j.i applies, a n d player I 
will steer by the ivmnihç stroíiegy that tbts Уіес*«»и fends Ьііи· 
Finally, we ask. ou/Seli/es tf tKe above-mentioned СОИСІСЬІЬЦ ¿ς necessary·-
Suppose tkafc te ωω is a spread. SucJ» tliafc. for all subsets Sofoco: 
DetCf.S) 
(If Ьйе haoe quarttfier ¡for aJI subsets S of "Ό»* ІА/ОГ ries you, 
y>a may safely replace ¿t by··
 0 for aJI S c S ; " (cf. ^б?)) 
Are wie aJlowed to infer that \/αΓ(τ(α}=θ A ftjía) ù odd)-? KJ ¿s f¿nAttl? 
We are not, for example, ¿n the extreme case tkut player I лаі/ег bqç a ckoice, i.e.-
¿f ^ а Г ( г ( а ) - 0 л 2о(а.) is еуел) -» К^ ^ exactly оле élément^. 
But ¿t seems feaeonable to require from r that: 
У а [ г ( а ) = о -» Je* has a t least Ы о eJements"^ so Уіа± there a r e no 
compulsory moves IM T. 
VOM/, the conclastoH ¿и question may be jusfctf ùect, as follows: 
Wi t rea t an exemplary c a s e . 
Sappose that ·. 0 e ІС^ , 1 e kjy 
We prove that IcJ^ ¿s a -pirvCte set . 
Let f e ^ . ІЛ/е Oleftne a subset S. of Ш(АІ by = 
S y ! - C d |COÍ(O)=O Α νρ^οί(ι)Γ^ρί»οΐ) ν (оі(о)«і A 3pC^p)^Ol)] 
Remark that·- Vqe S t r a t ^ (г) Зоіег [лЕд.^ A Sfafl = 
Let η e S t r a t ^ (τ) 
Determine · OÍ lo) ··« o ¿f \/p ¿ η (<0>) Γ j (ρ) -o7 
: = l if not 
IPierefore, we may find ? e S t r o t ^ r ) such that: VoierCofEj.^ -» Sfa)] 
Consider ^ ( o L ovid oLtsttnauish two cases : 
0) 2(<>) = 0 , then·. Veje fC^ VpC p ^ q - , ^ p i = a l 
(io ^ ^ ^ - 1 , the#.: 3pr¿r(p)^0] 
U/e are able t o make this decision jor every j 'eo- i m o ( 1 
Us(>>o G-CP, we calculate New sucK that: 
V i e ^ m o M С fW-ÒN/ -^ V q e k ^ V I p r p á q -^ j i p h o j 
СТйв aJternattve possibility tmmedUately leads fco a contradtctton.) 
V\fe remarjt that : Vqe kj0>i (]< Ml, a n d : t j ^ is a. /i'ntte set 
Observe that the sets S*, which occurred in this proof, a r e only Σ.\ 
Tbe results of this section improve upon our refufiatu» of CRP*· in IS1 
a n d may be related bo the discussion in 'S.w. 
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17 APPENDIX· STRANGE LIGHTS IN A DARK ALLEy 
We níet with Ignorance, ditrinq oar long trove!, on wore tKan one accasion 
Livmg un the modem age, we should aslc oarse/vec, if oar failure to fxght 
it down is hot explamed by the poorness op our equipment 
It might be. that the axioms of yitouiionistt analysis, a« we paraded them 
in chapter 1, do not decide Sowie of the qaestions that keep ας awa¿e 
Vie. should jump üito metamathemaíics 
Mach work, has been done on the friefccunafche*ncttocs of intuitioMistic analysts, 
but, mostly, classicaj interpretatiotis of tfittutionistic fbrmal systems were looked foi; 
und found 
Tnerefbre, the results of this dtsciplme haw/e to be welcomed with caution, 
approximately, like the findtngs of a Japanese professor i*\ Metherlandic studies, 
on heading doseJy a. Dutch poem 
Inttutiomsm should develop its own meíamathematícs, but, until now, perhaps 
because of its famous distrust of logic, it has dohe » only with great reluctoflce, 
and very partially. 
Great things will not be done tn this chapter 
Ite meditate, brtefly, on an agonizing problewi that i^ e are carrying ^ак us 
Since chapber to, uu , whether K\ < £{ 
'He classica] devil is pr^ared to sell as Q WO fco (Jus questioM tf we 
only gute up some very tiny part of OUJT Soul, it does not seem to matter 
which or* 
Wz try not to lisfcen to hiw 
The light that comes from adding semi-dassiaxl assumptions to the axioms 
of intuitijonistic analysis, is arttficíaí light, and personally, we prefer to 
sfcumbfe under the t-wuakimg of the star^ although there are but £и/ of fchew 
I70 We. first consider a generalized form of Marhov's principie. 
G-MP Vrt[ —'Ξη[«fr)»Ol -» 3»»Εαίη]=οΊ]. 
VJe discusseci GM Ρ a l r e a d y , just after theorem Sis, a n d hawe see*, ¿л. 
theorems 5. ifc-21 other possible jbrmuJations of it 
G-MP also (recurs a s the last (fcrmula of к leene a n d l/es ley 1965 
a n d ¿s the subject of that bock's section J?. iSZ 
Many tweaker) versions of it, and thec'r relation to Lntiutíonistic arit/imetih 
have been studied^ mainly by classicaJ methods, cf- Troalstra 1973 
\iJe femarlced^ m b.is, that acceptance of G MP fc/ould W e saved as the 
trouble of establishing the arithmeticaJ hierarcKy the way We d id it i/h, 
chapter f 
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Even the ptou.d AyperartfcJwettcal hierarchy sAKvete - when touched by GMP-
ihto a ratber obvious рКелотеиои 
IJ.O.O RemcvL· Ip A J i E J , the« -. ff MP 
Proof· Suppose A ^ E ; , i.e.: A^ e Σ\ 
Then also: f OÍ | ц 3r\ Γ « ( < 5 η ^ η > ) ^ o l j e Σ1, 
U-SL'ng theorem ton anct AC00 we find fte
 ы
ш swcK tbaí: 
foc| fyЭпГо((<:ай, J f t ^ o l } = f ° Ί % Vn Γ ρ(<δι.^η>) = Ο]} 
Speciciii2ing, we fW: Vj3n[ ftí<p.n; р ^ ^OU ¿? 3^пС(і(<р.п,р>)=о] 
and, tkere(ore · ^ Vy 3n Γ u(<j5 й, ?л>) 4 Öl л ι Э^ toi С ft( < δη, ?η y) = θ ] 
Ustn<^  (rMP/ we observe^ i t y - η 3ηΓρ(<δη # Ρη>)^ 0 7 , α η ο 1 : 
-•-
1
 Зу \/и Гр. l^ jSri, y n > ) - O l 
"Ιΐίις ίς a contradiction. 
IS 
17.I Another fctficy; which may a t t r a c t s o m e ha l f-heat tedt ¿ntuAoMists, ís tAe 
fbUowtng scheme^, p r o p o s e d by iCaroeta 1951. Ccf Wote 11 on page 217) 
KUR Let P c w. 
If VnC-.-. Pin)] , the^ -.-. VniP(n)l 
AK únmedUafce cohSeauence of fcuR is, t^cU fo»- е ежу subset Ρ of UJ: 
VrCPCh) ν - P ( n ) l - n 
17.10 Remark·. I f AJ á EJ , еКел ^ ICUR 
Proof •• Suppose·· A ^ E j . 
IXs-üxg theoneín 10.1 we defcermihe a dectdable subset A of ου 
Such that. Vo(С A; (ОІ) ¿? Щ пС <&*, fη·> e A]]. 
Now, We define a subset A* of tu by ·• 
For all n e ω 
n e A * ¿* З а З с Г n = < Q , c ^ л fej(ci)= fcj&l л 
3OÍ Зу Г oie а л ρ с л р Г <S^fp>e Al]] 
(Hens, ^ > is the piMctCon^  introduced in 111, Which fUses 
two fCnite séquences of e^uaJ length into one finite 
Seouenae of the same, length, operating tike its ncunesaUce, 
a. pairing fúñeteos on ^w). 
213 
U-Sing Kunoda's scheme <uRt We observe Uicxfc: -»-» иСпеЛ* ν --(neA*)] 
Let us assotme, fbr tKe saJce op oirguirienfc^ thout: Waf/ieA* ν -»ineA*)]. 
RemaHc (Jot. Vn С Пе A* ^ 3p[n*<p> e A*l]. 
"Ibe set- f a ( \/n[ ö(h e A*]l ¿s, tKerejore, a sabspreod. of "Όι, 
and/ ας sad, a strtct/y analyticaJ subset of ^UJ. icf. io.j\ 
(Let p,ewio &e a subspi-cad of ^w (cf. i.g^ .i.e.· 
Define S e ^ w sad» tKat: ГІАП ίδ) and, for all cxe^aJ, 
fbr all ne to·-
: = up С гь( (5Ып*<р>) = о ] / ¿f not. 
Observe that (*nf « | VnCp>fanì = o75 -) Rbi(5](= [o( ] Ξ^Γοί-δΙ^ ]}) 
Оясі tAcxt, t/\er€Joi-e ft e« ^¿ctìy analitica/). 
Obserne, thai;, forali oie^w·. 
A1, (ot) «zi aj'Vnr <5?rt/fn>€A: 
<^ З ^ г ' Г <ö^T>neA*J 
¿ « e f Я | ? J VnClneA*]} 
( λ £ς tAe left - ùwerse of tbe pairing fUrctíoh < У он Чи, 
cf. ІЧ.о). 
Therefbre, А^  is a stKctly cwiaiyticaJ subset of ^ω, and. we, have seen 
that ϋπς is hot truey in tKe d&cussiò« fbKoiving after tKeorem 13 22 
(cf auso· tbe remarks concerning Fun, just after theorem I0.l2\ 
We Condude· ""VhTneA* v-i(neA*)l and^ thereby, bring çhame 
ирок\ Koro da's schedo. k'UR. 
E 
Our thoughts 90 back to theorem Ίο.8, where ive have seen that tiie assumption 
that all analybcai subsets of ωω are strictly analyticaJ, leads Ь a 
contradUction. 
I f we assume that A} is anaiyticoJ/ we ma^ add. A} , bein^ aun example 
of an cuial^tícaí subset of ^UJ w h ^ surely, ¿s not Strictly analyticai, to our 
Collection of cariosities. 
17.2 In la7 we mentioned, that one may prove, u&cng the restricted, principle 
of Brouwer and fripk/ i^froolacect ¿n chapfcer Z, that every finitely defined, 
21^ 
analyticaJ subset oÇ шсо ¿s strictly analytical, indeed. 
We neect not be su-rpi-csed, therefore, by the foiloiwcng 
I7.Ì.0 Remarb I f A ; á E Í , tten -.BK. (?) 
Ргоорп)·· "Щеге ¿s (at least) ohe cfU.eçtConaJole step üi tf\is proof 
Sapposfe AJ ΐ< Ε ι 
U9¿ng theorem 10.1 We clctermíne a deccdabíe subset A op ω 
suck [¡not VotCA^oO ^ 3 ^ и Г < « л / ^ > с А і ] 
We like to assume, now a n d this ¿s ^ e moot poi^t, ti»at A is a 
determinabe subset: of ω, arçuunç fcbis, ¿f a r ^ e d , by Sot^oi^ ϋ\αί 
A, ¿self ¿s a detarminafce subset of wco. 
Does not it sou/\d reasonable that ал object whtch is createci (ь 
Julfil certaih needs o f o<W determinate objects/ ma^ be constructed 
¿Λ suck a way that ¿fc is tfcseJf o(eJjer/ni>ic»ife ? 
Ας in the proof of remark. 17./.0 we define a subset A* of UJ by: 
A*-= ("г^ЗаЗсС r\=<a,c-? А вд(а)= ^ ( c ) л З А З ^ [ а е а А у е с л р к а р ^ Ё А І ] ] ! 
Like A ¿fcs< f^, A* is a cleizrminate îubsefc of 4 a t least, мг hope so. 
Usirvç BK and AC01 , W& deter»rttfte ρ>£ωω such that= 
VnCneA* ^ З т Г ( і л Н = 0 Ч 
We daim that the set Ç a | Vnf δη e A*3J ¿ s a strictly analytical sub9et 
of Ч и . 
(eewarlt that VnCneA*^ 3p[ n*<p> e A*J]= 
Define 5б ω ω sacK that« Fan (6) and, for all ЫбЧу fbr all ne ω·-
С & к ) ( п ] - Ж н ¿f р а г а » * < М в 5 М >
а
р
к К | 1 ^ в 0 
··= ρ where M ^ S ; CSU'Kn)*<p>€A* 
if not 
Observe tKat VOL [ \/n С ( Щ η e Α* Π 
On the other hand* suppose α€ωι*ί аяоі. пГсіпеА*] 
Deter(r\the a sequence ^ешіи such that Vn С i>*if,+,) (Wni)
s
o7 
and remare: ot= 5|«<У,Г-> 
№. condude, as in the proof of l?. l o that k\ itself ¿ a strictly anolyticol 
Subset of ωΜ
ι
 ancil as we Ьюи/, it is not. 
В 
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The argument in tkç proof, showing that, on the. asrumptton of BK, every 
(finitely deftneol) amlyticaj Subset of ωω ¿s a strictly analvticaj subset of Ни, 
¿s due to John Burgess, (cf. Burgess 1980). 
He u-sect une axiom of Brouwer aund Kripke ій a more general (bi-m anoL did 
hot reçtrccfc himself to finitely defined analytical subsets of ωω 
To be honest, we deny suppoH: bo Une conjecture, made in the course of this 
proof, tkat a construction hiade in behalf of determinate objects, may be 
expected to yield <*. defer minate object. 
This conjecture would extend to the sequences themselves which are claimed 
bo exist by the axiom of Brouwer and kripfce. 
Bout, given a deterwinaie proposition d, the maiang of a sequence ae ^ω 
sucK that 61 ¿? ЗпГоіИгОІ requires an unbounded stretch of creative attention. 
A similar remark has bee* made ιλ Gtelen.de Swart and Vfeldman iQ8if section 3.3. 
17-3 We reminöL the reader of the set S, ihtroduced ¿n Ulf- S=C(x|^C^ecr_A Vnfo<(^ ni=ö]]) 
One of tbe problems we bave in connection with S Cs the question vv/hether Ê ^ S 
ïf.iJD Remark: If Е^Я, then -^  GMP 
Proof·. V\/€ may indulge in some sweet memories from diopter 11. 
tbe fern theorem, (cf the discussici after i-U, a n d 15.2) 
Assitmino CMP we pind, that |òr eve^y decidable subset A of u>· 
if Vjec¡¿ -· -> 3n [ A( JnT], then ^ 3m fyea^ 3n [ n i m л A ( ^ ] 
Repeating the argument set (Ьгі^  ¿η 115-7, "ve Conclude that--»(ξ,άδ). 
Η 
ÌJ.4 Probably, other theorems, of the SQwe ktnd as 17.0.0 - гу.з.о, may be (ЬгтиІоЫ 
and proved. 
Vlfe are not Cnteresteot ¿n them. 
In our ear?, they sound like as wiany sfcawzas Cm ал old ballad on lost and 
faraway classical truth. 
If we surrender ourselves to these d¿stí-essful thoughts, we may ov/erfook 
theorems like those of chapter 7 a n d 9· 
"¡he cLKLom of Brouwer and ICrtpke keeps bad company, <* aus cAapte*-. 
Sometimes aJso this auom seems the invention of a nasty child, fc/anting to 
маке ІГ(е easier thctn it is. 
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NOrES. 
CU (cf. pages 3, 51,88) 
We licu/e io warn tbe í'eader.· our termt'nobg^ is, somewbat сог\(к& \д. 
Io recarsibn tbecxy, tbe „effectiv/e vej-stops" op Bord- sete- o f -
fCnébe-order, generaJ Borei sets, cir\d projective, sets, are. called 
Qríihrfleiical, KyperaruKwettcaJ and analyttcaj sets, respecttvely. 
( I t is not difptcuJt to andersteuid boiv these, e f fect ive notions 
are w a d e · for msta^ce· a subset Ρ of ^ш is effecfctveJy орел 
iÇ tbere exists a recargue function д.. w-xw su.cM that 
Vcx[ P{a) g З т Г [ і ( л Н = 0 ] ] , (cf. theorem É>.2 on page «) ) 
„Analytic sets" is the claççicaJ name for members c f Σ^. 
(cf. Nìo scho vale ι s '980, page 15^ a n d notice the d ist inct ion 
between „ Onalytic" a n d „analyt ica l") 
Our notions are not effective in the recurs ion- theoretic sense/ 
a n d , perhapç, we wouid have done better in using üte dassícaí 
terminology. 
On tKe other hand, our Motions are not to be ïde*tcp/ed IA/¿ÜI 
the classical ones, either. 
Γ2.1 (cf. page 9) 
Remark thai-. V¡ С ¡(<>)=0 -* (Funífi ¿ pcuiQfì)] 
Γϊ] (cf. page ІЧ, Section Z.3, f>age SÇ, theorem Ιαθ, page 175, tAeorem ІЧ.д) 
The ayiom AC^ plays an important part only in theorems Ι0·8 
a n d 14.g, a n d in many theorems of chapter 16. 
By a change in the def iA i t ion of „ bet(f,S)" On sect ion i&.o 
on page 191, Similar lo the one proposed for·- « А ч В " t'n section 2.3, 
we may reduce its role still (urther. 
[4] (cf. page 5z) 
Remark thodb this construyele (òrmulation of
 /( Post's theorem" 
does nofc use negat ion. 
We hugKt also consider the question, if, fo r ail subsets Ρ è " ω , 
i f Ρ € Σ ° a n d Ne(j(P)e Σ 0 , , then Pe Σ^. 
This is a stronger statewey\t tKan ours, a n d i t is easily seen 
bo be an enigma, i-e. eoaxvalent to tjie generalized. M a r k o v ргіпсфіе 
&MP= Vdi: -.-. ап[о((п)=о] -> 3ηΓο((η)=ο:]. 
(cf. Laclchardt: 19?έ>). 
[51 (cf. page 154) 
Tbis version of Broawer's tKesis avoids a difpCcuJty Ä/hccJi is 
touched upon ¿η К leene a n d l/esley I9É>S) sections 6-8 and Jit 
lïiere ¿s no apparent intuitine reason, κ/hy, in the bar theorem as 
¿t is formulated, there, only effect ive predicates should be 
αϊ? 
considered, and, por tkCs reason, our version mtgkt be preferable. 
[tl (cf. page 159; tbeorem 13.Z.2f cïndl page 1 ^ Uieorem <3Λ.ι) 
ІМе ftames
 /; Souslm- ßrouwer- tAeore»«* and «¿usen- Brouu/er- ¿Meorem" 
may be misleaoUhg. 
ßrouwer never proved these theorems, but the dassical arguments 
are
 л
 rescued" by fiis bar tbeorew. 
Souslin's theorem has been announced ¿n Souglin. 19'?^ and proofs 
fflay be found in Lusin and SLerpûisIa, iq\ô and 192З. 
Ъг bar theorem may be found in Brouw/er 1927, and ¿ς a central 
bpic en the cntuxtiomct ic literature (cf- note CS]) 
ZU (cf. page I81) 
ІЛ/ε oiré reasoning rather qtucldy, a t this place. 
First, batid В^шш паск that Fun(5) a n d \/otf δ\α ер] a n d 
VdfeA С 5|o( = otT 
This mav be done by defining, for each o(£u,tj and neu»-. 
(&k)Ln) ··= л(п) if-· fi.(csT^W * « x ( n b ) = o 
·= iÄ.inC(i((5]ert*» *<m>)=»ol l othv^t'se 
RemoLrlc·. ОІЗП t А (С5Ы η)] and: ос пГ А((5Іы)п)^(А(5п) ν (bM^OÎ. 
С8] [с .^ page t i) 
Brouwer's ambivalent attitude- towards Н
л
 appea« from Brouwer I9f5 
page 133, wlucK, liowever, Seems fco contradict Joe cit., page 388, 
Where he mentions ·.
 μ die. Spezies О der Ordinaizahle*!.* 
Í41 (cf. page I?8) 
IM Kleehe I^SS, ІСІееие admets ¿hat he i's, Sometimes/ сЬанМлс) on 
his head. 
0°] (c-i- pouje I90) 
As a foundational problem, deterrninacy made its appearance 
'w MycieJskt \q<oH. Further references ЬЩ be found (n 
MoschovoUcij, I980. 
0П (cf. page 2il) 
A similar cjuestion Kas been discussed in van Dan feig \<]nz. 
RE FE Ρ E NC EG 
218 
J. U Adolison 
igss 
\qsq 
Analogies in the Bord, Lus·«! anol кіееле kcerarchies, Ι, E 
(abstracts) Bull- Am. Math. Soc. 6 1 , pp. J5 and iji-ijz 
Separation principles ¿n the hiérarclues op classi'cct/ and 
ef fectue descriptive set theory. 
Fund. MafcK. tfc, pp. І23-І35 
L.E.J. BrooLwer 
1927- A 
192? В 
ідч8 
1949 
m* 
Zur Begründung der intaittonistischen MatKematilc. 
E . Wohlordhung. 
MaÜ\. Arvnalen %, pp. Ц51-Ц8З 
£= Вгоиыгг 1975, pp. 362-389) 
lieber Définitionsbe.re<¿he von Ріхлкісопел. 
MatK. Annalen 9?, pp. Ьо-75 
1= Brouwer 1975, pp. З90-Ч05) 
( English translation op §1-3= On the domains of deftnittòM 
of functions, in·, van Hegenoort 19^7, pp. 4ЧЬ-чЬЪ) 
Consciousness, philosophy and mathematics. 
Proc. loth. International Congress of Philosophy, Amsterdam, 
pp. 1235-1249 
( = В roomer 1975, pp. Ч80-Ч94) 
De non- aeguivalenfie van de constructteA/e en de negaiieAte 
o r d e relatie in het continuuwi. 
kon. Med. Afc. ν. l^et. FVoe. 5 2 , pp. І22-І2Ч 
( = Indag. Math. 11, pp Э9-90) 
( = Broader ig-fs, pp. 495-496) 
Collected Works, Vol. I . 
Philosophy and Fbufldations of Mathematics. 
Amsterdam {Worth Holland РиЫ. Co.) 
J Burgess 
1980 Brouwer and Souslin on trcuisftnA'fce cardtnais. 
Zettsdvr- für Μαί/ι log. und Gru/>dl der Math, zb, pp. 2од-2/ч 
219 
D. van Dantzig 
I g42 A remark and a probi«»* concernwg the ¿ntuttionisttc form 
of Cantor's trttercection tKeorew». 
Kon. №d. A&. v. Wet. Proc. 45, pp. З74-З75 
μ Ihoiog. MaÖi. 4, pp. Í4É.-I47J 
M. DafniYiett 
1977 Elements of intiufcionism. 
Oxford Logic Guides Oxford (СІои-елсЬи Pfess) 
D. Gale and R M. Qtewart 
195З Infinite games with perfect infbrmation. 
Ann. Matk. S-tudieC 28, pp. 245-2fc(, 
W. Celen 
198? Principles of tntuitiomsm. 
ITtesis, kabholieJce Universiteit Ц/те^еп 
W. Gielen, H. de Su/art and IA/. UeJdma* 
ідЭі ТЬе contihuxun hypothesis in ¿ntuttiontsm. 
To appear in: J. S^ yrnb. L09. 
J von Heyenoort 
І9Ь7 Fro»n Frege fco G-ödel. 
Cambridge Mass. (Harvard lU»iversity Press). 
A. Heating 
I95í> Intuition is и^ an introduction. 
Studies in Logic und the Foundations op MaiAewiatocs. 
Amsterdam (Worth Holland РцЫ Co), гі<)ЬЬ, 2igjz 
P. G. Hen man 
1978 Recursion- theoretic hierarchies. 
Perspectives in MathematccaJ Logic. Berlin (Springer Vferlag) 
220 
W/ A. Howard, and G. kreisd 
igte) Trancfüiüte inductCoi ahd bar induction of types zero and one, 
and the hole of contimifcy in ¿ntuitiomsttc analysis 
J. S^mb Log. 31, pp 325-58 
A S KecKris and Y. W Moscio vakis (editors) 
ig?9 Cabal Seminar 7É)-7f 
Lecture Notes m Mathematics, #4>Эд Berlin (Sprenger Verlag) 
A Kino, J MyWI a n d RE.Veslev (editors) 
igyo Intuitionism a n d proof tKeory 
Proceedtfigs of the summer conferелпсе a t Buffalo, N V , ¡дьэ 
Amsterdam (Wortb Holland Pabl Co.) 
S.C icleene 
igss Arithmetical predicates a n d function guantifcej^. 
Trans. Am Matb Soc 79^ pp. Зі2-з«ю 
S С. Kleene a n d R.E. \ksle\) 
igbS The fbimdations of intuttíoncstic »natbemaÍLcs, especially 
ih rdation to recai-stve functcbns. 
Studies in Logic a n d the Foundationg of Maftemaiits 
Amsterdam (WortA Hollanot РиЫ Co.) 
ІС karatowski 
igbfe Topology I 
New Уогк. (Academic Press) 
K. kuraJtoïvski and A. Mostowsb. 
igt>8 Set Theory. 
Studies in Logic and (he Foundations of MaiAewatics. 
Amsterdam (Worth Holland РиЫ Co.) 
221 
S. Kuroda 
1951 Ir\ta¿tconistíscKe LLhtertuckurtgen d e r for»naJi'stísche*i Logik. 
lo^a Math. I 2 / pp. 35-4^ 
H. Luclchardfc 
igyfe Ueber das МоИсо /- Ргсигір I . 
Arckv f. Math. Log. u. Grandi, forje/,. IS, pp. J3-B0 
N. Laçi>\ 
ідзо Leçons sur les ensembles a/ial yfciqu.es. 
Parcs. Rept-tnt: Пел/ Vork (CKelçea. РоЫ-Со) 1972 
N. Lusüv ami ІЛ/. Sóerpi>\slc¿ 
1918 Sur quelaues proprcítés des ensembles (A). 
Bali. Int. Acad- Sc¿. Cracovie, Serie A: Sciences MatAémafiíjue^ 
pp. 35-48 
ідг.з Sur ил ençemble non mesurable В. 
Journal de MatKémafcicfues, 9 e séria, 2., pp. 53- f ζ 
У. N. MosckovaJtis 
19S0 Descriptive Set Theory. 
Studies іи Logic a n d the Foundations op MaiKejuatics. 
Amsterdam (Wortk HollcutcL Pubi. Co.) 
J. M^cielski 
ідЬЧ On the a>aom op detenntnatfeness. 
Fand. Maih. 53, pp. 2θ5- ZZ4 
J. Μ ν Kill 
Igby Hotes fcowoJnds an axÁoMoiizatCon op intuitibntstic analysis 
Logique efc Analyse 35, pp. 2 8 0 - 2 9 7 
2.21 
M. SusUn 
iqi?· Sur иле. défirutton deç ensembles mesurables В Sans 
nombres trcwsfcnis. 
Comptes Rendus Acad- Sciences, Ptirts, 1^4, pp. 88-9' 
H. 
A. 
de 
S. 
Swart 
Tro dut ra. 
197? 
Intuitionistic logic tn tntattiontsttc /neiamoiAewoLÎLcs. 
IhesLS. lCaü\oliete Üniversitett Wymeqzn. 
(edibr) MetamatKemottcoJ wesliqalion o f íntux'tíoncstic 
orLtkmetic and. analyses. 
Lecture Motes on MaiKewatilcs^ fr 344. Berlín (Springer Ver/ag) 
Choice secjuences, a chapter t?f (/iuitionishc matAematccs. 
Oxford Logic Guxdes. Oxford (Clarendon Press) 
IA/. Veldman 
An intuitionistic CoDipleteness U^orcw for intatttomstic 
predicate logic. 
J. Symb. Log. HI, pp. /5g-if,i> 
iW. K/adge 
198? Ph.D. Thesis, Un ivers^ of California, Berkeley 
Fine 
Laus Deo 
1 £ 1980 
ггг 
SYNOPSIS 
ι A short apobgv f0·" ifltiutionistic ûnalysCs. 5 
We desa-ibe out- point op departure олоі establish sotne notât cons. 
We express oar confidence in an axiomatiiOLtion op Chtaxtionietic 
analysis a s proposed by kleene and tes ley içfes 
WotKing very new ¿s to be found ¿n this diapte*-. 
I t s contents coinccde rougWy witK section 1 of 
freien, de Swart, l/fe-idma* 198I 
2 At tta bottom of t/ie hierarcíiy. A oLtscussüsn of Brocun/er- iCripke's axiom. 12. 
We introduce the centra] concept of reducibdcty between subsets 
of 4 o : P i Q .·= \ ^ 3 р Г P M £ QCjii] 
We also ¿ntrodace two Subsets, Α., and E 1 , of
 ш
ш b\). 
к
л
 •• = { ы| Vn Γοί^ η) = o ] j a n d E 1 == f « Í Ли foíín) =оЗ} 
We prove: - « ( A ^ E j cmd^ - » ( E ^ A J 
The first one of these two tbeorems LS a well-known result^ 
showing the inconsistency between the. principie of Brouwer a n d 
Kripke, ¿к its qe/ieral fbr»n, a n d Brouwer 's principie (òr functions, 
£ cf. ICleene and Ifesley igfcs, ? ? ) or AC,,,, a s we d id caJI ut 
¿n chapter 1 
We never use Brouwer-ICnpke's a*to»n ¿n this treatise, not even 
(л its restricted jbrmulation 
li-p to chc^pUr 13, АС
И
 ¿S no t very important either (cf. fete 3, p. 21<>) 
It only wakei P< Q ecjaivalent to·. 36 С Гцл(£) A VarPíoí)¿* Q(S|aO]. 
(FuLn(¿) in eons : S c o d e s a (continuóos) fcmctíbn fro »и ω ίο te ^о^ a n d 
δ|οί ¿s the v/alue of this function a i OÍ, cf. 1.6) 
I f АСц should fail us, We def.rte= P á Q =- 38[FuníSU...] 
3 The second level of the arit^weiicaj hierarchy. 15 
We introduce two subsets, Α2 a n d £z, of
 ш
ш by: 
А
г
:= {o<| т З п Г » т М = оі5 a n d £
г
: = {o< | 3 m Vn Co¿'r,(n)=o:] 
(According to a convention (το»η chapter 1, every sequence o< 
is divided inb countably »nany subsequences a·0, of1,...) 
We prove: " " ( A ^ E J and ^і^екз) 
"¡he proofs are given Slowly and are discussed at some lengt/», as 
from these little seeds, big trees и/ill Crow. 
The first result uses AC^ a n d is, there^>he, classicaJly (ідассербаЬІе. 
(
 ^^10 -^f tbapter 1) correçponds with Rrouwer's principle for nuHoet-s 
tn icleene and tfeslev 1965) 
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ц Some activités of disjunction and соп|шісіюи. li 
We LhtrocLace, for evej^ subset Ρ of Μω and neu), sabseti bnP and 
CnP, Er(P) and MP) of ^ш by 
D»p = ( « J З ^ п Г Р ^ Ч ) ] } ErfP).= [ o t | 3 q C P M ) J J 
C^P = { OÍ | Vq^n Γ P(OÍ^)7} Ü* ÍP] = f OÍ I Vq Γ P^^JJ 
We define, for all subsets P, a o f ^ .· P^Q » P^Q A -. 6Q^p) 
ІЛ/е prove · Vhf DnA1 •< D ^ A , ] ^eorem 46), ^ ÍD3^ ^ UniDMJ) 
aiíeorem H.8), -> Í D ^ ) 4 COifE,)) (Wieorem 4to) and 
Vn\/m\/pb'orCr,+1DmA1 ^ С ^ А , - > т и + 1 і р Я л »r<p7 
(theorems 4 IS a n d 4 18) 
Theorefn Ц2о provtdeç u.s witK On aJqoatkw to dectde wkcK 
quadruples ¿n+1, *",ς,ρ> satcsfv • C + O ^ , ¿ C qD pA 7 
In order tö soltfe tbis problem, ^e consider Q weder class of 
subsets of ü,u>> ¿^z for eacb m e w , readenq m a s a firubz sequence 
of η otturai hajnbers • 
tOJ^A, - ( C D ) ^ j ^A, ^ H D X H A . - ΑΟ^Α,Μ] 
In btf\ds*ght; some of t^e earliei- theorews »tiay be seen to (bllow 
from theorem Ц 20 
5 An aside on implication. 34 
iWe introduce a sequence Ι,,,Ι,,,· op subsets of шм by 
І0=
ш
ш a n d , for eacA реш- I S p » (<*( Jpfctl-» Α,ίοΐΡ)} 
И/е prove· Vp [ Ip •< ISp ] (¿Аеогелі 5 (,) 
We uvtrociuce a sequence І0,1Л,. of subsets of %ϋ by-
J0 - "ш and, for (ujch pew J s = [ a \ Ір{ы.} -^ E J a H } 
We prove·. Vp [ Jp / j •] (theorem 5io) 
Some minor results Is.n-is) Ore a d d e d w/Hick try to b e a t e subsets 
of " Ц btuit b^ means of implicatioi», with respect to other ones 
Theorems 516-20 collect a number of so-called g/uqmas, ie 
Statements equxi/alent to the genei-aitzed Markov prtnaple 
6 Arithmetical sets intro d a c e d . 45 
Starting from A1 and E^ we define a Sequence A 2 )E 2 > кЬ)£е,.. 
of subsets of »ш by f o r a l i new ASn=Un¿En) a n d Ej-E^iA,,) 
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We introduce classes iï°, Z°, ITf, Σ°,.-. of subsets of ш
ш
 ίψ 
f o r a l i η €
ω / η ? 0 = r r ^ f P J P s ^ l P d A , , } Qnd Σ°«-= Ç Ρ|Ρ£ωω|Ρ<£η| 
líese classes behave as оме would expect; fbr instance: 
Tì° [Σ°) ¿s dosed under the operation of countable ¿ntei-secfcton (олшп). 
ГТ^ ( a n d similarly 2^,) possesses a universal element; i.e. tbere 
exists a »nember U of ГТ° sacJ» tAat iï^ - { U^ | p e ^ } ^ e r e 
[< > ölenotes a stuialak paii^ih^ flinctCoh on 4«) 
We easilvj f ind, b^ diagonalizing, a subset of ши} which does not 
ЬеЬлд Ь iï« , but tks set cannot be s a i d b bWong to 2 ° (cf. Ь.іч) 
Most of tKe hesaits of tKc9 cKcxpter conform ivctA the results of 
dasçccaJ descriptive set theoiry 
№. introduce 0:={οί|οΐ(ο)=ο1 and shortly discuss two questions·. 
in fc.is i f for ail subsets P o f ωω: ί РіЕ
л
 л Р ^ А,,) -> P^D 
in b ié>: do theJTE exist subsets Ρ of ωω sucfv that 
D ^ P ^ or D<?<Aiì 
J "Πϊε arttK metical híerarcKy eçtablisbed. 5^ 
Vfe prove: Vn>o[ I f A S n ^ E S n ) Üien Е
л
 «¿ A n l ( lemmar i ) 
and : Vn?o[ I f Е ^ ^ A S n , tKe^ Aft :< £ и (leinwa 72) 
Tbe proofs extend. У\е methods of diapter- 3. 
The aritK»T\etical kierarcky theorem theorem 7.3) follows easily ·. 
8 HyperaritKmetical sets introduced. bi 
We define the set Hl$ of hereditarily iterative stumps by transfintie 
induction •· (every ejement of Ніф ts a (dectdable) subset of ш a n d 
w is identified wuK the set of finite seouences of naturaJ numbers) 
(1) {<r>} £ Hit 
00 I f A^A.,, A2,... is a sequence of elements of Ηΐφ, tAen 
A belongs to Hl$ іл/here A : = J [ < > } u U ^ η , η ι ^ ? » А
и 
t* denotes the operation of concatenajtion of finite seouences. 
I f A ç u ^ t h e n η * A:= Çn<m| me A). 
4 ^ denotes some pairing function on LO. 
I f creHiy, and ne ω, tAen σ·Λ·.= ^ m | < n > * m e a-}) 
We define, by transfinite induction, (or each c r e H l i , subsets A T a n d 
E^ of w * by- A U } :- Со(І п Г ^ М = о ] } Α τ - { ο ί | ν η [ Ε σ η ( ο ί Λ ) 7 ] 
2 1 6 
We ihtroducß, for each <re Ηΐψ, dosseç ΓΤ° and Σ° of sabseís of ««
ω
 by 
П°:={ Pj Рй^ыІ P^A^j and Ζ ° -.= { ? f Ps^ouJ Р^ Ε,τ} 
We introduce a strict and a reflexive ordering relation,*^, respectt^ly, 
on Hl4 (wKcK is a subclass of tiie dass ^ of stumps, phesented іл θο) 
SucK tkaJt: for all б-,геНІ$: σ<τ ¿? Vfn[^,n<rl ûnd= o-<r ¿* Эп[(Г<г^ 
We prove, in theorem 8.?, ϋιαί, for eocK a-eHI^.and Р^шш: 
Pe ïï° ¿fand if there exists a secjuence Q0, Q,,,··· of subsets 
of ωω sud, tKat ^ m a ^ a f Q ^ é S ? . ] and P= Π Q^, r m τ
 mew ^ 
An analogous result Kolds for 2 ° . FurtAerinore
 β
 iï£ and Σ%. 
do possess universal elements and reinarles, s¿mi/ar to ttase in 
cKcxpter t, apply 
9 The Ji\/perQribimetieaJ KierarcKy estabiisbed. 6 θ 
We introduce subsets A* and E* of ^оо Ь ·^. 
А2'*-[<*\\*тВп1ы*Ы1о1] and E? :={oL\3to\/n[oi'"(fi)4ol] 
Ivte introduce, by transfinite induction, for eacK σε Hlífc subsets 
Ρ
σ, %, Pa* «^Cí Q* of ^ by : 
Ρ
σ
- ί « | ^ Γ θ
σ η
( ο ί " ) ] } 0
σ
-Γ« |3η[Ρ
σ η
( ·*"Π] 
ς» : = {« I Vn CQ*Tf4 И ! } Q* - { « I 3n Г Р* л (et")!] 
We observe tKat, for each те Hl$ ·. P
r
 a QJ = P
r
* π Q
r
 = φ 
We prove the KyperarifcAmeticaJ bterarcky theorem ítíieor«^ 9j)· 
ίζλ r e HI^ and Se^w such tKai: TunCSland УлГРсМ^Ог-Ж] 
We »nay construct^ non/, ^ t ω ω such that Q*(£) and Q
r
i6 |4) 
(Tñie result ts complemented by its corollary theorem 9.8] 
The fbrmalabon of the theorem stawe Üat we had bo reason 
more carefxilv) tha* in the case, of the arithmeiicai hierarchy 
theo»-em in chapter ψ. 
We first strehgthen the results of cKapfcer 3, coi»cerntn^ Α
Λ
 and Е
а 
tlemma-s 9.2 a n d 9 3). 
Theorem 9.5 is a baste tool <n the induct ivie construction 
ю Analytical and со-analytical sets. fl4 
We introduce a subset E ; of ω
ω
 by E1, .= Ço<| 3rVn[cy(7n)=o7j 
We introduce Σ1,, the class of ail cmaJyticaJ Subsets of " ^ bv; 
SJ.« {PlP^o,} — ' V 
We verify, in theorem Ю.З, that Σ* is cbied ünde^ the operations of 
Countable union and intersection and, therefore, contains all 
2α? 
hyperoriBimettcal sets Σ\ also bas a amwersaj element (tfieorew 105). 
We caJI a subset Ρ of шш strictly cwalyticaJ if 35[Ftm(5) л P= Rai5)l 
(i.e.·· Ρ ¿s Une ranqe of a total (oud tAecefòme cowtüMíous) functcow on '"ω. 
Іл/г show that the supposition Unat all analytical tnbabitect (i-e.·. 
Conctructively non-empty) subsets of "tu are strictly analyticaJ, is 
contradictory (.theorem 10.8). 
We introduce a subset A, of Чи by: A ^ i o d V^nUqni=ol} 
We introduce ГТ^ , the class of all co-analyticod subsets of шіл>, by: 
^-{PlPs'-wlP^Ai}. 
П^ is cbsedl urder the operation of countable intersection, but D ^ , 
is not co-analytica.1 (theoKew 10.13jy and/ therefore ïï*, is not dosed 
under the operation of countable anion. 
We give a constructive Mzrsion of the resu/fc that E\ is not 
co-analytical (theorem /О./ч) and have to admit that іме do not kiow 
whßther А^  is analytical. It is easy to pro^e that Fun and k\ 
ore not strictly analytical. 
11 Some members of the analytical family. % 
We study the effect of restricting the range of the ejcisfcentiaJ 
quantifier which occurs in the definition of Eij, to some subspread of шш. 
Fcrs^ we consider cr2 := JOi | |/n[o<(n) < o<(n-rl^  4. llZ and introduce 
We establish the jblfoiwing ·. г\ІЪп\
л
<Я
г
1 (in 11.2), ->ÍS2^E4) 
(in 113) and - l i E ^ S a ) (in 11.7) 
Refining the proofs of these faxtts, we. ftnd thai -»(^¿Α^) 
ίίη It9), 1 (Sa.* Е^ (initio) cuid, after so»jie effort·. -ι{ς2^Α5) (in 1tl3) 
We go further, now, Qnd proi« that S is not hyperaritiiirieticai. 
This ¿s a big task which engages us up to It 18. 
WKile perforjachg it, »we observe that uncountably many 
hyper arithmetical sets »nay be intercaJated be t t en ζ
ζ
 and the 
arithmetical set NegiWegtsJ) :- focf - .- .С
г
Ц ί cf. it lé,). 
We introduce, in 11.ig, far each meuu·. ^ ^ - {*\Ыа(п)<*М<т]1 
and S
m
 : . fec| З ^ е о - ^ ^ Vn [o<(fn)=o]] 
We find that VnC ο η 5
ζ
 л D^'S^ 4 S 3 ] (theorems Ít20, 11.22). 
and remark that it is eas^ to generaJiae this ко. 
Trying to do Similar Ιλΐη^ς for conjunction^ we have to work harder 
bub fund- \/m>± \fn>oiCnS
m
 < С л + , 9
т
7 ítheorem 11.26) 
Remark, however that, for instance: --(С 2 ? ^ С3 ) (cf. theorem llZf) 
In НЦ tie consider the binary fan C£ == f o([ Чп [ы(.п) < іЦ and 
introduce S = { « IЭ¿"e <г
л
 Vn Cotí yn) =0] j . 
We make some observ/afions on the class £ ·.={ P( fb^wl P<Sj 
and formulate difficu/fc gueçtions. 
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2 An outburst Op dtsjurtctiye, conjutvM/e and. tmpli'codtti/e ptOducttvíty. '20 
Kfe introduce α subset R op Пи Ь^: R.= [<*\ г\Іп=ілі>1<лоІр)Ф0І-*Іі\(<&]11 
and. prove, in I2.0 ; that Vn[DnA1-¿Rl and R-<SZ a n d ReIT|. 
Let Ρ0ίΡΛί..- be a sequence op subsets op
 ш
ш sudi that WwSnfP^^P,,] 
We define: 0,-[<*1\/ηΐη=μρΙ«0ίρ)4ο1 -^ Р
п
Ы
5п)11 
Using meÜTods from dio^ber 1Ί we prove, іи 12.1, tbott: 
if ПЗСІС-ІР^СХП, tbe^ -.(D^QXQ), and-· ¿f - ( Q d A , ) , tAen - » ( C ^ ^ Q ) 
Stai-ting from üie soune sequence l^,P1r_ ,ννε define= 
Q*:= (ο(|3η[η=/Λρ[ο( β ίρ)^ο7 л Pn(û(Sn)]J and we ргоие^ in 12.2, tAoJt. 
¿f Q.* is dense in ^ш, tKan -» ( 0*ίί* ^ Q*) 
We introduce a subsei R* of ωω bvj β*:={«| 3η[η=>φ[ο(0 ίρ)^ο]ΛθηΑ1(«Λ)]} 
and we observe fchafc ·. - .[D^R*^ R*) but, on the other hand·. C*R*áR* 
We prove, in two différent n/ays, tbat . Vn^D^Q < Dn i"1Q] 
Ihe f erst time, in I2.3, к е reqiujne that each one of the sets ^ Ar­
is strictly analyt ical. 
We define, f o r all subsets Ρ and Q, of ωω a subset 0(Ρ,Ο.) of шш by: 
D(P,Q) : = { o i | P M vQi«v')J 
We codi t/\e sequence ξ,Ρ^.- disjunctcvely dosed (f \ А и % і З ^ [ 0 ( І ^ , Р
в
) і Ц ] . 
We cotll a subset Ρ of ωο» dxsjunctively productive if t/n[D n P - c D n + ' P l 
We pro^e, in І2.Ч : if the sequence ξ,^,... is disjuncttveJy dosed anoL 
п З а С ч ^ о і ) ] , then Q is disjuActively productive. 
SOndarlv/, іл/е prove, in І2.5, Kavinq made the obvious defimtions: 
if the sequence ^,Ρ,,··- ¿s conjunctcnelj/ dosed and З п Г А ^ Р Д then 
( І is conjunctively productive. 
ThircUy, »ve prove, in I2.b if the sequence ζ,,Ρ,,... is disjunctively dosed, 
a n d Q* ¿s elesse in wu}, then Q* is oUsjunctively producto«. 
These results imply that uncou-nfeably many levels of complexity may 
be cUstinqutshed in Ti°l a n d even ün Σ ° (cf tbe discusston in 12.7]. 
Let R be a subset of " V We Lntro<íuce a sequence I0I?, !.,£,... 
of subsets of ш
ш
 by: I o R : = { a |Ri«0)] a n d , frr eadx peu)· 
I ç p R - i o t U p R H ^ A ^ ^ P y . 
We prove in 12.8 f o r the very set Q we inbnoduced in І2./, that. 
V n C l n Q 4 l n + 2 Q l · 
Let R бе a subset of " V lAte introduce a sequence J0Rl ^R,... 
of subsets of '"ω b'y: J0R = {ot| R(oi0)j and, for each pew. 
JSpR ·=: ( o i l J p R H -i E^?)\. 
We p r o ^ , in 12.9, fcKaJt, ¿f the sequence ζ,,Ρ^... fuJfUs the condition: 
Wp Vq V* ВЫ Г W > * Α η (Jp Pw á J^ Pn )] and , as in 12.2, 
Q * : = { o i | 3nrn=yuprûio6p)^0] л Pj^srv)^ t/iéfi. 
VpVq Г Cp+q ¿S odd) -> - ( J p ( i * ¿ J a * ) ] 
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13 BrouiA/er's theses, and Some of its consecjaerees ·55 
We discuss, briefly Broaiwerfe thesis, and powuJate i in a way 
which suits oar purposes. 
We introduce, for each &е.шц>, a subset И * op w by: 
|о(|*:= { a | б-Гаеб- ^ o ( ( t ) ^ O l } . 
( ' a & (r" means that the finite secju.ence op rtatural nwribers a 
extends the fúute secjae^ice ^J. 
We define, for aJ( olecidabie subsets Α, β of u>-
A < * В : « Зц Vn f ίο ( ¿ Ή = bjW л Wn \/η Г т е п - » j r H s ^ l л \Mít\&K-ffn}e ß ] ] 
( Со (иг) denotes the Pength of the finite sec^ ae+ice 4η) 
and wfe observe that for all stumps σ,τ-. c r s r ¿^ a < * r 
We prove the boundedness lemtna 13.2.2 
Let S e ^ 6e suck that . FunlS) and VaEA^iSIrti] 
Then: 3|iCA;i( i) Λ \/OL[ ¡SM* <* I j ì l * ] 
ink. prove the Sbuslin- Brouw/er theorem ί3^Λ ·-
A subset of "Ίϋ И/І ісК ¿s both co-ouioJyticaJ and Strictly anaJyticaJ, 
Í6 hyperarithhietical. 
Let P o n d Q be subseis of шш. Іл/е say thai < ^ Q > is a separate 
pair of subsets of ωω if·. VbcVpf Р И л QCfi) -> o / ^ ß ] 
(4^ denotes the usual apartness relation on Чи). 
We sa^ that <P/Q> is hyper arithmetically separable if there are 
hyperarithmetical sets δ,Τ such thai·. PQS and QçTai id Sep^T1). 
We prove the separation theorem of Lusin and Brouwer 13.41: 
A separate pair of strictly analytdoaj subsets of шш, is 
hyperarithmetically separable. 
Let 8&ωω бе such thai: Fun.(Б) Wie сЫ δ strongly (iy'ect¿v/e if 
VoL^íoiüp -* S\ÛL 4S[f\ 
Vk prove, in theorem l is i , that the range Op a Strongly (hjective 
and eA/erywhere dejCneot junction (irom ww to ωω/ is hyperoirithmetícaL 
14 Ihe collapse of the projectu/e hierarchy. Ifcy 
We introduce, for each subset Ρ of "ω, subsets F(P) and Щ?) of "ω by·· 
t W - (ot | 3f ΓΡ(<«^>)]} and WÍP)-- {o<| V ^ f P ^ p ) ] ] 
<^ > denotes a pairing -fltnctcon on '"UJ) 
We prove, in theorem ІЧ.І, that Σ1, ¿5 closed, under the operaiibn E 
We define a subset A^ of Па by. A ; . « ( ^ I V j - a j i V n C ^ i ^ i ^ p n ) ^ ] ] 
t« > denotes a pairing function on "V 
For ЫІ ote^ui and neu^ an.™ <o<(ò)t....joi(n-i)> ) 
We introduce a dass ГТ^  of subsets o f ' " ω Ь^: П ^ · - ( P l P s ^ l P v / ^ i 
We prove, in theorem ІЧ.З, that П^ ·.«= (C4ÍP)lPe:Z;J а п ^ in theorem 
ІЧ.Ц that П^ has a universal element. 
2 3 0 
We repeat tbe story, üeCun¡*<% Е^ a « i S ^ m tKe obvious way a n d 
prov/tng tKetr (by now) obvious properties, (cp Í4 fe-8) 
We then prowe blvxt, by intervewtton op AC^ Π ^ Σ ^ a*id Π ^ Σ ^ 
ítAeorems l^g-ío) 
These a r e s t range results, from a classicaJ pomt of іеіл/, and. 
the} fascínente us 
|5. A contrapoçttion of countable choice |?S 
We consider fcbe following crazy prtnaple, for any subspread. σ" cf ta>· 
CRP,,.1 Let Ac 1 "« 
If Voceo-3ηΓΑίη,οί")]| ehcfi Зп Wxe^fAín.oí)] 
Í The tntutttontstic notions of „ subspread оГ ш ю " a n d "ftxn * have. 
been mentioned in section 1 q a n d just befare fcheonzm 11 ¿^respectively 
ТЯе fan theorem is recalled ih 152). 
ІЫлд the fan theorem, и/е pro>/e; in theorem 15.3 3, thoi CRfy- holds, 
for any sabfeuv <т of ^ш which fulfils the condition Vvl&evg пГоіпет]] 
We aJso prove, m theorem 15.41^  that every subspread σ of '"UJ 
such that CRPg. holds a n d l/oi[>ea ¿» пГоі^есгІ] is a Can 
The proof of this theorem devejops a line of thought from SectioK ÍS.I, 
where we wade sure that CRP is not true if τ=ωώ, the universal spread. 
ié> Ihe truth about determinacy i8g 
For any subspread г of шш and any subset S of шш, не introduce 
the usual infinite game far players I a n d Ж
і
 and. we define Strai^ it), 
Strat^Ctr), the set of strategies m Г for players I a n d I , respedively. 
These two sets a r e spreads. 
We say that the game associated with τ and S is determined, a n d 
Wrik Det(r,ç) if 
tfje Strat j (r)3d6r(p< obeys to ƒ A S(ctii -» a^fcftrot^rjVcxet foi obeys tof -» S M ] 
Adapting these definitions to the case of finite game% we first prove, 
m ibi, that every finite gajrte is determined 
We then prove, in theorem iLio, that, for any subset S pf ω»»· DetG^ £) 
Vvfe extend this result a n d pmvfe, ш theorem IfeH.O, thot, for ЫІ mew, 
for all subsets S of ω ω · . l>el(0"
m
 , S). 
We leave the domain of the monotonous fbwrc a n d prove, in theorems 
lb 5 o-i, tbat, for all subfans τ of Пи, a n d all subsets S of % J which 
belong to Σ 0 , or nj> . Dett t r ,^ 
In section ifeb we extend Wvis result to subsets S which, befong 
to ΣΙ or Π£ 
In section it y, we conclude, to our own Surprise, tbatj for all 
sabfaAs r of ш
ш
 a n d all Subsets S of ^ ы whicA bebng toZ', M ^ s ) 
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Therefore, by AC,,,, ^br all sabpans r of "Ou, -jbr all subsetç S op ^ . bet ir, Sj 
itKeocefn it 71) 
Actiuxll^ theorem lb 7.1 embraces line earlier r e s i t s on wonotonous ÇCMS, 
bat we left tkose oh tAetr оіл/п, іл order not to deny toe reader 
the {un of cUscovery. 
In Λ S we re-mark, that the result (¿.7.1 »nay be extended b subspCeods 
τ of "•'ω iwhiJch offfer only fimtely many aJternaitves at any rnove by 
player I , bui, possibly, ¿nfinitely many a t some moves by p/ayer I 
ConverseJy, ¿f a sabspread- Γ of ωω is such that {or aü Subseis S of 
ш
оз • beJtCr.sJ curd it offers, OJt еасіг move by etfc/ier player I o r 
player £ , o t leait two alternatives, then r offers only ftnctety т а л у 
aJternatOeç, a t с^ З» '1fl01« by player TL. 
¡j. Appendix· strange lights m a dark alley. ^" 
We could tot answer the question w/hetKe ·^ A1, 4E\ , MI cKapter 13 
We observe that, CLSsumina A^áE^ , ive ivouid Kat/e to a b a n d o n 
various scKetnes wkick have bee^i proposeot (Xs Ot-dcLtiohs to t)ie 
axioms of thtuttiomstic analys^s^ Such a s ·. Üie generalized Na^kov 
pi-tnaple GMP, sa.yinq that·· №·*•* 3ηΓοΐΜ = θ ] -> 3ηΓοίίη) = ο ] ] / 
or turoda ' s scheme KUR, saying that, for all subsets Ρ of w= 
if νηΓ-'-'ΡίηΠ, t/ien ---^ПСРГПП-
A somewhat dubtouç argument which forces u s , on tAe assumption 
of A} ¿Е\, to que up the restricted principle of Browver a n d Jbripke 
К1 is also given· 
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Hg studeerde wiskunale te Wymegew van I9É>5 tot I9?0 
Tbt zijn leermeesters behoorden J.H. de Boer, Τ J. de Jongt», 
A.HM. Levelt, A.C.M, van Rooij, HO. Varma en H.de l/nes. 
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STELLINGEN 
betarende by fiet ptroeÇscknÇt •. 
I n ν est 19 o í ¿о AS іу\ mtcutiomstic hierarcKy t/ieory 
1 
De opwerktrçen d/e k" Menger ui 1928 »naakte over de. gdykems tasser 
Sommige Lhtu-Lfccontstische begrippe* ей ЬедКррел cut d e klassieke. 
bescKryvende verzcwneímgsleer ЬеЬЬел, t o t na toe, niet d e aandacht 
gekregen die zg verdienden. 
Ну redeneercfe wel klassiek, en dus, voor een Dituitiom'st, niet zot-qvuldt<q 
genoeg - ofschoon nauw vernvant, moeten spreidingen en ana/yttsdie 
verzamelingen t o d i f a n dlcacxr onderscheiden morden. 
Vgl.·. (Carl Menger 
Selected Ρσφ«Γ& un logic a n d Fou/vdations, Didactt'cs, EcononiLcs 
D. Rejdd Pubi Co., Dordredib 1979 
/h.b. biz iq-Bf, Ыг гчь 
dít proefsdirt f t , hoc^aúuk l o 
2 
£ Bichop ел Ρ N|arttn- Löf bespreken beiden de v raag, hoe d e 
Borei-verzamelingen i n d e constractceve wiskunde moeten iwonden ingevoerd. 
Onafhankelyk van elkactr, kowen betden e r t o e , d e betekenis i/ctn 
hefc begr ip "complement" 20 te vercxnderen dafc Kan ЬоіхіА/іл/егкел 
klassieke symmetrie vertonen. 
2e g a a n voorby a a n het ei^enLyice hièj-archie- probleem· o f deze 
bouwwerken nu ook bewoond г.уп 
De oplossing d i e ¿n d i t proef schr i f t wordt geboden, berust op een 
typisch int iut ior t is t isdì contcnuiteitsbeginsel , en is Voor hen verwoedelgl: 
hiet aaKvaardbaoLr. 
Vgl · Erretb E.ishop 
Foundattons of Constructive Analysis 
Mc Graiv Hill, Mew ^ork I967 
i.Kb Ыг. Ь Ь - Ц 
Per Harten- Lof 
Notes on Constructive Mathewotics 
Almcfvist o, Wcksell, Stockholm I970 
,· h.b blz.. /9-8t 
d i t p r o e f s c h r i f t , Koofdstuk 9 
3 
In de intaitionistische reß-l« analyse (can de contenuctett wan (overal op 
IR gedefcrueerde) reeje fUncties bewezen worden /net behulp van alleen 
het гіл/aJíke conttnacteitsbe^cnsej. (In I 9 vay\ dtt proefsciirift wordt dit 
beginsel CP qenoemd). 
Gebrudc moutend van fiet sterke conttnu-Ltectsbeguise/ (AC10 m 1 9 van 
aUt proefsebrcft), kan men Ьеіл/угеп ·. 
С*) Als Ç- IR ->R en меМ, dan bestaat er een ftcnctte a·. fR->lR 
z o d a t VXGIRC^ÍXJ > o ] en VxeiR усигГ /χ-^|<^(χ) -> /r(xbf(y)k2*wJ 
Ook. /uerby ts de waaier stel I ing niet nodig 
Het vermoeden, uitgesproken door Ovarles Parsoias, Én zyn inleiding bij 
de heraifcgave van Broawer's artikeJ „ Lieber Deftactionsberei'cJie von 
Fankfcionen ", ts das níet juist 
De bewering die aan dit vermoeden юогafgaat, dafc (ik) gelykn/aarcug 
ZOa zijn met f is locaaJ aniform ccxatma, t£ onwaar 
Vgl Jean van Heijenoorfc 
From Frege to Godei 
Harvard University Press/ Cambrtdge, Hass IQbj 
i.h b Ыг Ц48, voetnoot, laatste ein 
By d e intu-itiomstische bebcwdelmg van de volledigheid ал de 
predikaten rekening, behoeven geen byzondere structuj-ел ais 
Beth- en kripke- modellen ter spnake te komen 
Alleen i/oor bet verkrijgen van een klassieke i/olledcghetdsstelling 
VDOr de tntuAtoiisttsche predιkatenrekeлιng - een oud, m a a r 
И/orideHyk verlangen - is hefc hodig een andere dan d e voor de hand 
liggende interpretatie van het begrip "geldtghetot" te bedßnke/i 
5 
Het volgende speciale geval i/an bet lemma van Tèichmuller en Tükey 
is constructi£f bewijsbaar-
ZÍJ t een іл/aater en В een decidabele deelverzatneZ/hg аи 
de collectte van de eindige deeluerzainelinge*! van τ 
Dan besbaat er een deeli*/aaier van χ
ι
 die ma-ximaal is 
Onder de deelverzairielingen van ΊΓ ааг сма alle etndtge 
deelverzamelingen tofc В ЬеКогег. 
L· 
De beide functies, die. Brouwer ziet Voor de. taa.1 in verband, met het 
wisku/idtg denken het vast^oudet^ van іл/(5<силс(йде consti-ucfcces Í>I hefc 
geJieu^e^^ ел het su^^erere^ van iA/csk.an dige Constructies a a n anderen, 
vertonen qely(tenis·· de denlter is een leraar olie гіул еідел /eerlrng ¿s. 
V9I.: Gilbert Rvyle, 
Thinlong and Sc/f-teaching 
Rice. UnCversLty Studies SS, no. Ζ, ¡Я f2. 
ooit in: Gilbert Ryle, On tAüilting 
Blacb/ell, Oxford 1979 
Ыг. ¿5-70 
Verschillende aiiioina's van de i/erzaweJingsleer, Ісылпел níet, in de termen 
tan B. Ndeuive^tyt (ibsf-if/S), gekenscAetsfc worden ais-· 
aJqemejie Beben ten tsse; aanstonts klaar acm ^wanfc 
die de woorden verstaat* 
Eerder zijn het
 /I hypotheses of onderstellingen* dit is= » door ondervcndthg 
bekomen denkbeelden.." 
£yh de ver¿amelíngstheoretccc geen „ suv/vere Wiskundigen^ d/'e 
Waarheden soeken en Ьеи/ysen, omtrent Kare e/ikeJe of b/ote Denkbeeiden" 
en bestuderen zy
 ;, SaJcen, díe buiten h a a r verstOLnfc e^ Denkbeelden 
kvesentlyk. beitaan " ? 
Vgl. Bernard Míeuwentyt 
Gronden ал Zeker hud of de regte betoog wyse der wiskundigen 
Johannes PauJi, Amsterdawi lf3g 
i.h.b. Ы2. 11, blz.l, blz. 27 
Kurt Crödel, 
What ¿ς Cantor's continuum problem? 
Amer. Müdk. Monthly ЗД·^?) 515-525 
Viannií. Moschovalcts 
Descriptive Set "Ih eon/ 
North Holland Pubi. Co., Amsterdam Ід о 
í.h.b. blz. ¿ОЧ-Е>ІІ 
8 
De NederlcLncAse. mon лая Wetenschap гои гісЖ woete^ (xi.tc6-ukke*i 
У ¿κι plat NeeraLüuyfcscii sonder егтелдслс van qucide Barbari'sdie 
woorden, die by υι syns moeders t a d beter heeft" 
Het is jammer d a t de NedeHajadse iivaarschynlyWieidi, tekenaars het woord 
„ stochastLelt" Meer qebruxken d a ^ hefc woord
 n
 gisltande'.' 
Vgl Simon Stevin, de SteKckenboaiA/i^ g, 
Leiden І5дч, ihb . blz. 91 
ooit uv The ргшсфо^ wocks op Canon Stei/m, l/b/ E, 
Swets λ Zeitlmger, Amsterdam ідЬч, i b b biz 230 
Nlymegen, 2 θ Mei I98I 
Wim Veldman 


